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Notation

X The variables in bold denote vectors, e.g. x = (x1, 12, 23) € R3.

C* A function is C* if it is continuously differentiable k times.






CHAPTER 1
PRELIMINARIES

1.1. Partial differential equations

Definition 1.1.1. An ordinary differential equation, or ODE, is an equation in-
volving functions of one independent variable and one or more of their derivatives.

Example 1.1.2. An example of ODE is Newton’s second law, that is
d?x(t)
= F(x(t)).

The unknown function x(t) = (x1(t), zo(t), 23(t)) € R? represents the position of a
particle at time ¢t. Moreover m € R¥ is the mass of the particle and F': R? — R3
is the force field. Note that

dx(t) d?x(t)

— d

a " de2

represent respectively the velocity and the acceleration of the particle.

Definition 1.1.3. A partial differential equation, or PDFE, is an equation involving
an unknown function of more than one variable and certain of its partial deriva-
tives.

Hereafter u denotes the real-valued solution (i.e., the unknown) of a given PDE
and it is usually a function of points x = (z1,z9,...,x,) € R™, typically denoting
a position in space. Sometimes the function u also depends on a parameter t € R,
denoting the time. We also use z,y, z to denote independent variables (instead of
T1,T9,T3, .. )

Notation. We write

du
Uy, = —
ok 8x k
to denote the partial derivative of v with respect to x,. Analogously we use
ou 0u
Uy and Uppz, =
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We recall the following theorem.

Theorem 1.1.4 (Schwartz). Given a function u continuously differentiable at a
point, the order of partial derivatives at that point is irrelevant. Namely, if u is
continuously differential at a point x and u depends on two variables x,y, then

Uy (%) = 10().
Definition 1.1.5. The gradient of a function u = u(x,y, z) is defined as
Vu = (uy, uy, u,)
and the Laplacian of u is
AU = Ugy + Uyy + Uz

We now see some examples that motivate the use of partial differential equa-
tions: when we want to study a physical system we want to understand the state
of such system at any point in space and at any time.

Example 1.1.6. Suppose that u(x,y, z,t) is the temperature at the point (x,y, 2)
and at time t. We know that this state changes over time, so we consider the
quantity u;, which measures this change with respect to time. However, u also
changes with respect to the position, so we consider partial derivatives of u with
respect to x,y, z. Surely we need to relate the variations in space and in time and
it turns out that the heat flow over time may be described by

Up = Ugy + Uyy + Uy = Au. (Heat equation)

Example 1.1.7. Another fundamental equation that we will encounter is the
Laplace’s equation, which records diffusion effects in equilibrium and it is described
by the PDE

Au=0. (Laplace’s equation)

Example 1.1.8. The wave equation, given by
uy = A, (Wave equation)

superficially resembles the heat equation, but it supports solutions with a com-
pletely different behaviour and can be used to describe the propagation of a wave
in a fluid.

Example 1.1.9. The Burgers’ equation
Up = —Ully (Burgers’ equation)

can model the flow of a viscous fluid or the traffic flow, and it is a prototypical
example of conservation law (see Chapter 3).
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1.2. What is a well-posed problem?

1.2. What is a well-posed problem?

In general we study equations that originate from a physical or engineering prob-
lem, so we follow the scheme

real life problem ~~~» model ~ > PDE.

It is not obvious that a given model is consistent, in the sense that it leads to a
solvable PDE. Furthermore we wish the solution to be unique and to be stable
under small perturbation of the data.

By “problem” we mean a PDE supplemented with initial or boundary condi-
tions. A problem is well-posed if it satisfies the following criteria:

1. The problem has a solution (existence).
2. The solution is unique (uniqueness).

3. A small change in the equation and/or in the side conditions gives rise to a
small change in the solution (stability).

If one or more of these conditions do not hold, then the problem is said to be
ill-posed.

1.3. Initial and boundary conditions

As you may recall from studying ODEs, there may be no solutions or there may
be many solutions for a given ODE (if the initial conditions are not appropriate).
The same is true for PDEs. Indeed PDEs have in general infinitely many solutions
and in order to obtain a unique solution we must supplement the equation with
additional conditions. What kind of conditions? This depends on the type of
PDE under study. We will focus entirely on PDEs coupled with a set of initial
conditions consisting in prescribing the unknown u and (or) some of its partial
derivatives on an hypersurface of the domain. In R? this simply means that we fix
some initial data on a curve, and in R? on a surface (which will be a plane most
of the time). This is what we call a Cauchy problem

Example 1.3.1. Consider the transport equation
ug + cuy =0, (Transport equation)

for u: (z,t) € R x R"™ — R and ¢ € R a constant. If u > 0, u can represent
the concentration of a pollutant in a river at time ¢ and position . The constant
¢ € R represents the velocity of the river. In order to have a complete information



Chapter 1. Preliminaries

about u in time it makes sense to couple this equation with an information about
the concentration of the pollutant at time zero. Hence we consider the initial value
problem

ur+cu, =0, (z,t) € RxR*

u(z,0) =g(z), ze€R,

where the function g > 0 represents the concentration of the pollutant at time
Zero.

Example 1.3.2. In the case of the one-dimensional vibrating string, we consider
the wave equation with four side condition, namely

Uy = Ugy (x,t) € (0,L) x RT
u(0,t) =u(L,t)=0, t>0

u(z,0) = f(z), xz € |0, L]

u(z,0) = g(x), z e [0,L].

The second equation expresses two boundary conditions (the string is fixed at
position 0 and L) and the last two equations express the initial conditions: they
tell us what happens at time zero in terms of the deflection f(z) and of the speed

g(x).
Remark 1.3.3. The domain of the PDE is defined only in the interior of the interval
because the function u may not be differentiable on the boundary.

Definition 1.3.4. We say that the solution of a PDE is strong if all the derivatives
of the solution that appear in the PDE exist and are continuous. Otherwise the
solution is said to be weak.

Weak solutions have points in their domain where the derivatives do not exist
(or are not continuous), so a weak solution cannot directly be plugged into the
equation.

Remark 1.3.5. There is no universal meaning for weak solution, the definition
depends on the type of PDE and we will see this later when studying conservation
laws.

1.4. Classification properties of PDEs

Definition 1.4.1. The order of a PDE is the order of the highest order partial
derivative of the unknown appearing within it.

Example 1.4.2. e u, + u*u,y = e"u,, has order 2;
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1.4. Classification properties of PDEs

e u,,. = zy* + zu has order 3;

® Uy = Uy, + f(x,t) has order 2.
Remark 1.4.3. Here we mostly work with PDEs of first and second order.
Definition 1.4.4. A PDE is linear if it is of the form

aOu + Z agll)ugci1 + Z agf}iQUQCilxiQ +...o= Lu] = f(x), (1.4.1)
i1=1 i1,i2=1

where f(x) and ailﬂ)lm are functions of the variable x = (z1,...,x,). Namely, a

PDE is linear if every summand consists of a function multiplied by u or by one

of its derivatives. Equivalently, if v and v solves (1.4.1), then u — v solves (1.4.1)

with f = 0.

Remark 1.4.5. Observe that the general form of a linear PDE of the first order for
an unknown function v in two independent variables x, y is

a(, y)ue + bz, y)uy + c(z, y)u = d(z,y),
while the general form of a linear PDE of the 2nd order is
a(x, Y)uze + (T, y)uyy + 2¢(z, Y) sy + d(z, y)u, + e(z, y)u, + f(z,y)u = g(x,y) .
Example 1.4.6. o zyu, + sin®(y)uy, — e“uy, = 22y is linear;
® uu, = 2 is not linear;
o u; = u, + u? is not linear;
® Uy = Ugpyyy 1S linear.

Definition 1.4.7. We say that a linear PDE of the form defined in (1.4.1) is
homogeneous if f(x) = 0. When f # 0, we say that the PDE is inhomogeneous
and the function f(x) is the inhomogeneity.

An important property of linear homogeneous PDEs is that, given two solutions
uy and u9, any linear combination of u; and us is a solution as well. Moreover, so-
lutions of a linear homogeneous PDEs generate different solutions of an associated
inhomogeneous PDE. Let us see how in the following theorem.

Theorem 1.4.8. Let Lu] = f(x) be a linear inhomogeneous PDE and Lu] = 0
be the corresponding homogeneous PDE. Let uy, us be solutions of Lu] =0 and w,
be a solution of Lu] = f(x). Then, for all o, B € R, we have that auy + Pug is a
solution of Llu] =0 and auy + Pus + u, is a solution of Llu] = f(x).

7
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Remark 1.4.9. We can denote with L[u] any linear operator acting on u, as in
(1.4.1). For example, given the linear operator Llu| = u; — u,, the transport
equation can be written as L[u] = 0.

Example 1.4.10. e u; + u; = 0 is linear, homogeneous;
— 22 2 is i inh )
® Uy, + Uy, = x° + y° is linear, inhomogeneous;
e u? +u? =1 is nonlinear
T y .

As you may be able to guess, many PDEs are not linear and nonlinear equations
are often further classified into subclasses according to the type of nonlinearity.
We will sometimes handle nonlinear PDEs that still have a special structure called
quasilinearity. The main reason to make all these distinctions lies in the tools
available to solve each type of equation. For example, the method of characteristics
allow us to solve first order quasilinear PDEs.

Definition 1.4.11. We say that a PDE is quasilinear if it is linear in its highest
order derivative term.

Remark 1.4.12. The general form of a quasilinear PDE of the first order for an
unknown u(z,y) depending on two variables is

a(z,y, u)u, + b(x,y, u)u, + c(z,y,u) =0.

Note that the functions a, b, c may depend also on v but not on u,, u,. The general
form of a quasilinear PDE of the 2nd order is instead

a(®, Y, W, Uy, Uy ) Uy +0(T, Y,y Uy U,y Uy ) Uy +2¢(T, Y, Uy Uy, Uy ) Uy +A(X, Y, U, Uy, Uy) = 0.
Example 1.4.13. e uu, + x?u, = u® is quasilinear, of the first order;

e u, + uu, = 0 is quasilinear, of the first order;

e uu, + u?u, +u = e* is quasilinear, of the first order;

e u,u, = x?y is not quasilinear, but is of the first order;

® Uy = Uy, + uluy, + u2 is quasilinear, of the second order;

e u?, = xu + u, is not quasilinear and it is of the second order.

Remark 1.4.14. A nonlinear equation can be quasilinear if it is linear in its highest
order terms. A quasilinear equation is a nonlinear equation but with the good
property of being linear with respect to the highest order terms, which can be
thought as “dominant”.



1.5. Modelling a stock market

Example 1.4.15. ® u, + uy + 2u = e is of the 2nd order, nonhomogeneous
and linear;

o u, + uy + 3uu, = €® is of the 2nd order, nonlinear, but quasilinear (uy
appears linearly);

® U, + (up)? + e* = 0 is of the 2nd order, nonlinear, but quasilinear;

° (um)2 + uy; + e* = 0 is of the 2nd order and nonlinear, because u,, appears
nonlinearly;

e sin(u) + u, + uyy, = 0 is of the 2nd order and quasilinear;

® U+ u, + sin(uy,) = 0 is of the 2nd order, nonlinear;

e usin(uy,) + uy, = 0 is of the 2nd order, nonlinear, but quasilinear;
o (u;)*+ (uy)?* + uyy = 0 is of the 2nd order, quasilinear;

e the Monge-Ampere equation det(D?*u) = f, (where D?u denotes the Hessian
matrix (D?u);; := Ug,q,) is of 2nd order, nonlinear, since the determinant is
multilinear and linear only for 1 x 1 matrices;

e |Vu| = f is of the first order, nonlinear;

o u; + div(vu) = Au+ f is of the 2nd order, nonhomogeneous and linear for
any given constant vector v = (vy,...,v,).

Remark 1.4.16. Divergence, Laplacian and gradient are linear operators.

1.5. Modelling a stock market

We conclude this introduction with a modelling example.

Example 1.5.1. Let us model a stock market as follows:

Y (t) = price of an asset
Y(0)=1.

Asset prices grow and decay exponentially, so we prefer to look at

X(t) =log(Y(t)) —rt
X(0) =0,
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where r > 0 is the growth rate. We now analyze the evolution of X (¢) using the
Merton model. We assume that, given a time step 7 > 0, the value at time ¢ + 7
is given by X (¢t +7) = X(t) £ 6, for some § > 0. We choose to add or subtract
0 with probability 1/2 each. Let us define p(x,t) := Prob(X(¢) = x). Then the
equation for X (¢ + 7) gives

1 1
plx,t+71)= §p(x +0,t) + ip(:c —0,t).

Rearranging the terms, we thus obtain that

plz,t+7) —plx,t) ﬁ plx+0,t) +p(x —0,t) — 2p(x,t)

T 27 02

Assuming that 0 = v/2k7 for some k > 0 and taking the limit 7 — 0, we get

pt(‘xat) = kpmx(x7t> .

As a result, the probability density p must fulfill the heat equation, whose solution
is well-known and it is given by

1 o2

e Ankt
VAarkt

p(x,t) =

Summary

e PDEs are normally used together with boundary conditions.

e Well-posedness stands for the existence and uniqueness of a stable so-
lution.

e Linearity stands for linear in w, while quasilinear means linear in the
highest order derivatives of w.

e A linear PDE is homogeneous if all the terms depend linearly on wu.

10



CHAPTER 2
METHOD OF CHARACTERISTICS

In this chapter we present an approach to solve first order quasilinear PDEs known
as method of characteristics. This method relies on a powerful geometrical inter-
pretation of first order PDEs, reducing them to a system of ODEs.

2.1. First order equations

A first order PDE for an unknown function u(xy, ..., x,) can be written in general
form as

F(zy,... .,z u,Upy, .oy Uy, ) =0, (2.1.1)

where F' is a given function of 2n + 1 variables. For our purposes, we consider
two-dimensional real-valued function u(x,y) for which the equation (2.1.1) reduces
to

F(x,y,u,uz,u,) =0. (2.1.2)

Given a solution u to this equation, the graph of u, defined as

graph(u) := {(z,y,u(z,y)) € R},

is the solution surface and it is indeed a surface in R? with normal vector at a point
(x,y,u(z,y)) given by (ug,u,, —1) (see Figure 2.1). Hence, observe that equation
(2.1.2) relates the graph surface to its normal, or equivalently to its tangent plane,
which is the plane orthogonal to the normal. In fact, the tangent plane at each
point of the surface graph(u) is the plane spanned by the vectors (1,0, u,) and
(0,1,u,). Indeed note that (1,0,u,) and (0,1, u,) are linearly independent and
orthogonal to the normal (u,,u,, —1). See Figure 2.2 for a representation in one
dimension less.

The point of this discussion is that a first order PDE can be seen geometrically
as a relation between the solution surface and its tangent plane.

11
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z
araph(u)
‘ u(z,y)
7 Yy
7777777 -
(z,y)

Figure 2.1: Graph of the solution surface.

graph(f)
(L, 1)
(f/7 _1)

Figure 2.2: The tangent to the graph of a function f: R — R is given by the
vector (1, f).
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2.2. Quasilinear equations

2.2. Quasilinear equations

First order quasilinear equations are nonlinear PDEs, where the nonlinearity is
confined to the unknown function w, while the derivatives of u appear linearly (see
Definition 1.4.11). Thus, the general form of a first order quasilinear PDE (in two
variables) is

a(z,y,w)u, + b(x,y, w)u, = c(x,y,u), (2.2.1)

where a, b, ¢ are functions of three variables.

Example 2.2.1. Consider the first order PDE

ux(:t,y) = COU($7y> + Cl(‘r:y> ;

where ¢y € R is a constant. Fixing y € R, this becomes a first order ODE, which
can be written as

[ug (2, y) — cou(z,y)] e = ci1(z,y)e” ",

or equivalently as

cox

0
a_x (U(l’, y)e—coz) =0 (ZL’, y)e_
Integrating both sides over an interval of the form [z((y), ], we have
u(x, y)e™ 0% — u(zo(y), y)e 0mW = / c1(€,y)e@c dE.
zo(y)

Therefore we obtain that

u(z,y) = e |u(xo(y), y)e 0m® +/w c1(€,y)e ¢ df} . (2.2.2)

zo(y)

This means that once we prescribe the value of u on the curve {(x¢(y),y) : y € R},
we can reconstruct the value of u everywhere (see Figure 2.3).

