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Mappings and matrices

Let

Then A is an m x n-matrix.
art
as1
Ax = .

ami

R? — RM
X — Ax=y
a2 ain X4
apo asn X2
ampe amn Xn

)4
Yo

Ym



Matrices
Let the linear function

be defined by the 2 x 3-matrix
A— (311 a2 a13>
doy dop A3

g: R? — RS
x — g(x):= Bx.

b1 bi2
B=| b2 b2
bz1  bs2

and let the linear function

be defined by the 3 x 2-matrix B.



Matrices

Then
fog: R2 — R?
x — f(g(x)) :=ABx.
and
gof: R® — RS
x — g(f(x)) = BAx.



Product of two matrices

Let Abe a 2 x 3-matrix and B a 3 x 2-matrix.

ar a2 a3 bit Drz
A= <az1 an 323> o B={Dar be
b3y bs2
Then C = ABis a 2 x 2-matrix.

C c
C— ( 11 12>
Co1 Co2
b1 bi2
:<a11 a2 ais bot  bop
a1 a2 doj bs
1 bs

The component ¢ in C = AB is given by the scalar product of the /-th row of A with the
j-th column of B.



Product of two matrices

Ci1 *) _ (4an
* * *
* G2\ _ (a1
* * *
* k) < ¢
Co1 % doy
* * . ( *
* G2 a1

ai2

aiz

apo

aso




Product of two matrices

The product of the m x [-matrix

aiq
ao1
A=(ai)i=1,.m=1| .
k=1,...,I :
ami
and the / x n-matrix
b1
bo+
B = (bk)k=1,.1=| .
j=1,...,n .
by

is the m x n-matrix AB=C

aiz
aso

ai
as|



Product of two matrices

.....

The component ¢;; in AB is given by the scalar product of the i-th row of A with the j-th
column of B.

In general
AB+#BA.



Sum and scalar multiplication

Given two m x n-matrices A = (g;) and B = (b;;) we define the sum A+ B to be

A+ B=(aj+ bj)i=1,..m-
j:1 7777 n

Let a € R be a scalar then



The transpose of a matrix

We define the transpose A! of the matrix

A= (8j)i=1,...m
j=1,...,n
to be the matrix
Al = (@ji) j=1,..n -
i=1,....m
It follows immediately that
(A =A.

The transpose of A is obtained in exchanging the rows with the columns. The i-th row of A
is the i-th colum of Af and the j-th column of A is the j-th row of AL



The transpose of a matrix

d e f



Matrices

For the system of two equations in two variables we consider a linear function

f: R2 — R?
x — f(x):=Ax.

X

Xo

a a
A— < 11 12)

az1  az

with

a vector and

a2 x 2-matrix.



Matrices

The system

can be written

with

The solution is

3X1 +Xx =2
51 +2x =3
Ax=>b



Matrices

If f is invertible, then the solution of

Where the function f is the inverse of f.

» How can we see if f has an inverse?
» How can we find the inverse of f (if it exists)?



Invertible matrices

We consider
f: R% — R?
x +— f(x):=Ax.

It would be convenient to have an inverse matrix A~' to A such that

() =A"y
i.e.
x = 71(f(x))
=ATAx

Indeed f is invertible if and only if A is invertible.



Invertible matrices

We first need the identity, i.e.

For n = 2 this matrix is

forn=3itis

and so on.

the matrix that represents the function

f: R" — R
x — f(x):=x.

10
1:<o 1>’



Invertible matrices

A given n x n-matrix A is invertible if and only if there is a matrix A~! such that
1=A"A.

This is equivalent to the condition
1=AA"".



Product of matrices

The product of matrices is not commutative.

In general
AB +# BA



Invertible matrices

Can we see wether a matrix is invertible or not without computing the inverse?

Yes! This can be done with the determinant!



The determinant
The determinant det(A) of a n x n-matrix A is a function that maps the matrix to an
element of the underlying field (R). It satisfies the following properties for 1 <i,j < n

1. Forae R
det(avq,...,aqj,...,ap) = a-det(ay,...,qj,...,ap)

2. With aj = o/; + o

/ 1
det(av,...,a;+af,...,an)

=det(at,...,a},...,ap) +det(ay,...,af,... ap).
3. Let aj = ajfori# j. Then
det(ov,...,qj,...,qj,...,ap) =0.
4. Let e ..., e, be the standard basis vectors, then

det(e1,7en):1



The determinant: properties

The determinant of a n x n-matrix

(g, .o ap)

is 0 if and only if the vectors aq, .

.., ap are linearly dependent.
For the transpose of A we have

det A = det AL
For the product of the n x n-matrices A and B

det(AB) = det A-detB.

Let a € R be a scalar, then
det(a A) = " det A.



The determinant: properties

The determinant of a n x n-matrix
(g, ..., anp)
is nonzero if and only if the vectors aq, ..., a, are linearly independent.

In this case the square matrix is invertible.



