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9.1. Separation of variables for non-homogeneous problems

Solve the following equations using the method of separation of variables and super-
position principle. If the boundary conditions are non-homogeneous, find a suitable
function satisfying the boundary conditions, and subtract it from the solution.

(a)

U — Uy = ¢+ 2cos(2x), (x,t) € (0,7/2) x (0,00),

uz(0,t) = 0, t € (0,00),
ug(m/2,t) = 0, t € (0,00),
u(z,0) = 14 2cos(6zx), x€l0,7/2].
(b)
U — Uy = 1+ xcos(t), (x,t) € (0,1) x (0,00),
u.(0,t) = sin(t), t € (0,00),
u(1,t) = sin(t), t € (0,00),

u(xz,0) = 1+cos(2mz), x€]0,1].

Hint: The function w(z,t) = wsin(t) fulfills the boundary conditions from above.

(c) Mixed Boundary Conditions.

U — Uy = sin(92/2),  (z,t) € (0,7) x (0,00),
u(0,t) 0, t € (0,00),

Uy (7, 1) 0, t € (0,00)
u(xz,0) = sin(3z/2), x€]0,7].

9.2. Conservation of energy Suppose u(z,t) is periodic on (0,7) and solves
Uy — Uy = f(x), for some periodic function f.

(a) Show that if f =0, then the energy

B(t) = 5 [ e, 07 + (el 1) da,

is conserved, i.e. E(t) = E(0) for all ¢ > 0.

(b) Inspired by the homogeneous case, find a similar conserved quantity when
f(z) =M A, sin(nr).
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9.3. Multiple choice Cross the correct answer(s).

(a) Consider the non-homogeneous heat equation

Ut — Ugy = p(t)u, (xvt) € (OJT) X (07 OO)»
u(0,t) = u(m,t) =0, te(0,00),
u(z,0) = f(x), xz € (0,7),

where p(t) is a given function of ¢, and f(x) = SM | A, sin(nz) #Z 0. Then

O If p(t) = (k + D)tk limy_, 4o e u(1,8) = 0.
O Ifpt) = (k+ )t* limy 4o u(1,t) = +o00.
O If p(t) = sin(t), limy_,4 o0 u(1,t) = +o0.

O Ifp(t) =1, limy, oo u(l,t) = Ay sin(1).

Extra exercises

9.4. Solve the following non-homogeneous problem.

U — Upy = —U, (x,t) € (0,7) x (0, 00),
u(0,t) = 0, t € (0,00),
u(m,t) = 0, t € (0,00),
u(z,0) = sin(x), x€[0,7].
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