Depending on the initial conditions, we may have one solution, no solutions or
infinitely many solutions. Let us look into some specific examples.

e Let us require as initial condition u(0,y) = y for all y € R. Then we can
set xo(y) = 0, for which u(zo(y),y) = y, and the solution of the equation is
given by

ul(z,y) = [y + [ ateme dg} .

Hence the solution is unique (see Figure 2.4).

13
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Figure 2.3: Once we prescribe the value of u on the curve (z¢(y),y), for example at
the intersection with the dotted line, we can reconstruct the value of u everywhere

on the dotted line.

Initial =
condition

CoX

u(0,y) =y ety

T

Projection of the section

Figure 2.4: Figures illustrating the case of one solution in three dimensions. Here
the initial datum is just one point in the plane {y = g}, which implies both
existence and uniqueness of the solution.
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2.2. Quasilinear equations

u(x,0) = ax

X

Figure 2.5: The exponential curves of the right figure are what the PDE wants the
solution to be. For this reason, in this case we have no solution at all.

e Let us assume that ¢; = 0, so that the general solution is given by
u(z,y) = e [ulzo(y), y)e W] = e T(y),

where T(y) = u(zo(y),y)e W), If we prescribe u(z,0) = ax as initial
condition for a nonzero constant a € R, then T'(y) has to satisfy 7'(0) =
u(z,0)e” % = axre= " for all z € R, which is patently impossible (see Fig-
ure 2.5).

e Assume as before that ¢; = 0, but now require as initial condition u(z,0) =
e® for all z € R. Plugging y = 0 in (2.2.2), we then obtain

e = y(z,0) = e“%u(xo(0),0)e 0=
Thus we only need to impose that u(z((0),0)e~*©®) = 1. In particular, we
can take any curve y — (zo(y),y) and choose the value of u on this curve as
we want, provided that u(x(0),0) = e©®(©  For example, we can consider
the curve y — (0,y) and set z4(0) = 0, u(0,y) = 1 + Ay*. Then
u(z,y) = e**(1 + Ay?)

is a solution for every A € R (see Figure 2.6).

15
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/ Initial condition prescribed here

T

Figure 2.6: Once we prescribe the value of u at one point on the curve {y = 0}
then we obtain the value of u at all other points on the curve {y = 0}. If the
value prescribe at {y = 0} is compatible then we have infinitely many solutions,
otherwise no solutions.

To summarize, if we consider the PDE

ux(:c7 y) = CO“(':U? y)
for a constant ¢y € R, then the general formula for a solution is

u(z,y) = e%u(zo(y), y)e 0%

So for all y € R we take z((y) € R, defining a curve y — (2o(y),y). Then the
value of u at each point (zo(y),y) defines u along all the horizontal line passing
through that point.

e In the first example the initial condition was y = u(0,y) and we have a
unique solution.

e In the second case, the condition u(x,0) = ax for a constant a # 0 is not
compatible with the PDE and we have no solutions.

e In the third example the initial condition u(z,0) = e®* is compatible with
the PDE but it leaves “too much choice”. In fact we have infinitely many
solutions of the PDE.

The moral of the story is that boundary conditions and initial conditions are very
important. We need to be careful to impose appropriate conditions in order to
obtain a well-posed PDE.

16



2.3. Method for first order linear PDEs

2.3. Method for first order linear PDEs

Consider a general first order linear equation in two independent variables, namely

a(x, y)uz (2, y) + b(@,y)uy (2, y) = colz, y)u(z,y) + c1(2,y) . (2.3.1)

The idea is to assign the value of the solution u along a parametric curve and then
“propagate” this value along “characteristic curves”.
So, given a curve s — (zo($),40(s)), we prescribe the value of u along such
curve as
u(zo(s), yo(s)) = to(s)
for all s € R, for some function g of one variable. Hence, if we obtain a solution
u, the parametric curve in R?

['=T(s) = (xo(s), yo(s), Uo(s))

is contained in graph(u). We say that I" is the initial curve.
Now observe that equation (2.3.1) can be rewritten as

(a,b,cou+c1) - (ug,uy,—1) =0.

Namely we ask the vector ¢ := (a,b,cou + ¢;) to be orthogonal to the normal
vector (ug,u,, —1) and thus tangent to the surface graph(u). As a result, if we
integrate the vector field o, i.e., we consider the ODE Z7= U(%), then the curve Z
is contained in the surface graph(u) (see Figure 2.7).

In other words, to find a solution to (2.3.1), we look for a surface S C R3
(which will then be graph(u)) such that at each point (x,y,u) € S we have that

(a<x> y)v b($’ y)> C($’ Y, u)) € T(w,%u)s )

where C(:Ea Y, U) = CO($7 y)u(xa y) +a (Iv y)
In order to do this, for all s, we consider the curve (z(t, s),y(t, s), u(t, s)) given
by solving the following system of ODEs

(V03 _ atatt, 510, 9)
< dygt’ ) bt s), y(t. ) (2.3.2)
() cy(att, )i, st 5) + el ), 9(6,5)),
with initial conditions
x(0,s) = xo(s)
y(0,5) = yo(s
w(0,s) = do(s),
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graph(u) (%0(5), Yo(s), Uo(s)) = T'(s)

Figure 2.7: The initial curve I" and the construction of the solution surface.

i.e., we require the initial point to be I'(s). The solutions to this system of ODEs
(as one varies s) are the characteristic equations associated to the PDE (2.3.1) in
consideration.

Note that, by definition, the characteristic curves ¢t — (z(t, s),y(t, s), u(t, s))
have tangent vector

(a(z(t, ), y(t, 5)), b(x(t; 5), y(L, 5)), c(x(t, 5), y(L, 5), a(t, 5)))

Hence we define the surface S as the union of this curve, namely

S = {(z(t, s), y(t, s), ailt, s)) € R},

which is a parameterized representation of the solution surface graph(u) in the
variables (¢,s). Then we shall reexpress (whenever possible) the surface in terms
of (z,y) as

u(z(t, s),y(t,s)) = ul(t,s).

Remark 2.3.1. If one does not want to think at the method of characteristics
through the geometric interpretation above, one can think as follows. Let u be a
solution of (2.3.1). Moreover let t — (z(t),y(t)) be a curve solving

dz(t)
dt
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and consider also the curve t — wu(z(t),y(t)). Then, applying the chain rule, we
get
d
dt
In other words, u along the curve (z(t),y(t)) coincides with the solution of the
ODE

[w(z(t),y(t))] = Tuy + yuy, = auy, + buy, = c(z(t), y(t), u(z(t),y(t)))

%g(t) = c(z(t),y(t),u(t)),

provided of course that they start from the same initial condition.

Example 2.3.2. Consider the following Cauchy problem

Uy +uy =1
u(z,0) = 223
We parameterize the initial condition with the curve I'(s) = (xo(s), yo(s), @o(s)) =
(s,0,2s%).
In the notation of (2.3.1), here we have a = 1, b =1, ¢ = 0 and ¢; = 1. Hence,
following the procedure described above, we obtain the ODE system

IW = a(z(t,s),y(t,s)) =1
dyiltt’ 2 b(x(t,s),y(t,s)) =1
N % - C()($(t, 5)7 y(t> S))ﬁ(t, 5) + Cl(x(t, S)? y(t, S)) =1,

together with initial conditions

x(t,s) = s+t
y(t,s) =t
a(t,s) =283+t

Since we are looking for a solution in (z,y) coordinates, we have to find the inverse
map (t,s) — (x,y) to find u(x,y). In this case it is very easy, indeed

z(t,s) = s+ N Yy
y(t,s) =1 s=rx—t=x—y.
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Chapter 2. Method of characteristics

Hence the solution to the PDE is given by
u(@,y) = u(t(r,y), s(z,y) = uly,z —y) =2z —y)’ +y.

Remark 2.3.3. There is no unique way to parameterize the initial condition. We
could have define T'(s) = (s*,0,2s'?), which gives the same initial conditions as
before. The parameterized solution surface is then given by the relation

u(z(t,s),y(t,s)) = u(t,s) = 252 +t.

Summary

e First order PDEs relate the solution surface to its tangent plane.
e They can be solved using the method of characteristics.

e The initial curve is a parametrization of the initial conditions and it is
used to obtain the characteristic equations.

e The characteristic curves span the solution surface.

2.4. Existence and uniqueness questions

We now discuss some conditions that guarantee local existence and uniqueness.
The questions is: under which conditions does there exist a unique integral surface
for (2.2.1) that contains the initial curve I'?

To solve our Cauchy problem, we need to solve the characteristic equations
using the points we selected on I' as an initial condition for the system of ODEs
(2.3.2). Assuming that the coefficients of the ODEs are smooth (a and b have to
be C1), we can apply the Cauchy-Lipschitz theorem for ODEs that guarantees
local existence in time and uniqueness of the solution. Hence, for all s € R
there exists some time interval Iy = (s —¢,5 +¢) C R such that the solution
t— (xz(t,s),y(t,s),u(t,s)) exists uniquely for all ¢ € I.

Once solved the ODE system, we have an expression for 4 in the variables (¢, s).
The fundamental relation between a(t, s) and u(x,y) (the desired solution) is given
by a(t,s) = u(x(t,s),y(t,s)). Some difficulties may arise in the inversion of the
transformation from (¢, s) to (x,y), because the mapping = = z(t,s), y = y(t, s)
may be not invertible. Thanks to the implicit function theorem we know that this
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map is locally invertible if the following transversality condition holds

or Jy
at ot

det or oy #£0.
ds 0Os

Note that this condition at (0, s) becomes

(a(xo(s),yo(s),uo(s)) b(xo(s),yo(s),uo(s)))
det d d #0,

&%(3) Eyo(s)
because z(0, s) = zo(s), y(0,s) = yo(s), % = a and % -

Asking that the transversality condition is verified means that the vectors (a, b)
and (Lxo(s), Lyo(s)) are transverse, i.e., they are not parallel, see Figure 2.8.

Since
(a(zo(s),yo(s), uo(s)), b(zo(s), yo(s), uo(s)))

is the tangent vector to the characteristic t — (z(t,s),y(t,s)) at ¢ = 0, while
(L20(s), Lyo(s)) is the tangent vector to (T") := {(zo(s), yo(s),0) € R*} at s, the
transversality condition means that 7(I') and t — (z(¢,s),y(t, s)) are transverse
at t = 0.

So far we discussed local problems (i.e., problems forbidding local existence of
a solution), but we can also encounter obstacles to global existence. Indeed global
existence (i.e., existence of a solution in all of the domain of interest) can fail for

several reasons:

(i) In general ODEs only have local solutions and solutions can blow up in finite
time. Similarly, solutions of Cauchy problem can blow up if you move far
enough away from I.

(i) If the characteristics t — (z(¢,s),y(t,s)) intersect the Cauchy curve I" more
than once, then global existence may fail. This is because the characteristic
equation is well-posed for a single initial condition. Think about the fact
that a characteristic curve “carries” with it a charge of information from its
intersection point with I'. If a characteristic curve intersects I' more than
once these two “information charges” might be in conflict (see Figure 2.9).

(iii) If the vector field (a, b) vanishes at some point, then the corresponding PDE
may only have a solution outside of a neighborhood of this point.

(iv) If the characteristics intersect within the domain of interest, then existence
can break down at the intersection points.
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Chapter 2. Method of characteristics

Alternatively it may happen that the characteristic curves (as curves in R?)
project all onto the same curve in the (z,y)-plane. In this case:

(i) either the characteristic curves coincide before the projection and thus there
are infinitely many solutions;

(ii) or these curves do not coincide, which means that graph(u) should take
different values on m(I"), which is impossible.

()

Figure 2.8: Projection of characteristic curve crossing 7(I") transversally.

(zo(5), yo(s)) (zo(s),40(s"))

m(T)

Figure 2.9: Projection of a characteristic curve crossing 7(I") twice. The value of
w at (zo(s"), yo(s')) may not be uniquely defined since it should both be equal to
uo(s’) and to u(x(t', "), y(t',s")).
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2.5. Examples of existence and uniqueness

Later we will see the exact statement of the existence theorem. Before that, let us
see some other examples.

Example 2.5.1. Consider the following Cauchy problem

Uy +uy =1
u(z, —x) = g(x),
where ¢ is any function in one variable. We parameterize the initial curve by

choosing
D(s) = (s,—5,9(s)).

The characteristic equations are then given by

( dx(t — =t 4+
xé.l; S) =1, 17(07 S) =S l‘(t, 8) bts
dy(t =t —
yiit7 d =1, y(0,s) = —s = y(t,s)=t—s
du(t = +
uét’ d =1, a(0,s) =g(s) = a(t,s) =g(s)+1.

In this case the relation between the variables z and y and the variables ¢t and s is

just
{:w_ﬂ/
2
S:T.

Therefore u(t, s) = u(x(t, s), y(t, s)) gives us the solution u(x,y) = g(%) + =

8
<

Example 2.5.2. Let us now consider the same PDE as in the previous example,
but with a different initial condition, namely

Uy + Uy =1

u(z,z) = h(x),
for a function h in one variable. As a parametrization of the initial curve we choose
['(s) :=(s,s,h(s)). Hence we have the following characteristic equations

(dx(t, s)

& =1, z(0,s) =s = z(t,s) =t+s
dyfii’s) =1, y(0,s) =s = y(t,s) =t+s
\%:1, (0, 8) = h(s) —> @(t,s) = h(s)+1.
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projection of

AN
{
N
the characteristics \
N

N

N

Figure 2.10: A plot of the characteristics in Example 2.5.1.

In this case the relation between (¢, s) and (x(¢, s), y(t, s)) cannot be inverted. This
can be seen evaluating the determinant

ox
ot
ox
ds

det

dy

ot 11
oy —det(1 1)—0.

s

Note that the projection of the initial curve is the diagonal {x = y}, but this is
also the projection of a characteristic curve. In this case where h(z) = x + ¢ for
a constant ¢ € R, we obtain @(t,s) = s+t + c¢. Then it is not necessary to invert

the mapping (z(t, s),y(t, s)) because u = ¥ + ¢ + f(x—;y) is a solution for every

differentiable function f that vanishes at the origin. However, for any other choice
of h the problem has no solutions.

Example 2.5.3. Consider the following Cauchy problem

2u, +uy =1—-u
u(z,e” +3) =z, forxecR.

Hence we can choose

T(s) = (o(s), yo(s), fio(s)) = (5, + =, 5)

2
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2.5. Examples of existence and uniqueness

and the characteristic equations are

(da(t
x((it’s):2,a:(0,s):s = z(t,s) =2t +s
<%:1,y(0,s)zes+g :>y(t,s):es+§—l—t
du(t, s) _ -
T =1—af(t,s), u(0,s) =s.

Let us solve the equation for :

Qitaz1 = (Lava)d=¢ = S(ae=
dtu u = dtu ujle =e¢ ue ) =e .

Therefore we have
t
a(t, s)e' — (0, s) = / efdr =¢'—1
0

= u(t,s) =e [a(0,s) +e —1]=e's+1—e". (2.5.1)

From the relations x = 2t +s and 2y = s+2e°+2t, we get 2y = 2e®+x. Therefore,
since e® > 0, it must hold 2y > x and s = In(y — 3). Going back to the relation
r—s 1

r = 2t + 5, we then get t = ©* = S(z — In(y — §)). Plugging these relations in

(2.5.1) and using that u(x,y) = u(t(z,y), s(z,y)), we obtain

ule,y) = e 2 Iy — ) — 1+ 1= ly = Slin(y - 5) ~ 4+ 1.

Remark 2.5.4. Computing the Jacobian for the initial curve we get

det(2 811):2es>0 for all s € R.
1 6—1—5

Therefore, we expect local existence of a unique solution at each point where

s =In(y — §) is well defined, that is in the half plane {(z,y) : 2y > x}.

Example 2.5.5. We refer to | , Example 2.6]. Consider the PDE

{—yuz + 2Uuy = u
u(z,0) = (x).