The determinant: computation

a b
det <c d> = ad-bc.

air a2
det < > = ay1822 — A12a21 -
a1 ax



The determinant: computation

det (g
det <(1)
det <_$



The determinant: computation

a2 a3
det | @21 @ a@o3 | = a11a22833 + 12823831 + 821832813
as1 ds2 4ass —a8i38z2d31 — a12821833 — do3a32a11 -



The determinant: computation

ayr diz as
det | @21 @ oz | = ay1@22833 + 12823831 + 821832843
dzi dgz2 das3 —a8i38z2d31 — a12821833 — do3a32a11 -



The determinant: computation

ayr a2 dig
det | @21 @2 @oz | = a11822833 + 12823831 + 821832843
dzi dgz2 das3 —dq3dppdzy — a2dp1833 — do3dzodait -



The determinant: computation

We can also choose a column or a row and develop by this column or row.
We choose the first column. Then

ajr a2 ais 40 A
det | @xqy @0 a3 | = (—1)1+1a11 det < 22 23
azz  asa
dzp ass

a2 ais
+(=1)**a det< >
(=1) 21 dz2 ass

+(=1) det <312 a13>

aop a3



The determinant: computation

ayy a2 as s A
det | @axq1 @ ass | = (—1)”1311 det <a a >
32 433
dzi d32 das3

a2 ais
+(=1)°a det( )
(=1) 21 dz2 ass

T a2 a3
+(=1)Y""a det< )
(=1)" as B



The determinant: computation

ayr a2 as 2y A
det | @axq1 @ a3 | = (—1)”1311 det <a a >
32 ds3
dzi dz2 ass

a2 ais
+(=1)°a det( )
(=1) 21 dz2 ass

T a2 a3
+(=1)Y""a det( )
(=1)" as B



The determinant: computation

ayr a2 a3 2y A
det | @1 aon aos | = (—1)”1311 det <a a >
32 ds3
dsz1 dz2 as3

a2 ais
+(=1)°a det( )
(=1) 21 dz2 ass

dop do3



The determinant: computation

This method can be generalised to n x n-matrices.

A good strategy is to choose a column or a row with many 0.



The determinant: computation

10 —1
det {2 1 —1 :(—1)2+2-1-det<
11 -

1



The determinant: invertible matrices

A square matrix
Aisinvertible < detA#0



Inverse of a matrix

The inverse of a 2 x 2-matrix is computed as follows.
Let b
a
A= (2 o)
be invertible, i.e. det A = ad — bc # 0.
Then
1 d -b
—1 _
AT e A (—c a)

o d —b
“ad—-bc\-c a




Inverse of a matrix

The inverse of a 2 x 2-matrix is computed as follows.

The matrix
3 1
A= (s 2)
is invertible, i.e. det A=6 -5 =1.

Then 1
1 2 —1\
A= det A <—5 3) N

(

2
-5

—1
3

)



Inverse of a matrix

For a 3 x 3-matrix we have the following.

Let
ayn a2 a3

A= |ax axn az
a3y dz2 ass

If the determinant det A of A is nonzero, then the matrix has an inverse.

det A= ay1802833 + 812823831 + A21832a43
—a813802831 — a128214833 — 23432411 -



Inverse of a matrix

We now consider the transpose A! of A.

. ayy do1  asg
A =|anp ap axp
ai3 dasz as3

The entry at the position jj in the inverse A~ is

(—1) det Mj

det A

where M; is the jj-minor in A!, that is the 2 x 2-matrix that is left when we take off the ith
row and the jth column.



Inverse of a matrix

. a1 ax  ast
A =|ap a» ax

a3 ds3 dass

(—1)*1 det @2 d2)
1 a3 as3

det A * *




Inverse of a matrix

ayy a1 ast

At _
= | a2 ax as
a3 dp3  ass

a a
(—1)"*1 det ( 22 32
az3 ass

~ detA (—1)2*+1 det a1 ast
a3 433

*



Inverse of a matrix

. ay1 a1 dsq
A =|ap ap ax

a3 ds3 4ass

e (22 %) :
do3 ds3
1
A | e () :
detA | (1) a3 as3

. (—1)3+2 det (a” a31>

a2 asp



Inverse of a matrix

t ayy a1 ast
A= a2 ap axp
a3 dp3  ass

a a a a a a
det ( 22 32> _ det ( 12 32> det ( 12 22>
az3  4ass a3 ass a3  as3
_ 1 a a a a a a
AT = —det( 21 as3q det (&1 481 —det (&1 @21
det A ao3 ass a13 ass aiz  as3

a a a a a a
det< 21 31) —det( 11 31) det( 11 21)
oo as2 a2 asz a2 a




The inverse: computation
Let

A=

We already computed det A = —1. Now

1
2
1

(

0
1
1

—1
—1
1

|



The inverse: computation




The inverse: computation

1 2 1 1 1 1
A7 =(-1)- —det(_1 1 det 1 —det 1
1 1
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