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Linear algebra and geometry

How can we see what a given mapping

f: R?" — R"

does?
It may be a projection, a rotation, a reflection, a scaling, ....



Linear algebra and geometry

An interesting case is the one where a subspace is mapped onto itself.

The rotation about the blue axis keeps any point of the axis fixed and maps any point in
the blue plane to a point in the blue plane. Hence the plane and the axis are subspaces of
R3 that are mapped onto themselves by the rotation.



Scalings
By a scaling a sphere ...




Scalings

... may become an ellipsoid.
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Directions and scalars

For the simplicity of notation we choose n = 3.

We know that the columns of the matrix A that defines the mapping

f: R® — RS
x — f(x):=Ax

are the images f(e1), f(e2), f(e3) of the elements of the basis ey, e2, e3 written in this
basis.

Hence the matrix A depends on the choice of the basis.



Directions and scalars

Let
f: R® — RS
x — f(x)

be linear and let vy, v», v3 € R3 be linearly independent and such that Ay, A2, A3 € R exist
with

vi — f(vi) =My

Vo +—— f(Vg):A2V2

v3 — f(v3) = A3v3



Directions and scalars
Then

hence in the basis vq, v», 5

f(V1):)\1-V1+0'V2+0'V3

f(vo))=0-vi+X2-vo+0-v3

f(V3):O'V1—|—0-V2+)\3'V3

Vi =

Vo =

V3 =

- OO0 O~ 0O OO0 =

S o0 og o ocoox

= f(»1)

= f(v2)

= f(v3)



Directions and scalars

If such vectors vy, Vo, v3 exist, they satisfy

f(V1) = MV

f(V2) = oo

f(v3) = Agvs
Hence

AV1 = )\1 Vq

AV2 = oo

AV3 = A3V



Directions and scalars

The matrix B that defines the mapping

f: R® — RS
x +— f(x):=Bx

A 0O
B=10 X 0
0 0 X3

in the basis vy, \», v3 is

This is a diagonal matrix.



Directions and scalars

For a given mapping that is defined by

f: R® — RS8
x +— f(x):=Ax

in the standard basis e, &>, e3, we want to find a new basis vy, v», v5 such that in this new
basis the mapping f is given by f(x) = Bx with

A 0O
B=10 X 0
0 0 X3

for some Ay, Ao, A3 € R.



Eigenvalues and eigenvectors

The coefficients
A, A2, A3 € R

are called the eigenvalues of A.
The vectors
Vi, Vo, v € R3

are called the eigenvectors of A.



Eigenvalues and eigenvectors

We now determine the eigenvalues and eigenvectors of f or equivalently of A.
We solve

Av = \v
that is equivalent to
Av—Av=(A-X)v=0
There exist nonzero solutions v of (A — A1)v = 0 if and only if (A — A1) is not invertible,
i.e., if and only if
det(A— A1) =0.



Eigenvalues and eigenvectors

Hence we find scalars X such that
pa(A) =det(A— A1) =0.

The determinant is a polynomial of degree 3 (resp. n) in A. It is called the characteristic
polynomial of A.

For each solution \ we determine v # 0 that satisfies
(A=XM)v=0.

The solution v is not unique. It belongs to a subspace of R3 (resp. R").



Eigenvalues and eigenvectors

Let A1, X2, A3 € R be the zeros' of the characteristic polynomial
pa(A) = det(A— A1).

If the zeros of pa(A) are pairwise different, then we can find a basis in which the matrix
corresponding to f is diagonal.

This is not always true if the zeros are not pairwise different. As an example we consider
Pa(N) = (A = M)?- (A = Ao)

with Ay # Ao. Then a diagonal matrix exists if and only if we can find two linearly
independent eigenvectors to the eigenvalue \y. There are some cases where all the
eigenvectors to the eigenvalue )\ are linearly dependent.

"We do not consider the case of complex eigenvalues.



Eigenvalues and eigenvectors

We consider R” with the standard basis ey ,... , e,. Let

f: R" — R"
x +— f(x):=Ax

be a linear mapping. Then the columns in A are the images f(eq),... , f(en) of the
standard basis.
In the basis of eigenvectors vy, ... , v, the mapping f is given by

x — f(x)=Bx

The change of basis allows us to transform A in order to get the diagonal matrix B.



Change to the basis of eigenvectors

The transformation matrix T for the change of basis to the basis of eigenvectors contains
the eigenvectors of A in the columns.

T=(Ww v ... )



Computation of eigenvalues and eigenvectors

We compute the eigenvalues and eigenvectors of the matrix

)



Computation of eigenvalues and eigenvectors

Step I: Determine the characteristic polynomial.
The characteristic polynomial pa(A) is
pa(A) = det(A— A1)
1—-x
—det< 1 3_)\>_(1—>\)(3—/\)—1

=) 4142



Computation of eigenvalues and eigenvectors

Step II: Compute the eigenvalues.

The zeros of the characteristic polynomial pa()\) = A% — 4\ 4 2 are

Mo =

4+vie-8 V216—8:2¢\@

M=2+V2, X=2-V2.



Computation of eigenvalues and eigenvectors

Step Ill: Compute the eigenvectors.