We parameterize the initial curve as
[(s) = (zo(s), yo(s), to(s)) = (s,0,9(s)),
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Chapter 2. Method of characteristics

so the system of ODEs is

(dx(t, s
((it ) =Y, x(O,s) =S
dy(t, s
yfit ) =T, y(O,S) =
du(t, s . -
\ ((j,t ) = u<t7 S) 9 U(O, 5) - ¢(s)
Note that
d—2$——i =—z and d—2 —i:c——
el T @t T e Twt T Y
Hence we obtain that
( d2
= = z(t,s) = fi(s)cos(t) + fas)sin(¢)
d? )
Y=Y = y(t,s) = g1(s) cos(t) + ga(s) sin(t)
d
&ﬂ =q = a(t,s) = u(0,s)e’ = (s)e’.
\

Using that z(0,s) = s, y(0,s) = 0, 22(0,s) = —y(0,s), $y(0,s) = z(0,s) = s

and (0, s) = v(s), we obtain that
x(t, s) = scos(t)
y(t,s) = ssin(t).

If we assume s > 0, we note that s, ¢ act as polar coordinates, so we can invert the

relation above to obtain
s =/2% +y?
t = arctan(y/z) .

This gives us the solution

u(,y) = P(/a7 + g )emetnvn)

2.6. The existence and uniqueness theorem

As we have seen in the previous section, existence and uniqueness of solutions is a
delicate issue. In fact:

(i) The projection of the characteristics may not be transversal to the initial
curve, in which case we are not able to express t and s in terms of x and y.
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characteristics

Figure 2.11: A plot of the characteristics in Example 2.5.5.

(ii) The projection of a characteristic may intersect 7(I') more than once, in
which case the value of u may not be uniquely determined.

We have the following local existence and uniqueness result.
Theorem 2.6.1. Consider the Cauchy problem
a(z,y, w)u, + b(x,y, u)u, = c(z,y,u)
F<S) = (x0(8)7 yO(S)v uO(S)) :

Assume that there exists so € R such that the transversality condition holds at
(0, 80), i.e.,

ox 0
5 (0.50) Z(0.50)
t ot
det #0.
% 0,50) 20,50)
05 , S0 88 , S0

Then there exists a unique solution u of the Cauchy problem defined in a neigh-
borhood of (x0(So), Yo(S0))-

Sketch of the proof. We first solve the characteristic equations for s close to sqg. By
existence and uniqueness for ODEs, we know that there exists a unique solution
(z(t,s),y(t,s),u(t,s)) defined for (¢,s) close to (0,sp). Thanks to the transver-
sality condition, we know that we can apply the implicit function theorem and
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Chapter 2. Method of characteristics

the map (t,s) — (z(t,s),y(t,s)) is invertible close to (0,sg). So this allows
us to find a formula for u as u(x,y) = a(x(t,s),y(t,s)) in a neighborhood of
(@(0, 50), 4(0, 50)) = (0 (50), Yo(s0))- 0

Summary

e The method of characteristics can be used to solve first order quasilinear
PDEs.

e The initial condition is described by the initial curve.
e The characteristics are expressed in terms of (¢, s) instead of (x,y).

e We need to express the solution for u in terms of (x,y) but the map
(t,s) — (x,y) may be not invertible.
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CHAPTER 3
CONSERVATION LAWS AND SHOCK WAVES

In this chapter we study an important class of first order PDEs called conser-
vation laws, which are PDEs that prescribe conserved quantities such as mass,
electric charge, number of cars (in traffic dynamics), number of people (in crowd
dynamics), etc. We see some examples (as Burgers’ equation with various initial
data) and how we can apply the method of characteristics to solve conservation
laws. However, solutions of conservation laws may develop discontinuities even
for smooth initial data, for which reason we need to introduce the notion of weak
solution.

We recall that the local existence theorem for first order quasilinear PDEs
states that, under suitable conditions, one can find local solutions to first order
quasilinear PDEs using the method of characteristics. We see in some examples
that, even if a classical solution ceases to exist, the phenomenon (say for example
the traffic flow) that we are modelling certainly does not. Therefore we broaden
our definition of solution to allow us to make predictions about the phenomenon
under study after the time when a classical solution ceases to exist.

3.1. What are (scalar) conservation laws?
Conservation laws are PDEs describing the evolution of a conserved quantity.

Definition 3.1.1. A scalar conservation law for a function u: R x [0, +00) — R
of one spatial variable z € R and one time variable y € [0,+00) is a PDE of the
form

uy + f(u)e =0, (3.1.1)

for a given function f: R — R, called the flux function. Equivalently, (3.1.1) can
be written as

uy + c(u)u, =0, (3.1.2)
where c(u) = f'(u).
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Chapter 3. Conservation laws and shock waves

Example 3.1.2. The easiest example of conservation law is the transport equation
Uy + cuy =0, (3.1.3)

for a constant ¢ € R, i.e., ¢(u) = c in this case. Note that u, + cu, = u, + (cu),,
thus the flux is f(u) = cu and f'(u) = c(u) = c.

If w > 0, u can represent the concentration of a pollutant in a river at time
y and position x (see also Example 1.3.1). The constant ¢ € R represents the
velocity of the river: if ¢ > 0 the flow is from the left to right, if ¢ < 0 the flow
goes from right to left. Moreover, the total amount of pollutant in an interval [a, b]

at time y is
b
/ u(z,y)de.
a

The initial value problem (or Cauchy problem) for equation (3.1.3) is

uy+cu, =0, (x,y) € R x(0,00)
u(z,0) =g(z), x€eR,

where g > 0 is the concentration of the pollutant at time 0.

Let us solve this problem using the method of characteristics. Note that (3.1.3)
is in the form (2.3.1). We can choose as initial curve I'(s) = (zo(s), yo(s), @o(s)) =
(s,0,9(s)). Hence the characteristic ODEs are

(dx(t,s) B B
ar 2(0,5) = s = z(t,s) =ct+s
4%21, y(0,5) =0 — y(t,s) =t
da(t,s) = B ) B
(T 0 a0,5) = g(s) = alt,s) = gls).

Now we need to invert the function (¢, s) — (z(t, s),y(t, s)), which we can do and
we obtain
y(t.9) _ [tz
x(t,s) =ct+s=cy+s

As a result, we get

u(z,y) = a(t(z,y),s(z,y)) = g(s(z,y)) = g(x — cy),

which is a so-called traveling wave, se Figure 3.1.
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Figure 3.1: A travelling wave. On the left the initial condition ¢g(z) at y = 0. On
the right, the solution g(x — cy) when ¢ > 0 after time y > 0.

3.2. Example: Burgers’ equation

Example 3.2.1. Let us consider the Burgers’ equation

Uy + v, =0
{u(:v, 0) = hz), (3.2.1)

which models the flow of a mass with concentration u(z,y), where the speed of the
flow depends on the concentration. The variable y has the physical interpretation
of a time and h(z) is the initial condition, so the concentration of mass at time
y = 0.

Remark 3.2.2. Burgers’ equation is in the form u, + c¢(u)u, = 0 with c(u) = v,
thus it is equivalent to the equation

Uy + <1u2) =0
Yy 2 - Y

In particular the flux is f(u) = u?/2 and the wave speed is c(u) = f'(u) = u.

Since (3.2.1) is a first order equation, we can use the method of characteristics.
The parameterized initial condition is I'(s) = (s,0,h(s)) and the characteristic
equations are given by

( dxfﬁ; s) _ u(t,s), x(0,s) =s = xz(t,s) =s+ h(s)t
dygft, s) =1, y(0,s) = — y(t,s) =1t
daf(t, s) B ~

\ dt = O, U(O, S) = (8) — u(t, S) — h(s)
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Inverting the function (¢, s) — (z(t, s),y(t,s)) = (s+ h(s)t, t) as in the example of
the transport equation is not possible, we just obtain that y = ¢t and = = s+ h(s)y.
Therefore the solution of the PDE is implicitly given by

u(s + h(s)y,y) = u(t,s) = h(s).

Note that the initial value of u (namely h) determines the slope of the characteristic
equations.
Now, recalling that x = s+ h(s)y and (t, s) = h(s), we have that s = = — ay.
As a result, the solution can be written implicitly also as
u(z,y) = Wz —uy).

Remark 3.2.3. This last implicit solution does not come unexpected (looking back
at the solution of the transport equation) and it is actually a very general formula.
Indeed, if you are solving a PDE in the form

uy + c(u)u, =0 for (z,y) € R x (0,00)
u(z,0) = ug(x) forz € R,

then u satisfies the implicit equation

u(z,y) = uo(x — c(u(z,y))y) -

Remark 3.2.4. Let us verify the transversality condition for (3.2.1) at a point (0, s).
We have that

or Oy
at ot u 1

det or Ay —det(1 0)——17&0.
ds 0Os

Therefore all the points of the initial curve I' are not degenerate and, if h is
continuously differentiable, Theorem 2.6.1 ensures that the conservation law has a
unique solution on some time interval [0, y.) (the subscript ¢ stands for “critical”),
where y. > 0 is sufficiently small.

Let us now determine the critical time y. when the “classical” (or strong)
solution breaks down.
Recall that x = s+ h(s)y. Let us fix y = y and look at the map

s+ s+ h(s)y=x(y,s).

Assuming that h € C1, we can compute

%(s +h(s)y) =1+ h'(s)y.
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Assume also that, for all s € R, 1+ A'(s)y > 0. This implies that the map s —
x(y, s) is strictly increasing, thus there exists its unique inverse map. Therefore,
for g fixed, we can invert the relation s +— s+ h(s)gy provided that 1+ h'(s)y > 0.

If we assume for instance that A’ is globally bounded, then 1+ A'(s)y > 0 for
y > 0 small enough. What is the first value ¥ > 0 for which we cannot invert the
relation s — s+ h(s)y? This is given by the first y for which there exists s € R
such that 1+ h/(s)y = 0. If we denote by ¥, such a g, we can say that

Yo = inf {—ﬁ : seR, B(s) < 0} : (3.2.2)

At time ., there is a problem with the solution u. To see it, we can differentiate
the relation u(s + h(s)y,y) = h(s) with respect to s to get

us (s + h(s)y, y)[L + h'(s)y] = I'(s).
Thus
_ (s
14+ R(s)y’
which shows that the derivative of u explodes when we take s and y. such that

1+Ah/(s)y. = 0. Hence y. is the critical time after which there is no smooth solution
to the problem.

Uz (s + h(s)y,y)

Remark 3.2.5. Note that the formula (3.2.2) is specific to Burgers’ equation.

3.3. Critical time for conservation laws

Theorem 3.3.1. Consider any scalar conservation law

{uy +c(u)uy, =0, (x,y) € R x (0,00)
u(z,0) =ug(xz), x€R,

where ¢, uyg € C'(R) and coug: R — R is bounded with bounded derivative. More-
over define

1
ci=infd ——— : s E€R, c(up(s))s <0
o nt{ - (o) <0}
_hﬁ{____;L___
¢! (uo(s))up(s)
with the standard convention that y. = oo if c(ug(s))s > 0 for all s € R.

Then, if y. > 0, there exists a unique solution to the PDE above in [0,y.) and
u satisfies the implicit equation

L sER, clug(s))s < o} ,

u(z,y) = uo(x — c(u(z,y))y) -
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Remark 3.3.2. Solutions of conservation laws are constant along their characteris-
tics, which are straight lines. Indeed, for each s € R, the characteristic through a
point (s,0) is the line in the (x, y)-plane going through (s, 0) with slope 1/c(ug(s))
and on this line u is equal to the constant wug(s).

Remark 3.3.3. If c(uo(s))s < 0, then there exists a time when the characteristics
cross. Heuristically you can think about the latter condition as when a faster
characteristic starts from a point behind a slower characteristic. If c(ug(s))s is
never decreasing, there are not singularities, however such data are exceptional.

s+ s+ yh(s) not invertible

Figure 3.2: Crossing characteristics.

3.4. Notion of weak solutions

In the context of conservation laws, we say that u is a classical (or strong) solution
if u satisfies the classical formulation of conservation laws (3.1.1), or equivalently
(3.1.2). To introduce a notion of weak solution, we use the so-called integral
formulation of conservation laws, that is

[ utrm o= [Cuten)de =~ ["ifut) - fulap)ay. @)

v

for all a < b, y1 < y2, where f(u) is the flux function.

The classical formulation (3.1.1) (or (3.1.2)) makes no sense if u is not contin-
uously differentiable, but the integral formulation (3.4.1) still makes sense even if
u is not continuous. Moreover we have that
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o if u satisfies the classical formulation, then it satisfies also the integral for-
mulation;

e if u satisfies the integral formulation and it is regular, then it is a classical
solution.

Let us suppose that the domain of definition of u is D and D is divided into
subdomains D; for ¢ = 1,...,n. Assume that u(z,y) is continuously differentiable
in each D; foralli=1,...,n.

Definition 3.4.1. We say that u(x,y) is a weak solution on D = Ul D; if u
satisfies the original PDE (3.1.1) (or (3.1.2)) in each D; for ¢ = 1,...,n and the
integral form (3.4.1) on D. The boundaries between the regions D; are curves
called shocks.

Thus, in our notion of weak solution, we relax the requirement of a global clas-
sical solution and we allow solutions that are a combination of classical solutions
on each D; with possibly jumps between them. We now see a very important
condition that has to be verified in order to have a global weak solution.

3.5. Rankine-Hugoniot condition

Given u as in Definition 3.4.1, let z = o(y) be a smooth curve in the (z,y)-plane
across which wu is discontinuous. Assume that u,u,,u, have one-sided limits as
r — o(y)t and as ¢ — o(y)~. Choosing a < o(y) < b, the formula (3.4.1)
becomes

a(y) b
f(U(a,y))—f(u(b,y))I% / u(:c,y>dx+diy ulry)s

b

a(y)
- / wy (v, y) dz + o' (y)u(o(y)~,y) + /( )uy(% y)dz — o' (y)u(o(y)™,y) .

35



Chapter 3. Conservation laws and shock waves

Note that we used the following identity in the second inequality: for any differ-
entiable functions g(z,y) and G(x,y) such that G,(z,y) = g(x,y), we have

d [rew 1 a(y+h) a(y)
m g(x,y)dr = lim — / g(z,y + h)dr — / g(z,y)de

“ h—0 h
1 a(y) a(y) o(y+h)
= lim — / 9(z,y+h)dz —/ 9(z,y) dw+/ 9(z,y+h)dz
h—0 h a a o(y)
ov) 1 [oluth)
-/ fing 5 0y 1) gl ) o+ [ gty

o(y)
:/ () da + Tim = (Glo(y + h),9) ~ Glo(y). )

a(y)
:/ gy(z,y)dz + o' (y)g(o(y), v)

In the limit as a — o(y)~ and b — o(y)*, the integral vanishes and we have

+f
+ +_ - — ") — f RH
fr=f =dyu" —u) oY) == (RH)
where u* = lim, ,,¢)+u(z,y) and f* = f(u*). The condition (RH) is the
Rankine-Hugoniot condition and, if a curve x = o(y) satisfies (RH), then we
say that it is a shock wave.

I'=(0(y),y)

Figure 3.3: A solution with a jump discontinuity along a curve.

Example 3.5.1. Consider the following Burgers’ equation

uy, +uu, =0, (z,y) € R x(0,00)
w(z,0)=e*, zreR.
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3.6. 'The entropy condition

Note that in this case c¢(u) = u and ug(z) = e~*". Observe that c(ug(s)) = e=*

is decreasing for s > 0. Hence this conservation law has a classical solution for
y € [0,y.) where

. 1 e
T {_C’(UO(S))%(S) } TS0
Let y.(s) := 652/28, then limg o y.(s) = lims 1 y«(s) = +00. Therefore y, is
minimized when

dy.
ds

—0 = (1 1 —0<:>2—1
= e 232 = 8—2.

Therefore s = 1/+/2 is the unique critical point of y, in (0, 00). We conclude that
Yo = y.(1/v/2) = €'/2/3/2. Then, for y < y. the solution is

u(w,y) = uo(s) — e,

where s is the unique solution of 2 = s + c(ug(s))y = s + .

3.6. The entropy condition

Example 3.6.1. We refer to | , Example 2.14]. Consider the Burgers’ equa-
tion

Uy + ut, =0

u(z,0) = h(x),
with initial condition h defined as

1, if £ <0

hz)=<1—z/a, if0<z<a
0, ifa<w.

Since the initial condition A(x) is not monotonously increasing, the solution de-
velops a singularity at time y = y., where

1
.= inf - .
4 mmmw{ dw@WM@}

Note that c(ug(s)) = c(h(s)) = h(s), however the initial datum h(z) is not dif-
ferentiable. Nevertheless c(ug(s)) = 1 — s/a is decreasing for s € (0, ) and we
expect u to become discontinuous at time

1
.= Inf { — » = inf {a} =qa.
Y se(o,a>{ c(uo(s))s} it ted
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Chapter 3. Conservation laws and shock waves

The method of characteristic gives the system of ODEs

rr=a=u = x(t,s)=s+th(s)
w=b=1 = y(t,s)=
=0 = u(t,s) = h(s).

Therefore, for y < y. = «, the solution is u(z,y) = h(s), where (z,y) lies on
the characteristic through (s,0). Since h is defined piecewise, we have to consider
three cases:

(i) If s <0, then h(s) =1 and the characteristic have equation z = s+ h(s)y =
s + 3. Therefore u(z,y) = h(s) = 1 for s < 0, which holds if and only if
x <y (see Figure 3.4).

(ii) If s > «, then h(s) = 0 and the characteristics have equation z = s+h(s)y =
s. Therefore u(z,y) = h(s) = 0 for s > «, which holds if and only if z > «
(see Figure 3.4).

(iii) Finally for 0 < s < «, we have h(s) = 1 — s/a and the characteristics
have equation = = s + h(s)y = s + (1 — s/a)y, which is equivalent to s =
a(z —y)/(a —y). Therefore

“(x’y):h(s)zl—izl—l(a(x—_y)):1_93—?/:04—:15

o o a—y a—y a—-y

if 0 < s < «, which holds if and only if y < x < a.

Note that at time y. = «a characteristics intersect. Indeed, from y = y. = «,
a shock appears in the graph of u, jumping from 1 to 0. To find the shock curve
x = ~(y), we impose the Rankine-Hugoniot condition, so v satisfies

Since 7/(y) = 1/2, we deduce that v is a linear function and, by the condition that
the shock starts at the point (o, @), we get

%w:a+%@—®

for y > a. Therefore, for y > a, we can write the solution for u as

w(y) = 1, ifx<~(y)
700, it > Ay),
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3.6. 'The entropy condition

Yy
up(z) = h(z)
1

Figure 3.4: Initial condition of Example 3.6.1.

which is a weak solution (or shock wave). In conclusion, we constructed the fol-
lowing weak solution

(1, ifz<yyeloa)
a—m, ify<z<a,yel0,a)
a—Yy
u(®,y) = 0, ifx>a,yel0,a)
1, ifr<(y+a)/2,y € la,o0)
L0, ifzx>(y+a)/2,y€la,0).
Example 3.6.2. We refer to | , Example 2.15]. In this example we see how,
by allowing for weak solutions, we lose uniqueness. Consider the Burgers’ equation
Uy + utly, =0
u(z,0) = h(x),

with initial condition h defined as

0, ifx <0
h(z) =< z/a, if0<z<a
1, ifr>a.

Since c(h(s))s = h'(s) > 0, there is no critical time y, > 0, where the characteristics
intersect. On the contrary, the characteristics diverge. In this situation we talk
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Chapter 3. Conservation laws and shock waves

Yy=r—s yzio‘(x_s)

Figure 3.5: Intersection of characteristic curves in Example 3.6.1.

about expansion waves. The characteristic of x is given by

s, if s <0
z(t,s) =s+h(s)y=qs+y/a, ifsel0,1]
s+, if s> a«.

Thus, inverting the relation in order to write s in terms of z,y, we have

x, if {s <0} ={z<0}
ax

"“Yaty if{SS[O,a]}:{OsaOfyga}={0§x§y+a}
x—y, if{s>al={x—y>a}={z>y+a}.

Since u(z,y) = h(s), this yields

ifx<0

-2 #f0<z<y+ta
a—+y

, ife>y+a.

u(r,y) =

?—‘leo

Let us now look at the case when o« — 0. Then h(x) becomes the step function

if > <
My ="
1, ifx>0.
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3.6. 'The entropy condition

By taking the solution v above and letting @ — 0, we obtain

0, ifz<0
x .

u(z,y) = 7’ f0<z<y (3.6.1)
1, ifx>y,

which is a classical solution.

Y

S
Il
—_
S
Il
=}

< |8

Figure 3.6: The expansion (or rarefaction) wave of Example 3.6.1.

In principle, we can still find a solution with a shock, because u = 0 for x < 0
and v = 1 for x > y. A shock should be a curve (v(y),y) satisfying 7(0) = 0 and
Y (y) = (u" 4+ wu")/2 = 1/2 by the Rankine-Hugoniot condition, which leads to
v(y) = y/2. Therefore another solution would be

0, ifzx<y/2
= 3.6.2
u(z,) {1, ol (36.2)

If a conservation law does not have a unique weak solution, then how can we
select the “right” one? The answer comes from the following entropy condition.

Definition 3.6.3. A weak solution satisfies the entropy condition if characteristics
only enter shock waves but do not emanate from them, i.e., a shock wave x = v(y)
satisfies the entropy condition if ¢(u™) < 4" < ¢(u™), or equivalently f'(u") <+ <
f'(u™), where f is the flux and f'(u) = c(u).

One can see that the solution (3.6.1) satisfies the entropy condition trivially
because it has no shocks, while (3.6.2) does not satisfy the entropy condition, since

cut)=1,c(u”)=0and v =1/2.
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Chapter 3. Conservation laws and shock waves

Figure 3.7: Characteristics emerging from the shock.
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CHAPTER 4
ONE DIMENSIONAL WAVE EQUATION

In this section we study the one dimensional wave equation (which is the archetype
of hyperbolic equation, see Section 6.1) on the real line. We use the reduction to
the canonical form to show that the general solution of the one dimensional wave
equation can be decomposed as superposition of a forward and a backward trav-
eling wave. We also introduce the d’Alembert’s formula that gives us an explicit
solution to the Cauchy problem.

Usually real life applications of the wave equation take place on a finite interval
of times. In that case, we would need to deal with boundary conditions but for
now we consider the simplified setting in absence of boundary conditions, in order
to make some general considerations.

4.1. Canonical form and general solution

The homogeneous one dimensional wave equation is a hyperbolic second order
differential equation of the form

Uy — gy =0, (2,1) € R x (0,00), (4.1.1)

where ¢ € R represents the wave speed.

This is called wave equation because it well describes waves. Wave propa-
gation appears in a huge plethora of different physical situations: water wave
propagation, sound waves, seismic waves and light waves. It arises in acoustic,
electromagnetism, and fluid dynamics.

Given (4.1.1), we introduce the new variables £(x,t) = x+ct and n(x,t) = z—ct
and we set w(&,n) = u(xz(&,n),t(&,n)). Using the chain rule on the function
u(z,t) = w((x,t),n(x,t)), we obtain

= g (€, )7, )]
= wé(f(%t)a??(% t)) : 6t($7t) + wn(g(aja t)?”(xvt» : 77t(937t) = wégt + Wy
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Chapter 4. One dimensional wave equation

0
= we(§(z, 1), n(z,1)) - &l 1) +wy(&(z, 1), (2, 1)) - na(z, 1) = wels + Wy -
Since &, =n, =1 and & = ¢, 5, = —c¢, we have

w(x,t) = clwe(x + ct, v — ct) — wy(x + ct,x — ct)]
ug(x,t) = we(x + ct, o — ct) + wy(x + ct,x — ct).

Differentiating again with respect to x and t the above expressions, we get

0
Ut = E[C(wi —wy)] = CQ(wﬁi — 2wey + Wyy)
Upye = %[wg + wn] = wgg + 2w5n + wm? .

Plugging in the wave equation we obtain
0=uy — g, = [Wee — 2Wey + Wy — Weg — 2Weyy — Wyy| = —4c2w§n )

Thus we have wg, = 0. Note that wg, = Jwe/0n = 0. This implies that wg is
independent of 7, therefore we can write it as we(§,n) = f(§), for some function
f: R — R. Then we integrate and we get

13
w(é,n) = / f(a) da + G(n)

with G(n) = w(0,n). If we define F(§) = fog f(a)da, we can write the general
solution for the equation wg, = 0 as follows

w(&n) = F(§)+G0n),
for F,G € C*(R) ={f: R — R : f and f” exist and are continuous}. Thus, in

the original variables, the general solution of the one dimensional wave equation
is
u(z,t) = F(z+ct) + Gz — ct). (4.1.2)

If u solves (4.1.1) then there exist F, G € C?(R) such that (4.1.2) holds. Conversely
any two functions F,G € C*(R) give a solution of (4.1.1) via the formula (4.1.2).
Note that

e G(x — ct) represents a wave moving to the right with velocity ¢ > 0 and thus
we say that it is a forward wave;
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4.1. Canonical form and general solution

o F(x + ct) is a wave moving to the left with velocity ¢ > 0, thus a backward
wave.

Remark 4.1.1. Equation (4.1.2) shows that any solution of the one dimensional
wave equation is the sum of two traveling waves.

Remark 4.1.2. Observe that the functions F(z + ct) and G(z — ct) are constant
along lines of the form v + ¢t = a € R and x — ¢t = 8 € R, respectively. Those
lines are called characteristics. Hence, for the wave equation the characteristics
are straight lines in the (x,t)-plane with slopes £1/c. As for first order PDEs, the
“information” is propagated along these curves.

F constant G constant T+ct =«

Figure 4.1: On the left, the characteristics where F' and G are constant. On the
right, the backward wave F'(z + ct).

We saw that (4.1.2) is valid for F,G € C*(R). Let us now extend the validity
of this equation. Consider F,G real piecewise continuous functions. Let us ap-
proximate F' and G by two sequences of C? functions {F}, }nen, {Gn}nen, namely
we demand that

(i) F,, G, € C*for all n € N;
(ii) F,, — F at all continuity points of F’;
(iii) G, — G at all continuity points of G.

Then the function
Up(,t) = Fp(x + ct) + Gp(x — ct)

is a solution of (4.1.1) in the classical sense. Sending n to infinity, we obtain the
function u(z,t) = F(x + ct) + G(x — ct), which is not necessarily smooth enough
to be a “classical” or “strong” solution, but we can say that u is a generalized
solution of the wave equation.
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Chapter 4. One dimensional wave equation

Remark 4.1.3. Assume that u is a smooth function except at (zo,to). Then either
F is not smooth at xy + ctg or G is not smooth at xzq — cty. Note that there
are two characteristics passing through (o, %), which are x — ¢t = z¢ — cty and
T+ ct = xg + cty. Thus, for any time t; # ty, u is smooth except at one or two
points z that satisfy

I_—Ctlzflfo—cto, ZL’++Ct1:l’0+Ct0.

The singularities of solutions of the wave equation are traveling only along char-
acteristics, which is a typical feature of hyperbolic equations.

4.2. The Cauchy problem and d’Alembert’s formula

The Cauchy problem for the homogeneous one dimensional wave equation is given
by
U — gy =0, (x,1) € R x (0,00)
u(z,0) = f(x) (4.2.1)
ut(ma O) = g(l’) )
where f and g represent respectively the amplitude and the velocity at time ¢ = 0.
A solution to the above Cauchy problem can be thought as the amplitude of the
vibration of an infinite string. A classical solution for the Cauchy problem is a
function u that is twice continuously differentiable for all ¢ € Rt and solving
(4.2.1).
Since the general solution to (4.1.1) is given by (4.1.2), we need to find F' and
G using the initial conditions. By u(z,0) = f(x), we deduce

f(z) =u(z,0) = F(z) + G(x).
While, thanks to w(z,0) = g(z), we get
g(z) = uy(x,0) = %[F(SB + ct) + G(z — ct)]|s=o = c[F'(z) — G'(2)],

which implies that

Hence we have the system

{F(m) +G(z) = f(x)
F(z) — G(z) =1 [ g(y) dy + [F(0) — G(0)].

46



4.2. The Cauchy problem and d’Alembert’s formula

Adding these two equations we get

2F(2) = f() + - / ") dy + [F(0) — G(0)].

C

On the other hand, subtracting the second equation from the first equation, we
have

26(e) = fa) = 7 | 9lu)dy = [F(0) - G(0)).
0
Therefore, the solution of (4.2.1) is given by

u(x,y) = F(z + ct) + G(x — ct)
— G(0)

1 1 et F(0
:Ef(f+0t)+2—c/0 g(y)dyjt%

safa-a)- g [ gway- OSSR

+

which implies the so-called d’Alembert’s formula

flex+ct)+ f(x—ct) 1 /”Ct
+

u(w,y) = 9(y)dy . (4.2.2)

2 2

x—ct
Remark 4.2.1. The value of the solution at (x,t) is only influenced by the values
of fand g in [z — ct,x + ct].

Remark 4.2.2. For the wave equation in higher dimension there are formulas similar
to the d’Alembert’s one, but they are more complicated and they go beyond the
scope of these notes.

Example 4.2.3. Consider the Cauchy problem (4.2.1) with ¢ = 1 and initial
conditions given by

if |x if |x
f<x>:{0’ et g<x>={0’ =t

1—2%, if|z| <1, 1, if-1<z<1.

Using d’Alembert’s formula we can for example compute the solution u of
(4.2.1) at the point (1,1/2) and we obtain that

1+1/2 1—1/2) 1 [3? 3 1 [t 5
u(1,1/2):f< + /);rf( /)+§/1/2 g(y)dy:§+§/mdy:§

Now observe that, since f is not C!, u is also not C'. However we claim
that u is continuous, even if ¢ is not continuous. Indeed, since f is continuous,
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Chapter 4. One dimensional wave equation

(f(x+t) — f(xz —t))/2 is continuous as well, thus we just need to check that the
second term in (4.2.2) is continuous. Given a sequence of points (g, tx) — (z,1),
we have

1 Tr+tk 1 x4+t
ULy L
x z—t

k—tk
x—t 1
/ 9(y) dy‘ +3

k—tk

k—o0

1
§§ —>07

x+t
/ 9(y) dy
T+t
from which we deduce that u is continuous.

Still w is not C, but can we say something about the singularities of u? We
look at the points of singularity of the initial data f and ¢ and we look at their
evolution along the characteristics. Indeed, as observed above, the singularities of
the solution propagate along the characteristics.

In our case, singularities are at the points —1, 1. This means that singularities
can only live on the curves

{fr+t=1}u{r—t=1}U{z+t=—-1}U{z —t=—-1},

ie, {xr £¢t = 1,—1}. In particular, we can at least say that u is a generalized
solution.

Example 4.2.4. Consider the following Cauchy problem (4.2.1) with ¢ = 2 and

initial data
L, if x| <1

0, if|z]>1.

f(x) =g(x) = {

We can compute the value of the solution u at (0,1/2) using d’Alembert’s formula
and we get

u(0,1/4) =

fA/2)+f(=1/2) 1 /1/2
+_

5
5 1 g(s)ds-z.

1/2

Moreover, again thanks to d’Alembert’s formula, we are able to understand the
large time behaviour of the solution u. Indeed, fixed ¥ € R and let ¢ go to infinity,
we have

tlggo u(@,t) = tliglo 2 * 4

f(@+2t)+ f(z—2t) 1 [
( )+ /1 ) 9(y)dy| .
z—2t
For z fixed and ¢ sufficiently large, we have z + 2t > 1, ¥ — 2t < —1, which means

that f(z +2t) = f(z —2t) = 0 and f?“tg(y) dy = f_ll dy = 2. Hence we get

T—2t

1
lim u(z,t) = 3 for all x € R.

t—o00
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4.3. Domain of dependence and region of influence

Figure 4.2: Long time behaviour of u.

4.3. Domain of dependence and region of influence

Let us consider the one dimensional homogeneous wave equation as in (4.2.1).
How do f and g influence the value of u at a given point (z¢,%y)? How fast does
the information propagates?

The answer to the second question is suggested by the factorization of the
solution in the sum of two traveling waves as in (4.1.2): the information propagates
with finite speed c.