We first determine the eigenvector v4 to the eigenvalue \; = 2 + v/2. We solve
Avi = A\1vy that is equivalent to (A — A¢ 1)vy = 0. We compute

A-Ml= G ;> B <2+o\/§ 2+0ﬂ>

- <_1 ;ﬂ 1—1ﬁ>



Computation of eigenvalues and eigenvectors

For vy = X
(A=X1)vy = <_1 ;\@ 1 _1\f2> <;> - <(;1r_(1\?)\X@J)ryy> . <8>

(—1—=V2)x+y=0
x+(1-v2y=0

hence

and, since (—1 — v2)(1 — v/2) = 1, this system is equivalent to
y=(1+v2)x
and we choose

(1 0).



Computation of eigenvalues and eigenvectors

We now determine the eigenvector v, to the eigenvalue A, = 2 — v/2. We solve
(A— X21)v, = 0. We compute

aar=(13)- (0" 2 %)
:(_h;\@ 1+1\@>



Computation of eigenvalues and eigenvectors

For vo = (;)

-1+v2 A X
woron (1% L)
B ((—1 +\@)x+y) 1 (0)
S \x+(1+v2)y ) \0
and, since (—1 + v2)(1 4+ v/2) = 1, this system is equivalent to
y=(1-vV2)x

and we choose



Computation of eigenvalues and eigenvectors

Let
f: R2.— R?
X +— Ax
be the mapping that is defined by A in the standard basis. Then, in the basis of
eigenvectors vq, v», the mapping f is given by

=5 2)- (%" o)



Computation of eigenvalues and eigenvectors

The transformation matrix is

T:<1+1f2 1:\@)

T-1_ _4_12\@ (_1—_1\@ —1 ;\@> '

It is now easy to check that

and its inverse is

B=T 'AT.



An example in R3

Consider the matrix

-1 00
A=]10 0 3].
0 30

» Determine the eigenvalues of A. Compute the corresponding eigenvectors.

» Let f: R® — RS2 be the linear mapping that is defined in the standard basis of R® by
f(x) = Ax. Determine the matrix B that represents f in the basis of eigenvectors.



An example in R3

The characteristic polynomial is

-1-Xx 0 O
det(A — A1) = det 0 -A 3
0 3 —A

:(—1—)\)-det<;\ _i)
=(=1=XN)-(N=9)=(1+1)-(9-1)?

=(1+XN)B-XN(3B+2)

The eigenvalues are
M=-1, =3, N=-3.



An example in R3

An eigenvector v_; to the eigenvalue Ay = —1 is a solution of
(A= (=1)-1)-v4 =0

We have

and



An example in R3

An eigenvector v3 to the eigenvalue \» = 3 is a solution of

(A—3-1)-V3:0

-1 00 3 00 —4
A-3-1= 0 03]—-1030]|= 0
0 30 0 0 3 0

We have

and

4 0 0
(A3-1)v3( 0 -3 3) (
0 3 -3

X

y
z

)o .



An example in R3

An eigenvector v_s to the eigenvalue A3 = —3 is a solution of

(A—|—3~1)-V_3:0
-1 00 3 00 2 0
A+3-1= 0 03]+(0 3 0|=1]023
0 30 0 0 3 0 3
2 0 0\ /x
(A+3-1)vz=|0 3 3| |y]|=0 = w=
0 3 3 z

We have

and



An example in R3

The corresponding eigenvectors are

1
V,‘| = o s V3 =
0

The transformation matrix T is



An example in R3

The function f is given in the basis {v_1, v3,v_3} by

-1 0 O
B= 0O 3 0].
0 0 -3



Another example in R3

We compute the eigenvalues and the eigenvectors of the matrix

—_

w‘_h wIN wIN

WIN IR m"
wInd m‘L I



Another example in R3

The characteristic polynomial of A is

det(A — A1) = det

wlin wind



Another example in R3

The eigenvalues satisfy
AN A+1=0
We see that Ay = 1 and division of polynomials shows that
X XA = (1= NN+ 2) 4 1)
Now we solve \? + 2\ + 1 = 0 and get

AN AT =1 =)+ 2)?
Hence the eigenvalues are
M=1, X=X3=-1



Another example in R3

Since A doesn’t have three different eigenvalues, we do not know if the matrix A is
diagonalisable.

> If we find two linearly independent eigenvectors to the eigenvalue —1, then A is
diagonalisable.

> [f all the eigenvectors to —1 are linearly dependent, then A is not diagonalisable.



Another example in R3

We first determine an eigenvector to the eigenvalue \y = 1.

1 (4 2 2) (x)
(A—1)v1:§ 2 -4 2)|y]|=0
2 2 -4/ \z
1
vi= 11 .
1

Has the solution



Another example in R3

For the eigenvector to the eigenvalue A\{ = —1 we solve

1 X
A+ =, =0
(230

X+y+z=0

2 2 2
2 2 2
2 2 2
This is equivalent to

As we have one equation for three variables we can find two linearly independent

solutions.
1 0
Vo = 0], V3 = 1] .
—1 —1



Another example in R3

The transformation matrix T is

Its inverse is

Check that



This week there will be an exercise class on Friday!

Have a nice week!
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