To answer to the first question we recall that, by d’Alembert’s formula (4.2.2),
the value of u at the point (g, o) is determined by the values of f at the boundaries
of the interval [zq — cto, o + cto] and by the value of g on all the interval. Hence
we say that the interval [zq — cto, xg + cto| is the domain of dependence of u at
the point (z¢,%y). If we change the initial data at points outside the interval, the
value of the solution at the point (xg, %) does not change.

Now fix (zg,%y) and consider in the (x,t)-plane the characteristic lines (re-
member, information propagates along characteristics) passing through the point
(.To, to), i.e.,

T —ct = x9 — cly, T+ ct =x9+ cty.

These two lines intersect the z-axis at the points (xg — cto,0) and (z + ctg,0)
respectively. The triangle A, ) formed by these lines and the interval [z —
clo, o + ctol is said characteristic triangle, see Figure 4.3.

Remark 4.3.1. If the initial conditions are smooth on [xg—ctg, o+ cto], the solution
itself is smooth in the characteristic triangle A 1))
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Chapter 4. One dimensional wave equation

t
(7o, t0) Characteristic
triangle Az, 40)
l‘o—cto J l’o—‘rcto T
Domain of dependence

Figure 4.3: The characteristic triangle.

Now we can ask ourselves the dual question: which are the points in the half
plane ¢ > 0 influenced by the initial data on a fixed interval [a,b]? The set of
points influenced by the values of f and ¢ in [a, b] is the region of influence of the
interval [a,b]. From d’Alembert’s formula and the previous discussion, we discover
that the points in [a, b] influence the value of u at a given point (zg, to) if and only
if [zg — cto, o + cto] N [a, b] # (). Hence, the initial conditions along [a, b] influence
those points (z,t) that satisfy

z—ct<b and r+ct>a,

see Figure 4.4.

Remark 4.3.2. If f = 0 and g = 0 outside [a, b], then the solution u is identically
zero to the left of x + ¢t = a and to the right of x — ¢t = b.

4.4. The Cauchy problem for the nonhomogeneous wave
equation

The general nonhomogeneous one dimensional wave equation has the following

form
U — CPUge = F(x,t), (z,t) € R x (0,00)

u(z,0) = f(z), reR (4.4.1)
u(z,0) = g(z), reR.
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4.4. The Cauchy problem for the nonhomogeneous wave equation

T—ct=>

Region of influence
of [a, b]

Figure 4.4: The region of influence.

This Cauchy problem models, for example, the vibration of an ideal string subject
to an external force F'(z,t). As in the homogeneous case, f and g are given
functions that represent the shape and the vertical velocity of the string at time
Zero.

As for the homogeneous case, we wish to have an analogous derivation of
d’Alembert’s formula. To do this, one integrates over the characteristic triangle
A(zo,t0) Of a generic point (x,ty) and obtains

A

Then, after a series of computations, one gets the following theorem.

F(z,t)dzdt = // (g — gy ) dadt .
A

(z0,to) (z0,t0)

Theorem 4.4.1. The solution of the Cauchy problem (4.4.1) is given by

u(z,t) =

f($+0t)+f(x_d) +i/m+6tg(y)dy+

20 r—ct

z4c(t— T)
/ / ,7)dEdr,
z—c(t—7)

which is d’Alembert’s formula for the nonhomogeneous wave equation.
Remark 4.4.2. The value of u at (xg,to) is given by the value of the data f,g, F

on the whole characteristic triangle. Note that for /' = 0 this formula coincides
with d’Alembert’s formula obtained above.
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Chapter 4. One dimensional wave equation

Example 4.4.3. Consider the following problem

Uy — Ay = sin(x),  (z,t) € R x (0, 00)
u(z,0) =z, reR
ug(x,0) = a3, r€R.

Applying d’Alembert’s formula with ¢ = 2, we get

Qt _2t 1 x+2t $+2t T
u(m,t)zm—{— e —I——/ s*ds+ = // 81n§d§d7

2 4 Jo
1 4 s=z+2¢ 1 [t E=x+2(t—T)
_x+E [S } ot Z/o [Cos{]‘E ) dr
1 4 s=x+2t 1 t 2 , 2 t d
x—i—ﬁ[ s'] S:x%—z/ocos(x—i- (t—7)) —cos(z — 2(t — 7)) dr.

Now, recalling that cos(a + ) — cos(a — 3) = —2sin(«) sin(f) for every angles «
and (3, we get that

w(st) = o+ (2 + 267 — (2 — 20) (2 + 20 + (2 — 20)?)

16
/ sin(2(t — 7)) dr

sin x
0

T=t

= o+ at(2? + 41%) + ToLlcos(2(t — 7))]

7=0

1
= x + 2%t + 4ot + 1 sinz (1 — cos(2t)).

Remark 4.4.4. Note that u is an odd function of z. Is this a coincidence?

Example 4.4.5. Consider the nonhomogeneous wave equation given by

Ugp — Ugpy = 2c08t —tsint, (z,t) € R x (0,00)
u(z,0) = ze®, relR
u(x,0) =0, reR.

We could solve it using d’Alembert’s formula. However, if we can find a particular
solution v of the given nonhomogeneous equation, it is possible to reduce the
nonhomogeneous problem to a homogeneous one. This eliminates the need to
perform the double integral in d’Alembert’s formula. This technique is very useful
when F' is simple, for example when F' depends only on z or only on t.
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4.4. The Cauchy problem for the nonhomogeneous wave equation

Suppose that we find a particular solution v, then we consider w := u — v.
Since the wave equation is linear, by superposition principle w solves the following
homogeneous problem

Wy — Cwgy =0, (z,t) € R x (0,00)
w(z,0) = f(z) —v(z,0), zeR
wi(z,0) = g(x) —v(z,0), ze€R.

Hence, w can be found using d’Alembert’s formula for the homogeneous problem
and the final solution is given by u = v + w.

Since in our case F' = F(t) = 2cost — tsint, we look for a function v = v(t)
depending only on ¢ that solves v;; = 2cost — tsint (note that v,, = 0 because
v does not depend on x). Let us choose as a particular solution v(t) = tsint. Of
course this solution is not unique because we did not impose any initial condition
for v and v; at time 0. Now define w(x,t) = u(x,t) — v(t) with associated PDE

Wy — Wae = 0, (xz,t) € R x (0, 00)
w(z,0) =u(x,0) —v(0) =ze®, x€R
wi(x,0) = u(z,0) —v,(0) =0, xeR,
which is a homogeneous wave equation. Applying d’Alembert’s formula we get

t T+t —t r—1t T
wie,t) = CEICTHEZOTT oy et 4 (o - e
L6 et Ly el —et
= ze e
2 2

= ze® cosht + te®sinht.

Recalling that u(z,t) = w(z,t) + v(t), this gives
u(x,t) = ze® cosht + te”sinht + tsint.

We now prove a uniqueness theorem for the nonhomogeneous one dimensional
wave equation (4.4.1).

Theorem 4.4.6. The problem (4.4.1) has a unique solution.
Proof. The existence of a solution is given by d’Alembert’s formula, i.e., Theo-
rem 4.4.1. For the uniqueness, suppose that u; and wuy are solutions of (4.4.1).
Then we define the difference w = u; — uy, which solves the equation
Wy — CWep = (1)1 — A (U1) e — [(U2)n — (U2)ea] =0, (2,1) € R x (0, 00)
W($,0>:u1($,0>—u2<$,0):f<37)—f(37):0, relR
wt((lf,O) = (ul)t<x’0) - (u2)t<x’0) = g(ZE) - g(I) =0, reR.
Hence, by d’Alembert formula (4.2.2), this implies w(z,t) = 0 and thus u; = us,
as desired. n
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Chapter 4. One dimensional wave equation

4.5. Symmetry of the wave equation

Let us now introduce another property of the wave equation, which shows that the
symmetry in Example 4.4.3 was not a fortuity (see Remark 4.4.4).

Theorem 4.5.1. Given a general nonhomogeneous wave equation, if the initial
data f, g and the inhomogeneity F are even (resp. odd, periodic) with respect to
x, then the solution is even (resp. odd, periodic) as well.

Proof. Let us first consider the case in which f, g and F' are even with respect to
z, ie., f(z) = f(—x), g(x) = g(—z), F(x,t) = F(—=x,t). Let us define v(x,t) :=
u(—x,t), then we want to prove that v = u, namely that u is even with respect to
x. We note that
o u(x,t) = w(x,t), vy(x,t) = uy(—x,t);
o v (7, t) = —uy(—x,t), Vop(, 1) = U (—2, 1).
Therefore it holds
Vit — Ve = Upt(—T,1) — CUige(—2x,t) = F(—x,t) = F(x,t), (v,t) € R x (0,00)
0(@,0) = u(~2,0) = f(~z) = (), v €R
Ut<x70) :ut<_x70> :g(_x> :g(iC), $€R7

where we used that f, g, F' are even. Thus v satisfies the same wave equation
with the same boundary conditions as u and therefore v = wu, by uniqueness
Theorem 4.4.6.

The odd case (i.e., f(x) = —f(—x), g(z) = —g(—x) and F(z,t) = —F(—x,t))
and the periodic case (i.e., f(z) = f(z + L), g(z) = g(z + L) and F(x,t) =
F(z+ L,t) for some L > 0) can be solved analogously defining v(z,t) = —u(—=x,t)
and v(z,t) = u(x + L, t), respectively. O

Let us now see how we can apply the previous theorem to solve a particular
wave equation with an extra boundary condition. Consider the problem
Ut — gy =0, (z,t) € (0,00) x (0,00)
u(z,0) = f(z), x>0
w(x,0) =g(z), x>0
u(0,t) =0, t>0.

In order to fulfill the boundary condition u(0,¢) = 0, we extend f and ¢ in and
odd way as

= ) flx), ifz>0 () g(x), ifz>0
’ —f(—z), ifr<0, R == —g(—x), ifx<0.
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4.5. Symmetry of the wave equation

Then we solve the equation

Uy — Cug, =0, (z,t) € R x (0,00)
u(z,0) = f(z), z€R
ue(x,0) = g(z), =eR.

The solution u is odd in x because f and § are odd, therefore u satisfies u(0, )
Indeed u(z,t) = —u(—=z,t) implies that u(0,t) = —u(0,t) and thus u(0,t) =
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CHAPTER 5
SEPARATION OF VARIABLES

We now introduce the method of separation of variables to solve linear partial
differential equations with boundary and/or initial conditions. Let us directly
present the method in the case of the heat equation.

5.1. Heat equation with Dirichlet boundary conditions

The heat equation is a linear second order PDE that describes how the distribution
of heat evolves over time in a medium. Heat flows from places where it is higher
towards places where it is lower (by the second law of thermodynamics). This
equation was derived and solved by Joseph Fourier in 1822.

The heat equation in R?® is u; = kAw, where k € R is the diffusivity of the
medium and the function u = wu(t,z,y, z) represents the temperature at point
(x,y, z) at time ¢.

The equation says that the rate u, at which the material at a point (z, y, z) heats
up (or cool down) is proportional to how much hotter (or cooler) the surrounding
material is. The heat equation arises in the modeling of a number of phenomena,
for example

e in financial mathematics, in the modeling of options;
e in probability theory it is connected with the study of the Brownian motion;

e in physics for modeling particle diffusion.

Consider the Cauchy problem associated to the one dimensional heat equation

up — kg, =0, (x,t) € (0,L) x (0,00)
uw(0,t) =u(L,t)=0, t>0
u(z,0) = f(x), z € (0,L),

where k& € R* is the constant of diffusivity. This heat equation describes the
diffusion of heat in a one dimensional structure (for example a metal bar of length
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Chapter 5. Separation of variables

L) over time, knowing that the initial temperature is equal to f. The boundary
conditions are telling us that the boundary of the metal bar is kept at zero, see
Figure 5.1. This Cauchy problem is also called an initial boundary problem (and
it is homogeneous).

Remark 5.1.1. In order to have compatibility between boundary and initial con-
ditions we assume that f(0) = f(L) = 0.

u(0,t) =0 u(L,t) =0

wt = klgy

1

w(z,0) = fz) - v

Figure 5.1: The boundary conditions for the heat equation modelled on a metal
bar of length L.

Let us now solve this problem using the method of separation of variables. The
first step consists in seeking for a solution that has the form of a product solution,
or separate solution, i.e.,

u(z,t) = X(x)T(t),
where X: [0, L] — R, T: [0,00) — R. Note that at this step we are not asking
that u satisfies the initial condition, but only the boundary conditions.

Plugging this into the heat equation, we get

) X"(x)
KT~ X(2)

T'($)X (z) — kX"(2)T(t) =0 <=

Note that the term on the left-hand side only depends on ¢, while the term on the
right hand side only depends on x. Therefore, the only possibility is that these
two functions are equal to a constant —\, namely

() X"(x)

KT(t)  X(2) =M
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5.1. Heat equation with Dirichlet boundary conditions

We are now left with two ODEs

X"(x)=-XX(z), z€(0,L)
T'(t) = —kAT(t), ¢>0.

These ODEs are only coupled by the separation constant —A. Moreover note that
u satisfies the boundary conditions «(0,t) = u(L,t) = 0 if and only if u(0,t) =
X(0)T(t) = 0 and u(L,t) = X(L)T(t) = 0 for all t > 0. These conditions are
fulfilled either if T'(¢) = 0 (which gives a trivial solution) or if X (0) = X (L) = 0,
which represents the interesting case.

Let us now first consider the ODE in X

{X”(a:) = -A\X(z

), x€(0,L)
X(0) = X(L)=0.

(5.1.1)

We have to distinguish different cases:

o If A < 0, the solution has the form
X(z) = acosh(vV—Az) + Bsinh(v —Az) .

From the boundary condition X (0) = 0, since sinh(0) = 0 and cosh(0) = 1,
we get 0 = X(0) = a. Thus X(z) = Bsinh(v/—Az). From the boundary
condition X (L) = 0, we obtain 0 = X (L) = Bsinh(v/=AL). Observe that
sinh only vanishes at 0, thus sinh(yv/—AL) # 0 and we get 3 = 0. As a result,
the only solution compatible with the boundary conditions in this case is the
trivial one.

o If A =0, the solution is X (z) = a + fz. Similarly as before, thanks to the
boundary conditions X (0) = X (L) = 0 we get « = f = 0. Again the only
possible solution is the trivial one.

e If A > 0, the solution for X is
X () = acos(VAz) + Bsin(vVAz) .

From the boundary condition X (0) = 0 we get o« = 0 and X (z) = £ sin(v/Ax).
Hence, in order for X to satisfy X (L) = 0, we must have v/ AL = nr for some
n € N, because the sine vanishes only at integer multiples of 7. Therefore

we get
nm 2
= ()
L

Thus the solutions compatible with the boundary conditions are X (x) =
B sin(nmx/L) for every n € N.
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Chapter 5. Separation of variables

Hence we obtain that the set of solutions of (5.1.1) is an infinite sequence of

functions
nw

X, (x) = sin (Tx> , n e N.
Now let us consider the problem for 7', which is
T'(t) = —kAT(t), t € (0,00).

The general solution for this equation is T'(t) = Be *!. Since (5.1.1) has nontrivial
solution only for A, := (n7/L)? with n € N, we are interested only in the solutions
T of the form

T, (t) = Bpe ¥t

for some n € N.
We thus obtain a sequence of separated solutions to the heat equation given
by
Un(1,1) = X, (2)T,(t) = B, sin(y/Apz)e At

Note that the heat equation is linear, then by superposition principle (see Theo-
rem 1.4.8) any finite linear combination

N
u(z, t) = Z By, sin(y/ Apz)e "t
n=1

is still a solution to the heat equation that satisfies the boundary conditions.
At this point we can consider the initial condition. If f(z) admits the following
Fourier expansion

f(z) = Z C sin(y/Anz)

then a natural candidate for a solution is
u(z,t) = Z C,, sin(y/Apx)e FAnt
n=1

But how to obtain the coefficients C,, from f? Fix m € N and multiply the
expansion for f(z) by sin(mmx/L) = sin(v/A,2), obtaining

f(z)sin (\/ >\m$> = Z Cy sin(y/ A\px) sin(y/ Apx) .
n=1
Integrating over [0, L] we thus get

/OL f(z)sin (\/mx> do = g c, /OL sin(y/An) sin(v/A,z) dz = g(jm,
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5.1. Heat equation with Dirichlet boundary conditions

where we used that

/OLSin(mx)sin(mx)dx: {L/Q, Fm=n

0, itm#n.

As a result, we have that

C = %/OL f(x)sin <\/ﬂx> dz

for all m € N. In particular the coefficients are uniquely determined by the initial
condition f.

Example 5.1.2. Consider the Cauchy problem

Up — Uy = 0, (x,t) € [0, 7] x [0, 00)
u(0,t) = u(m,t) =0, t>0
u(z,0) = f(z), x € [0,7],

where f(x) = mx — 2%, This is a one dimensional heat equation with Dirichlet
boundary conditions in [0, 7]. Therefore we know that the general solution is

u(z,t) = Z B, sin(nz)e "t |
n=1

Imposing u(z,0) = f(z), we note (as before) the the coefficients B,, are the Fourier
coefficients of f, which can we obtained as follows: first of all, by integration by
parts we observe that

/abxsjn(ng;) . [_xcos(—nx)]b . /ab cos(nx) dr — [_xcos(nx) N sin(na)7b

n a n n n a
and
b, T ycos(nxz)1b b cos(nx)
/ x*sin(nz)dr = |—x —} —|—/ 2r———dx
a L n a a n
_ _:EQcos(nx) 2xsin(nm)}b_2/ sm(nw)d
n n? la . n?
‘ b
_ [ 208 nx) stm(nx) Cos(nx)] |
n n? nd la
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Chapter 5. Separation of variables

so that the coeflicients B,, are
2
B, = / f(z) sin(nx) / 7z — 2°) sin(nx) do

_2 (_Wcos ) ( 2cos nm) 2cos(n7r) B 3)
7r n3 n3

4 {, 1fn—2jforsomej€N
= cos nm) g
™ 3

m3 if n =25 — 1 for some j € N.

The solution is thus given by

= Z ﬁ Siﬂ((?j — 1)$)€—(2]—1)2t .

Figure 5.2: The boundary conditions for the heat equation of Example 5.1.2.

5.2. Wave equation with Neumann boundary conditions

So far we discussed the method of separation of variables for the heat equation
with Dirichlet boundary conditions. However, later we will encounter three types
of boundary conditions:

e Dirichlet: u(0,t) = u(L,t) = 0.
e Neumann: u,(0,t) = u,(L,t) = 0.

e Mixed type, or Robin: agu(0,t)+Bou,(0,t) = v and apu(L, t)+Lru.(L,t) =
YL
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5.2. Wave equation with Neumann boundary conditions

As an example with Neumann boundary conditions, we now present the method
of separation of variables applied to the one dimensional wave equation. Consider
the problem

Uy — Cgy = 0, (x,t) €0, L] x [0,00)
uz(0,t) = u,(L,t) =0, t>0

u(z,0) = f(x), reR

u(z,0) = g(z), r eR.

As before, we look for a solution u not identically zero of the form
u(z,t) = X(x)T(t).
At this stage we do not take into account the initial conditions. Differentiating in

x and t we get uy = X(x)T"(t) and u,, = X"(z)T(t). Hence, plugging into the
equation, we obtain
T”(t) B X”(x)

X(2)T"(T) = X" (2)T(t) <= 2T~ X(a) = -\,

for some A € R. Therefore we have the following ODEs

X"(z) ==-XX(z), X'(0)=X'(L)=0
T"(t) = —c*N\T(t).

The general solution for the ODE in X is
acosh(v—Az) + fsinh(v—Az), if A <0
X(zx) =< a+ Bz, itA=0
acos(vVAz) + Bsin(vAx), it A>0.

Since we need to impose the Neumann boundary conditions X'(0) = X'(L) = 0,
let us compute X', which is

V=X [asinh(v/=Az) + B cosh(v=Az)], if A <0
X'(z) =4 B, it A =0
VA [ - asin(vAz) + ﬂcos(\/Xx)}, if A > 0.

Let us now consider the three cases separately:

e If A < 0, then X’(0) = 0 implies 8 = 0. Thus, from X'(L) = 0, we get
asinh(v/—AL) = 0 and then o = 0. Therefore X (z) = 0, which means that

in this case we do not have nontrivial solutions.
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Chapter 5. Separation of variables

e If A =0, the only nontrivial solution is given by X (z) = Xo(z) = a.

e If A > 0, imposing the boundary conditions we find § = 0 and sin(v/AL) = 0.
Thus VAL = nr for some n € N. As a result, \, = (n7/L)? are cigenval-
ues for every n € N and the corresponding eigenfunctions are X, (x) =

tn c08(V A ).

Let us now consider the ODE for T, that is T"(t) = —c*AT(t). If A = 0, we
get To(t) = o + dot for some 7y, dy € R. On the other hand, for A = A, > 0 the
ODE is T (t) = —c*\,T,,, with solution

Ty (t) = 7 cos(ctr/An) + 0, sin(cty/Ay) |

for some ~,,0, € R.
In conclusion, the general solution for the one dimensional wave equation with
Neumann boundary conditions can be written as

u(a,t) =Y X (2)T,(t)

. (5.2.1)
Ay + Byt
= Ao + Dot + ;cos (n—gx> [An cos <%t> + B, sin (nTmtﬂ .

2

The factor 1/2 in the first term is just for convenience.

Remark 5.2.1. Note that in this case we have a cosines expansion instead of a sines
one as for the heat equation, because of the Neumann boundary conditions.

To find A,, we exploit that the function at time 0 is equal to f(z), namely

Fix m € N, if we multiply the equation above by cos(mmz/L) and we integrate
over [0, L], we get

/OL f(z) cos (%x) dz = OL % cos (%x) dz +
+ gfln /OL cos (%x) cos <%m> dz .

Since



5.2. Wave equation with Neumann boundary conditions

and

/L nw mm L2, ifn=m#0
coS (—x) cos (—x) dr = )
0 L L 0, if n#m,

= %/OLf(x) cos (%x) dx .

The same procedure can be implemented to find the coefficients B,,, since we have

that
g(x) = wy :—+ZB cos<n£r ),

we obtain

and we get

2 [* 2 [*
By = _/ g(z)dz, B,, = / g(x) cos (mx> dz form >1.
L J, 0 L

cmT

Therefore the problem is formally solved.

Example 5.2.2. Consider the wave equation

Ut — Ny = 0, (x,t) €10,1] x [0, 00)
uz(0,t) = u,(1,8) =0, t>0

u(z,0) = f(z) = 1+ cos(3mz) + 16 cos(20mx), = € [0,1]
u(z,0) =g(z) =0, x € [0,1].

Thanks to the arguments above, we can write the solution u as in (5.2.1). To find
the coefficients of this expression, we impose the initial conditions

A o0
1 + cos(3mx) 4+ 16 cos(20mz) = u(z,0) = 70 + Z A, cos(nmz) .

Integrating the left hand and right hand side against cos(nmzx) we find immediately
that Ag = 2, A3 =1, Ayg = 16 and A,, = 0 for m # 0,3,20. On the other hand,
using that g(z) = 0, we obtain that B,, = 0 for all m € N. Thus the solution to
the Cauchy problem is

u(z,t) = 14 cos(3mx) cos(97t) + 16 cos(20mx) cos(607t) .
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5.3. Inhomogeneous PDEs

Let us consider the following inhomogeneous heat equation

— ktge = h(z, ) (z,t) €[0,L] x R*
( t)=u(L,t)=0, tcR*
u(z,0) = f(x), zel0,L].

Recall that, using the separation of variables for the homogeneous heat equation
with Dirichlet boundary condition, the admissible solutions for the ODE in X are

Xn:ansin(%x), n € N.

Now, instead of solving also the ODE for T'(t), we write a general solution as

ZT sm< ) )

where T, is arbitrary. Computing the term u; — ku,,, we get

— kg, = i {T,fb(t) + k <%>2Tn(t)} sin (%x) :

n=1

Thus, we are now left with the problem of finding 7;,. Assume that, for every
t € RT, ¢,(t) is the n-th Fourier coefficient of the inhomogeneity h(-,t), namely

cn(t) = %/OL h(zx,t)sin (nL ) dx .

Then we can express h(z,t) as follows

t) = i n(t) sin (%x) :

As a result, the equation u; — ku,, = h is equivalent to

S [+ () 0] s () = s ()

n=1

Hence we need to impose
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and the initial condition

f(z) = ZT sm( ) ,

which leads to the ODE system
2
Tot) +k () Talt) = ealt)
9 (L
T,(0) = Z/o sin (%x) f(z)dx.

Thanks to the local existence and uniqueness theorem for ODEs, we have the
existence of a unique solution 7,,(t) for every n € N. Therefore, the formal solution
of our inhomogeneous Cauchy problem is

ZT sm< )

Remark 5.3.1. As for the homogeneous case, if the boundary conditions are of
Neumann’s type, we obtain an expansion in term of cosines and there is a summand
for n = 0. Moreover, in the case of the inhomogeneous wave equation, we have a
second order ODE for T;,, complemented with two initial conditions (for 7},(0) and
T!(0)) that are linked to the Fourier expansion of u(x,0) = f(z) and u(x,0) =

g(z).

Example 5.3.2. Consider the inhomogeneous wave equation with Neumann bound-
ary conditions

Ugp — Ugy = A2 cos(2mx)t, (x,t) € (0,1) x RT
uz(0,t) = u,(1,t) =0
u(z,0) = 1+ cos(2mx)
u(z,0) = 3cos(2mx) .

From the method of separation of variables for the homogeneous wave equation
with Neumann boundary conditions we have that the admissible solutions for the
ODE in X are

Xn(x) = cos(nmx), n>0.

Hence we try to look for solutions of the form

Z T, (t) cos(nmzx) .
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Imposing that u(z,t) satisfies uy — g, = 472 cos(2mx)t, we obtain

Ugp — Uy = Z[TA’(?S) + n?m?T,(t)] cos(nmx) = 4m* cos(2ma)t .

n=0
Hence we require that
Ty () + 4 To(t) = 4n*t, forn =2
TV (t) + n?m?T,(t) =0, forn #2.
Since u(z,0) = 1 + cos(2mx) and u;(x,0) = 3cos(2wz) contain only summands of

the form cos(nmz) for n = 0 and n = 2, we need to consider separately the cases
n = 0,2. In particular we have the following three cases:

(T7/(t) =0

case n = 0: To(0)=1 = To(t)=1
(15(0) =0
(T (t) + n?m?T,(t) = 0

case n # 0, 2: T,(0) =0 = T,(t)=0

(7,(0) =0
(TY(t) 4 4n2Th(t) = 4%t

case n = 2: T5(0) =1
(75(0) =3

— Ty(t) = ¢y sin(27t) + co cos(2nt) + ¢,
)

which gives T5(0) = ¢; = 1 and T75(0) = 27¢y + 1 = 3. Finally, we thus obtain

1
u(x,t) =1+ |sin(2nt) + — cos(2nt) + t| cos(2mx) .
m

Example 5.3.3. Consider the inhomogeneous wave equation

U — Uy = sin(mmz)sin(wt), (x,t) € (0,1) x (0,00)
u(0,t) =u(l,t) =0

u(z,0) =0

u(z,0) =0,

for some m € N, w € R. We consider solutions of the form u(x,t) = X (z)7T'(t), as
before. The admissible solutions for the ODE in X are

Xn(x) = sin(nmz), n>1,
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5.4. Uniqueness with the energy method

and, as before, we look for solutions of the form w(z,t) = > 7 T,(t) sin(nmx).
Plugging this into the equation we have

U = Uge = »_[T0(t) + n*m°T, (1)) sin(nmz) = sin(mmrz) sin(wt) .

n=1

The ODEs for T,, are given by

T/ (t) + n*m*T,(t) =0, if n #m
T (t) + m*n*T,,(t) = sin(wt)

T,(0) =0, for all n
T!(0) =0, for all n.

Thus, for n # m, we have T,,(t) = 0, while for n = m we get
Tn(t) = am, cos(mmt) + by, sin(mmt) + ¢, sin(wt) |

provided w # mm. Using the initial conditions 7,,(0) = 0 and 7, (0) = 0, we

obtain |
wo, :
Tn(t) = P <_m7r sin(mmt) — sm(wt)) )

and the solution u(x,t) is finally given by

1
u(z,t) = P (% sin(mnt) — sin(wt)) sin(mmx) .

Remark 5.3.4. We are assuming w # mmn to avoid degeneracy. To deal with the
case w = mm, we can think it as limit case as w # mm, w — mm. Then

1 i t
lim wu(z,t) = (81n(m7r )
w—mm 2mm mm

- tcos(mmﬁ)) sin(mmz).

Note that, if w # 7mm for all m € N, the solution is bounded. In other words,
a bounded periodic force with time frequency w different from the frequencies of
the homogeneous solutions produces bounded oscillations. On the other hand, for
w = mm for some m € N, the solution is unbounded. This is called resonance
effect (see collapse of the Tacoma bridge).

5.4. Uniqueness with the energy method

One of the main applications of the energy method is the proof of uniqueness for
solutions of initial boundary value problems. This method is based on the physical
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principle of conservation of energy, although the quantity we refer as “energy” may
differ from the actual physical energy of the system. We illustrate the method in
the following example.

Consider the inhomogeneous wave equation

;

Uy — gy = F(z,t), (x,t) €[0,L] x RT

uz(0,t) = a(t)
uz (L, t) = b(t)
u(z,0) = f(z)

(w2, 0) = g(x).

Let uq,us be solutions and set w := u; — us. Then w solves

Wy — Wy =0, (z,t) € [0, L] x Rt
w,(0,t) = w,(L,t) =0

w(z,0) =0

wy(x,0) =0.

Let us define the energy function

B(t) ::/O (wi(t, ) + A(wy(t, ) da

By taking the derivative of E(t) we obtain

d

L
L pu) = / (2wiwp + 27w, wy) da
i i

L
= 2/ (wtwtt - CQU}zxwt) dr + [QCwawt”g =0.
0

Therefore E(t) is constant, and, since E(0) = 0, it follows that E(t) = 0 for all ¢.
By looking at the definition of E(t), we realize that E(t) = 0 for all ¢ implies that
wy(z,t) = w(x,t) = 0 for all x,¢, thus w is constant too. Using that w(z,0) =0
for all z, we then get w(x,t) = 0. Thus u; = us, which proves uniqueness.
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CHAPTER 6
ELLIPTIC EQUATIONS

In this chapter we study Laplace’s and Poisson’s equations, which are the archetype
of elliptic equations. We examine the main properties of elliptic equations, the link
between solutions of Laplace’s equation and harmonic functions.

6.1. Classification of linear second order PDEs

Assuming that wu,, = u,, (which is always the case in these notes), any general
linear second order PDE in two independent variables has the form

Llu] = atiyy + 2buyy + cuy, + du, +euy, + fu=g.
The term aug, + 2bu,, + cu,, is the leading term, or principal part, because the

behaviour of the PDE is determined by a, b and c.

Remark 6.1.1. The coefficients a, b and ¢ depends on z,y, i.e., a = a(x,y), b =
b(z,y) and ¢ = c(z,y).

As we already said, being able to properly classify the PDE we wish to inves-
tigate allows us to choose the correct method (if it exists!) to tackle the PDE.
Knowing the “type” of the equation allows one to use the relevant methods to
solve it, which can be quite different depending on the type of the equation.

You probably encountered conic sections and quadratic forms, which are usu-
ally classified into parabolic, elliptic and hyperbolic, based on the discriminant
b? — 4ac. The same can be done for a second order PDE at a given point.

Given a point (zo, yo), consider the value

(L) (w0, yo) = b (20, Yo) — a(zo, Yo)e(o, Yo) -
At the point (xg,yo) the PDE is said to be
o hyperbolic if 6(L)(xg,yo) > 0;
e parabolic if §(L)(xo,yo) = 0;
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e clliptic if §(L)(xo,yo) < 0.

Remark 6.1.2. Since there is the convention that the zy term is 2b, then the
discriminant becomes (2b)? — 4ac = 4(b* —ac) = 46[L] (and the 4 can be dropped).

Remark 6.1.3. This classification describes a local property. However, we often
study PDEs with constant coefficients, where the classification is global.

Example 6.1.4. Consider the following PDEs:

e The wave equation u; —u,, = 0 is hyperbolic (we use variables (z,t) instead
of (2,y)).

e The heat equation u; — u,, = 0 is parabolic.

e Laplace’s equation uy, + u,, = 0 is elliptic (here we use (x,y) intended as
spatial variables).

Similarly to what happens with second order algebraic equations, we can use
a nondegenerate change of variables to reduce the equation to a simpler form.

Definition 6.1.5. A transformation (z,y) — (£,7) = (£(x,y),n(x,y)) is a change
of coordinates near a point (xg,yo) if

det (aﬂﬁ5 8y§)

0.
01 3y77 7

(x,y):(wo 7y0)

Any second order PDE can be transformed in the so-called canonical form
by using a change of coordinates u(x,y) — w(§,n) = w(&(z,y),n(x,y)). The
canonical forms are:

e hyperbolic: we, + cng + ew, + fw=g;
e parabolic: wee + czwg + éw, + fw =g
e elliptic: wee + wyy, + cng + ew, + fw =g.

Example 6.1.6. Consider the wave equation uy — c*uy, = 0 for ¢ > 0. Let us
apply the transformation

E=x+ct

n=x—ct.

This gives us u(z,t) = w(&,n) = w(x + ct,x — ct). Plugging this into the wave
equation gives 0 = uy — *uy, = —4ctwg,. Dividing by —4c¢?, we get wg, = 0,
which is in hyperbolic canonical form.
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6.2. Laplace’s and Poisson’s equations

Poisson’s equation Au = f and its homogeneous counterpart, Laplace’s equation
Awu = 0, have a very prominent role in applied sciences. For example, the tempera-
ture of a homogeneous and isotropic body at equilibrium is a solution of Laplace’s
equation. In this case we can say that Laplace’s equation describes the stationary
case (independent of time) of the diffusion equation. Other examples are:

e The equilibrium position of a perfectly elastic membrane solves Au = 0.

e Poisson’s equation plays an essential role in the theory of conservative fields
(electric field, magnetic field, gravitational field, etc). If u is the electrostatic
potential, then Poisson’s equation Au = f represents the link between the
potential v and the charge density —f.

6.3. Basic properties of elliptic problems

We study some basic models involving the Laplacian, including models for heat
conduction, elasticity, electromagnetism, and gravitation. We consider u = u(z, y)
for (z,y) € D, where D is is an open subset of R2.

Definition 6.3.1. We say that u is harmonic if it solves Laplace’s equation, i.e.,
Au(x,y) = Uyy + uy, = 0. The nonhomogeneous version of Laplace’s equation is
Poisson’s equation Au(z,y) = p(z,y).

Remark 6.3.2. Laplace’s and Poisson’s equations are second order linear PDEs.
Laplace’s equation is also homogeneous.

Remark 6.3.3. The linearity of Laplace’s operator implies that a linear combination
of harmonic functions is a harmonic function.

Definition 6.3.4. Let D C R? an open set and let D be the boundary of D. Let
v be the unit outward normal to dD. Then we can consider the following Dirichlet
problem for Poisson’s equation

{Au(m,y) =p(r,y), (v,y)eD (6.3.1)

u(m,y) :g(l‘,y), (I,y) € oD.

On the other hand, the Neumann problem for Poisson’s equation reads as follows

(6.3.2)

Au(z,y) = p(z,y), (v,y) €D
du(z,y) = g(x,y), (v,y)€dD.
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Finally we can consider the problem of the third kind for Poisson’s equation, that
is

Au(x,y) Zp(x,y), (x7y) cD
{u(:r,y) + adyu(z,y) = g(z,y), (x,y) €dD, (6.3.3)

where o and ¢ are given functions.

Figure 6.1: Dirichlet and Neumann problems.

We can now ask if a solution to those problem exists. Consider the Neumann
problem, which can model the distribution of the temperature u(z, y) in the domain
D at an equilibrium configuration. This means that the heat flux through the
boundary must be balanced by the temperature production inside the domain.
This simple consideration is encoded in the following lemma.

Lemma 6.3.5. A necessary condition for the existence of a solution to the Neu-
mann problem (6.3.2) is

/8Dg(x(8)ay(5))ds = / p(z,y)dz dy,

D

where (x(s),y(s)) is a parametrization of OD.

Proof. Recall the identity Au = div(Vu). Then Poisson’s equation reads as
div(Vu) = p. If u is a solution of the Neumann problem, using Gauss’ theorem

we have
/p:/Au:/div(Vu): Vu-v= d,u:/ g.
D D D oD oD oD

Therefore [, p= [, g as desired. O
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Remark 6.3.6. If u is a solution of Laplace’s equation Au = 0, then we have that
JouOnu = [, div(Vu) = [, Au = 0 for every open subset A C D, where n is the
outward unit normal to 0A.

An other natural question to ask is if the Cauchy problem for Laplace’s equation
is well-posed, i.e., if a solution exists, if it is unique and it is stable with respect to
the initial conditions. We recall that the Cauchy problem for Laplace’s equation
is

Au=0, (z,y) € R x (0,00)
u(z,0) = f(z)
U/y(I, O) = g(l‘) )
where y here plays the role of time (see also the wave Equation (4.2.1)).
Consider Laplace’s equation in the half-plane z € R, y > 0. The following

counterexample to well-posedness is due to Hadamard. Consider the following
Cauchy problem

Au(z,y) =0, reERy>0
u(z,0) =0

uy(z,0) = sin(nz)/n,

for some n € N. We look for solutions of the form
u(z,y) = sin(nx)Y (y) .
Then, from Au = 0, we have
0 = Upy + Uy, = —nZsin(nz)Y (y) + sin(nz)Y”(y),

which implies that Y”(y) = n?Y (y). From the Dirichlet conditions u(z,0) = 0 it
follows that Y (0) = 0, while by the Neumann condition u,(x,0) = sin(nz)/n we
have

sin(nz) 1

= uy(x,0) = sin(nz)Y'(0) = Y'(0) = -

Hence, solving the problem for Y we get Y (y) = sinh(ny)/n? and thus we obtain
the solution of the Cauchy problem

u(z,y) = = sin(nx) sinh(ny) .

Now, setting u™(z,y) = -5 sin(nz) sinh(ny), we realize that in the limit n — oo
both u"(x,0) and uy (z,0) tend to zero (the initial conditions describe an arbitrary
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small perturbation of the trivial solution u = 0). On the other hand, the solution
is not bounded in the half-plane y > 0. Indeed, for any a > 0, we have

1 1
sup |[u"(z,a)| = sup —[sin(nx)| sinh(na) = — sinh(na)
z€R z€R N n

_ 1 (ena_ —na) n—00 0 .

=53 e
Thus, the Cauchy problem for Laplace’s equation is not stable and this implies
that it is not well-posed with respect to the initial conditions.

In the next example we construct an initial datum for which there is no solution
to the Cauchy problem using the Hadamard counterexample.

Example 6.3.7. Consider as before the functions u"(z,y) = sin(nz) sinh(ny)/n?
and define

— u"(,9)
ﬂN(xa y) = Z T, ’
n=1
for which it holds u” (x,0) = 0 and
N N
_ u(x,0) 1 .
u]yv(x,O):Z £ - :Zﬁsm(nx).
n=1 n=1

Moreover @" is a solution of Laplace’s equation by linearity. However, for N that

goes to infinity, we do not have existence to the Cauchy problem

Au(z,y) =0, (z,y) € R x (0,00)
u(z,0) =0
uy(z,0) = > sin(nx)/n?,
because the solution would be given by @™ := > u"(z,y)/n, which is not

a convergent series. However note that the initial conditions @>(z,0) = 0 and
e (x,0) = Y o sin(nx)/n* do make perfectly sense.

Remark 6.3.8. These examples demonstrate the difference between elliptic and
hyperbolic problems on the upper half-plane.

6.4. Harmonic functions

Let us now compute some harmonic functions. We define harmonic polynomial of
degree n a harmonic function P(z,y) of the form

P(z,y) = Z air'y’ .

0<i+j<n

For example:
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For n =0, u(z,y) = 1.

For n =1, u(z,y) = x and u(z,y) = y, thus in general u(z,y) = ax + by for
any a,b € R.

For n =2, u(z,y) = vy and u(z,y) = 22 — y>.

For n = 3, u(z,y) = 23 — 3xy? and u(z,y) = y* — 32%y.
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CHAPTER 7
MAXIMUM PRINCIPLES

The maximum principle is a fundamental property of solutions to certain PDEs of
elliptic or parabolic type. Maximum principles are based on the observation that,
if a C? function u attains its maximum over an open set D at a point xy € D,
then

Du(xg) =0, D?u(x¢) <0,
where D?u is the Hessian matrix. To use this observation, we need to work with
solutions that are at least C?.

7.1. Weak maximum principle

First we identify circumstances under which a function must attain its maximum
(or minimum) on the boundary.

Theorem 7.1.1 (Weak maximum principle). Let D be a bounded domain and let
u(x,y) € C*(D)NC(D) be a harmonic function in D. Then the maximum of u in

D is achieved on the boundary 0D, namely

maxu = maxu.
D aD

Proof. Consider the function u.(x,y) = u(z,y)+e(x*+y?), with € > 0. Assume by
contradiction that u. attains a local maximum at (z,7) € D. Then, Au.(Z,7y) < 0.
On the other hand, since u is harmonic, we have that

Au(Z,7) = Au(T,y) + 4e = 4e > 0,

which is a contradiction. This proves that u. takes its maximum on the boundary;,
maxp U = maxpp u.. Thus, since v < u, and D is bounded, we get
_ _ 2 .2
max u < maxu, = max u, = max(u + e(z* + y*))
D D oD oD
< maxu + ¢ max(z® 4+ y?) = maxu + ec.
oD oD oD

Letting € — 0, it follows that maxyu < maxyp u. O
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Corollary 7.1.2. Under the same assumptions of Theorem 7.1.1, we have

minu = minu .
D oD
Proof. Note that A(—u) = —Awu = 0, hence we can apply Theorem 7.1.1 to —u
and obtain

minu = —max(—u) = —max(—u) = minu.
D D oD oD

O

Remark 7.1.3. The boundedness in Theorem 7.1.1 and Corollary 7.1.2 of D is
necessary. Indeed, if one takes D = R?\ Bj, then u(z,y) = log(z® + y?) is
harmonic in D, ulgp = 0, but supp, u = oo # 0.

7.2. Mean value principle

Theorem 7.2.1 (Mean value principle). Consider a harmonic function u on D
and let Br(xo,v0) C D be a ball of radius R. Then

1
u(zo,Yo) = R u(z(s),y(s))ds
e (7.2.1)
= 5= u(xo + Rcosb,yo + Rsinf)df.
2m J,
Proof. Given r € (0, R), set
1 2
Vir) = —/ u(xg 4 rcosb,yo + rsind)dé,
2w J,

and compute

Vi(r) =
L[ d (w0 + 6,y0 + rsind) do
= — —u(xg + 1 Ccos rsin
or ), dr 0 » Yo
1 2m
=5 [wy(zo + 1 cos b,y + rsinfd) cos + u,(xg + 7 cos b, yo + rsin ) sin ] d6
T Jo
1
277 J 9B, (x0.40) Br(z0,y0)
As a result, V(R) = V(0), which gives exactly what we want. O

Remark 7.2.2. The inverse implication is also true, namely a smooth function that
satisfies the mean value property in some domain D is harmonic in D.
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7.3. Strong maximum principle

Theorem 7.3.1 (Strong maximum principle). Let u be a harmonic function in
D, an open connected subset of R%. If u attains its mazimum (or its minimum) at
an interior point of D, then u is constant.

Proof. Let xg € D be a maximum point for u. Let x be another point connected
to xo by a curve ~.

Figure 7.1: Proof of the Strong maximum principle

Choose R > 0 smaller than the distance from v to 0D and define inductively
a sequence of points {x;}¥, C 7 and radii R; < R such that x;,; € 0Bpg,(x;)
forany i = 1,...,N — 1 and x5 = x. Note that one can take R; = R for each
i=0,...,N—2and then Ry_; < R such that xy € 0Bg,_,(Xn-1).

Then inside each ball we apply inductively the mean value theorem, Theo-
rem 7.2.1. More precisely, by the mean value theorem applied at xy we have

1 1
— U< —— maxu = maxu.
21 R ) oy (xo) 2R Jopyxo) P D

maxu = u(xg) =
This implies that u = maxp u on 0Bgr(Xg). Therefore, since x; € IBg(Xo), also x;
is a point of maximum for u. Hence we can repeat the argument above (using the
mean value theorem) to deduce that u = maxp u on 0Bg(x1), hence x5 € Br(x1)
is a maximum for u, and iterating we get that x = x is a maximum for u as well.
In particular u(x¢) = maxp u = u(x). By arbitrariness of x € D, this proves that
u = maxp u is constant in D. O

Remark 7.3.2. Given a point (xg,yo) € D and a radius r > 0, consider the curve
v(0) = (2o + rcosb,yo + rsinf).
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(cosB,sin0) = vop, (z0,40)(V(0))

. = (zp +rcosb,yo+ rsinb)
e\

Figure 7.2: Mean value principle on the circle

Then (7.2.1) can be rewritten as

1 2T

(o, 00) = 5 [ Fu(1(6) - Vop.ta0 (10)) 6.

Let us define F((0)) = Vu(y(0)) - Vo, (z0,40)(7(0)). Then we have

v = 5 [ WF( O = [ @) ©)]
1 21

~2r

F((6))/ (6 |d9——/

where the second-last equality follows from the fact that |y/(6)| = r, because
v (0) = (—rsinf,rcosf), and the last equality is the definition of integral along a
curve.

7.4. Maximum principle for Poisson’s equation

Now we examine some important consequences of the maximum principles. Let
us assume that the domain D is bounded, then we have the following theorem.

Theorem 7.4.1. Given a bounded domain D C R?, the Dirichlet problem

Au=f, inD
u=gqg, indD.

has at most one solution u € C*(D) N C(D).
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Proof. Assume by contradiction that there exist two solutions uq, us. Then define
U = Uy, — Ug, Which solves

Au=0, inD
u=20, in 0D .

From the weak maximum principle Theorem 7.1.1 we get that the maximum and
the minimum of u are zero, which implies © = 0 and thus u; = u». O

Remark 7.4.2. In the previous theorem the boundedness condition on D is neces-
sary. The reason for this is the same as for the weak maximum principle. Indeed,
let us consider a harmonic function u in R? \ B;(0), with u =1 on dB;(0). Then
u; = 1 is a solution to this problem, but also us = 1 + log(x? + 3?) is a solution.
Hence there is no uniqueness.

Theorem 7.4.3. Let D C R? be a bounded domain. Let uy,uy € C?(D) N C(D)
solve Au; = 0, Auy = 0 with Dirichlet boundary conditions uy = g, on 0D and
Uy = g9 on OD. Then

mgx luy — ug| = HBI%X lg1 — 92| -

Proof. Define v := u; — ug, then v is harmonic in D and v = g; — ¢go on 9D.
Therefore the maximum principle Theorem 7.1.1 implies

maxv = maxv = max 1 — g2
1a 12 nax (g1 — ga)

and by the minimum principle Corollary 7.1.2 we have

minv = minv = min (g7 — ¢2) .
D oD oD (91 = g2)

Therefore maxy |ug — us| = maxsp |91 — g2| as desired. O

7.5. Boundary conditions

We recall some different types of boundary conditions.

e Dirichlet: v = g on 9D.
It may be referred also as condition of first type or as a fized boundary condition.
For example the following would be considered Dirichlet conditions:

(a) In thermodynamics when a surface or an object is held at a fixed temperature.

(b) In electromagnetism when a node of a circuit is held at a fixed voltage.
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(¢) In fluid dynamics, the no-slip condition for viscous fluids states that at a solid
boundary the fluid has zero velocity relative to the boundary.

e Neumann: d,u = g on 0D, where v is the outer normal vector to D.
This is also called second type boundary condition and it specifies the values in
which the derivative of a solution is applied within the boundary of the domain.
An application in thermodynamics is a prescribed heat flux from a surface, which
serves as boundary condition. For example, a perfect insulator has no flux, while
an electrical component may be dissipating at a known power.

e Robin or third type boundary condition: v+ a0, u = g on 0D, where a € R
and g is given function.
Robin boundary conditions are also called impedance boundary conditions from
their application in electromagnetic problems.

7.6. Maximum principle for parabolic equations
The maximum principle holds also for parabolic equations. Consider the heat
equation for u = u(t,x), t > 0, x € D, namely

U = kA .

Define the domain Qr = [0,7] x D, where D is the spatial domain and ¢t € [0, 7T
is the time. Then we define the parabolic boundary as

OpQr :={{0} x D}yU{[0,T] x 0D},
that is the boundary of Qr except for the top cover {T'} x D.

Theorem 7.6.1 (Maximum principle for the heat equation). Let u solve the ho-
mogeneous heat equation u; = kAu in Qp = [0,T] x D for some k > 0. Assume
that D C R? is bounded. Then u achieves its mazimum (and minimum) on OpQr.

Proof. Take € > 0 and consider the function wu.(t,x) = u(t,x) — et. Then dyu. =
owu — ¢, and Au, = Au, therefore Oyu, = kAu, — . Assume by contradiction that
u. has a maximum at some point (tg,Xo) € Q1 \ IpQr. We distinguish two cases:

e In the case ty < T, (o, Xo) is an interior maximum point, hence dyu. (o, xo) =
0 and Auc(tg,x9) < 0. This is in contradiction with the equation Ju. =
kAu, — €.

e In the case tg =T, (T, xp) is an interior maximum point, thus Au. (T, xq) <
0. On the other hand, since u. attains its maximum at (7', %), we have

€ T7 - UWe T— )
atUE(T, Xo) = lim 4 ( XO) Y ( i XO)

s—0+ S

>0.
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Again these two inequalities are in contradiction with the equation du. =
kAu, — €.

In conclusion, u, attains its maximum on 0pQ7. Since u — T < u, < u inside Qr
we get

max % > max . = maxu, > maxu — 1’
opQr orQr Qr Qr

and the result follows letting ¢ — 0. O

Corollary 7.6.2. The Dirichlet problem for the heat equation

u —kAu=f, inQr
u(0,x) = g(x), inD
u(t,x) = h(x), in[0,T] x 0D

has a unique solution.

Proof. Consider the function v := u; — us and look at the equation fulfilled by v,
that is the homogeneous heat equation with zero boundary and initial conditions.
This leads to v = 0 and thus u; = us. The details are left as an exercise. O
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CHAPTER 8

LAPLACE’S EQUATION IN RECTANGULAR
AND CIRCULAR DOMAINS

In this chapter we use the method of separation of variables to solve Laplace’s
equation on rectangular domains. We consider the domain R = [a,b] X [¢, d] and
we assign one boundary condition on every boundary condition. Then we conclude
studying the Laplace’s equation on circular domains.

8.1. Boundary condition on two opposite sides

Yy
u=0~0
d ,,,,,,,
u=f Au=0 u=4g
C ,,,,,,,
| u=0 i
a b T

Figure 8.1: Laplace equation in a rectangular domain.

As a first example we start with the assumption that « = 0 on two opposite
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sides of the rectangle

Au=0, inR

u=0, ina,b] x{c,d}

u=f, in{a} x[cd]

u=yg, in{b} x[c,d].
We look for a solution of the form w(z,y) = X(x)Y (y). By plugging it in the
equation we get X" ()Y (y) + Y"(y) X (x) = 0. Dividing by X (x)Y (y) we obtain

X/l(x) _ _Y//(y)
X(x) Y(y)

Since the function on the left only depends on z, while the one on the right only
depends on y, the only possibility is that they are both constant
X"x) _ Y"(y)

X))~ v O F

Hence, for Y we have the ODE Y”(y) = —AY (y) and, by the analysis we did in
Section 5.1 (and in general in Chapter 5), we know that equations of this type have
three solutions depending on the sign on A. By the condition Y'(¢) = Y (d) = 0,
we deduce that A must be positive

2
)\:)\n:( ””) . neN,n>1,
d—c

with corresponding solution

nm(y — ¢

Yn(y):ansin( yp >, neN, n>1.

Remark 8.1.1. If we had Neumann boundary conditions on Y, then we would have
used a cosines expansion instead of a sines one and we would have started from
n =0 (see Section 5.2).

Concerning the ODE for X, we have X//(z) = A\, X,,(z). Since A, > 0 for all
n > 1, the solution of our sequence of ODEs is a combination of sinh(y/A,z) and
cosh(v/A\,x). However, instead of expressing the family of all solutions to the ODE
as linear combination of hyperbolic sines and cosines in x, because of our boundary
conditions it is convenient to express our solution in terms of sinh(v/A,(x — a)),

sinh(v/A,(z —0)) for A\, = (nm/(d—c))?. Therefore the general form of X,, is given

by
X () = a sinh(v/ A (z — a)) + B sinh(y/An(z — b)) .
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domains
Altogether, the expression for X,, and Y,, gives
u(z,y) = Z[An sinh(v/ A\, (z — a)) + By sinh(\/ A\, (z — b))]sin(+/ A\ (y — ¢)),
n=1

where we renamed the coefficients. Now the only task left is to determine the
coefficients A,, and B,. To do so we exploit the boundary conditions. Taking
x = a, since sinh(0) = 0, we get

u(a,y) =Y Bysinh(v/A,(a — b)) sin(v/A(y — ¢) = ().

from which we deduce that B,, are the Fourier coefficients of f scaled by a factor
sinh(yv/A,(a —b)). The same reasoning applies to the other boundary condition in
order to determine A,,.

8.2. Laplace’s equation with Dirichlet boundary conditions
in rectangular domains

In the example above, we had two opposite boundaries where u was zero. This
simplified the computations and allowed us to have an expansion in sines for Y
and hyperbolic sines for X.

Let us now consider the general case where we have nonzero boundary condi-
tions

(Auzo, in R
u=f, in{a} x[c,d]
u=g, in{b} X [c,d] (8.2.1)

=h, ina,b] x {d}
(u=Fk, inla,b] x{c}.

u=nh up =0 uy = h
a = = g < 5
I Au=0 I~ I Aup=0 || + I Aug=0 |
S ° 5 S =) o
u==kK up =0 Uy = k

Figure 8.2: Splitting of the Laplace equation in a rectangular domain.
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Chapter 8. Laplace’s equation in rectangular and circular domains

Then we can do the following splitting: we can write u as u; + ug, where

(Au; =0, inR (Aup =0, inR

wup=f, in{a} x|, d] up =0, on {a} x|c,d]
up =g, in{b} x [¢,d] uy =0,  on {b} x [c,d]
up =0, in[a,b] x {d} uy =h, onla,b] x {d}
up =0, in[a,b] x {c}, ups =k, onlab x{c}.

\ \

Hence, we saw in the previous example that u; is of the form

uy(r,y) =
_ g {An sinh (d”fc(x . a)> + B, sinh <d”_7rc(x - b)ﬂ sin (%(g/ . c)) .

Analogously, reversing the role of x and y, us is given by an expression of the form

us(2,y) =
= g {Cn sinh (%(y — c)) + D, sinh (%(y - d))} sin <b”_7fa(:c — a)) :

Finally, note that the coefficients A,,, B,, C,,, D,, are related to the Fourier coeffi-
cients of the boundary data.

Observe that, when we split the problem for u in two problems for u; and us,
the boundary data may not be continuous anymore even if they are continuous in
the original problem (consider for instance the case f = g = h = k = 1). This
is not an issue analytically, but it becomes a problem when one wants to solve
the problem numerically, since the jump in the boundary data creates numerical
problems. We now describe a trick to avoid this issue.

If we want to solve (8.2.1), we can define @ := uw — P, where P is a polynomial
P(z,y) := ap + a1x + agy + agxy for some ag, a;, as, a3 € R. Note that @ is still
harmonic since P is harmonic, and it solves

~

Au=0, inR

u=f, in{a} x[c,d]
u=g, in{b} x|cd]
u=nh, inla,b] x {d}
\ﬂ:E, in [a,b] x {c},

where f = f—P,g=g— P, h=h— P, k =k — P. Now, if the boundary data
for u are continuous, we can choose coefficients ag, a1, as,a3 € R to ensure that
fla,c) = f(a,d) = g(b,c) = g(b,d) = 0 (we have four parameters to adjust four
boundary conditions). In this way, if we split the problem as before in @ = w; + Uy,

the boundary data for u; and uy are not discontinuous anymore.
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8.3. Laplace’s equation with Neumann boundary conditions in rectangular
domains

8.3. Laplace’s equation with Neumann boundary conditions
in rectangular domains

Consider now the Laplace’s equation in a rectangular domain with Neumann
boundary conditions.

(Au:O, in R

uz, = f, on {a} x|[c,d]
ur, =g, on {b} x|c,d]
u, =k, ona,b] x{d}
(uy =h, onla,b]x{c}.

Suppose that the problem satisfies the necessary condition for the existence of a

Y
uy =k
d ,,,,,,,
C ,,,,,,,
| uy =h |
a b T

Figure 8.3: Neumann problem in a rectangular domain.
solution to the Neumann problem, namely

/Cdg—/cdf+/abk—/abh:0.

To solve the problem we need to split © = u; + us in the sum of two problems
as we did for the Dirichlet problem in Section 8.2. Hence u;, uy satisfy

(Aulz(], in R (Auzz , inR
(u1), = f, in{a} x[c,d] (uz), =0, on{a} x|c,d]
(u1), =g, 1in {b} X [c,d] (ug), =0, on {b} x [¢,d]
(u1), =0, 1in [a,b] x {d} (ug)y =k, on [a,b] x {d}
(w1)y, =0, 1in [a,b] x {c}, k(ug)y =h, ona,b] x {c}.
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Chapter 8. Laplace’s equation in rectangular and circular domains

Note that, by splitting the problem, the existence condition for the Neumann
problem might not be satisfied anymore for u; and us. To overcome this problem,
we use the trick of adding a harmonic polynomial. Consider for instance a(z? —y?)
for some o € R and add it to u. This yields the new harmonic function v =
u+a(x? —y?). If we now split v = v; +vy as we did above for u, then the problems

for v; and vy are

(Au, =0, in R (Auy =0, in R
(v1)e = f+2aa, in {a} X [c,d] (v2), =0, in {a} X [c,d]
(v1)e =g+ 2ab, in {b} X [¢,d] (v2): =0, in {b} X [c,d]
(v1)y =0 in [a,b] x {d} (v2)y =k —2ac, in [a,b] x {d}
\(vl)y =0, in [a,b] x {c}, K(1)2)y =h—2ad, in[a,b] x {c}.

Note that the compatibility condition for v; is given by

/Cd(9+204b)—/cd(f+2aa):0 — a:2(b—a§(d—c) /Cd(f_g)'

Hence, with this choice of o, we can solve the problem for v;. Now recall that, by
assumption, the Neumann problem for u was solvable, that is

/Cd<g—f>+/ab<k—h>:0-

1 d 1 b
:2(b—a)(d—c)/c (f_g):a:2(b—a)(d—c)/a(k_h)'

This implies that
b b
/ (k—2ad)—/ (h—2a¢) = 0,

thus also vy satisfies the compatibility condition and we can solve the problem
using the method of separation of variables.

Thus « is also equal to

«

8.4. Two explicit examples

Example 8.4.1. We want to solve the following Dirichlet problem on the square
R =[0,7] x [0,7] C R?

Au=0, in R



8.4. Two explicit examples

Since there is only one nonzero boundary condition, there is no need to split
the problem as in Section 8.2. We look for a solution of the form wu(z,y) =
Y nen Xn(2)Yn(y), where each term X, ()Y, (y) is harmonic. Hence

0= A(Xn(2)Ya(y)) = X5 (2)Ya(y) + Xn ()Y, (y)

X// Yl/
e Xalo) o Y) g

Therefore we get the system of ODEs

{X;;(x) = M\ Xa(z), Xn(0) = X, (1) =0
Y (z) = A\ Ya(z),

from which we deduce the solution for X,

Xo(z) = A, sin(v/Az) 4 By cos(v/Anz) -

From X,,(0) = 0 we deduce B,, = 0 for all n € N, and from X,,(7) = 0 we have
A, = n? for all n € N. Hence we get X,,(x) = A, sin(nz) for all n € N.
On the other hand, the function Y, is given by

Y, (y) = C,sinh(ny) + D, sinh(n(y — m)) .

As a result, the general solution for the problem we are considering is

u(z,y) = Z sin(nx)[Cy, sinh(ny) + D,, sinh(n(y — m))].

n=1

Remark 8.4.2. Note that the general form would have the coefficient A, in front
of the term sin(nz). However we can absorb this constant inside C,, and D,
obtaining exactly the formula above.

From the condition u(z, ) = 0, we obtain C,, = 0 for all n € N*. Then, from
u(z,0) = 1, we have

1 =u(z,0) = Z sin(nz)[D,, sin(—nm)] = Z ay, sin(nx) ,

n=1

where we defined «,, := D,, sin(—n). As usual, we multiply both sides by sin(mz)
and we integrate over [0, 7], obtaining

T = T mT/2, ifm=
/ sin(mz) dz = Z ozn/ sin(mz) sin(nz) dz = /2, 1 men
0 el 0 0, ifm#n.
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Thus

am::gkéwmnﬁmmdx::g[—gfg&ﬁ}

™ ™ m

ﬂ_g{l—mdm@}

0, if m is even.

B {4/(7rm) , if m is odd

Therefore, since «,, = D,, sinh(—mm), we have

4

if m is odd
D,, = { mmsinh(—mmn)’ RS o
0, if m is even.
In conclusion, using that sinh(—mnr) = — sinh(mm), we get

[e.9]

_ o 4sin((2) + Da) sinh((25 4+ 1) (y — 7))
ulz.y) = =) 7(2j + 1) sinh((2) + 1)7) '

J=0

Example 8.4.3. Consider now the Laplace’s equation on R with Neumann bound-
ary conditions

Au=0, in R=1[0,n] x [0, ]
uy(z,m) =2 —7/2
u(0,y) = uy(m,y) = uy(z,0) =0.

Let us verify the necessary condition to solve elliptic Neumann problems, that is
Jop Ovu = 0. In our case we have

8R&,u:/07r<x—g) dx:O:/RAu,

as desired. Hence we can proceed looking for a solution via the method of separa-

tion of variables

neN
The harmonicity condition leads to

Xo(@) = =X Xa(z), X,(0) = X (7) =0
Y (x) = A\ Yo (x).
Therefore we obtain X,,(z) = cos(nz) and Y,,(y) = A,, cosh(ny)+ B,, cosh(n(y—m))
for all n € N. Then, the general solution is
u(z,y) = Z cos(nz)[A,, cosh(ny) + B, cosh(n(y — ))].

n=0
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8.5. Polar coordinates

Exploiting the boundary conditions to find A, and B, we get

uy(z,0) = Zcos(nx)Bnn sinh(—n7) = B, =0

0=
n=0
and
T — g = uy(z, nzg Ap,nsinh(nm) cos(nz) Z B cos(nz)

where 3, := A,nsinh(nm). By a similar computation as the one in the previous
example we get

4
———, if misodd
B = Tm?
0, if m is even, m # 0
4
———— , ifmis odd
— A, = mm3 sinh(mm)
0, if m is even, m # 0.

This yields to the solution

_ 4 N\~ deos((27 + 1)) cosh((2) + 1)y)
u(w.y) = Ao =3 (27 + 1)3sinh((2j + 1)7)

Remark 8.4.4. One could also have Dirichlet conditions on some parts of the bound-
ary and Neumann conditions on other parts of the boundary. In this case you need
to choose the right bases in terms of sin, cos and sinh, cosh.

8.5. Polar coordinates

It can be useful in applications, for example when the domain D has some radial
symmetry, to express the Laplace’s operator in polar coordinates. We define the
polar coordinates (r,0) via the relation

x =rcosf
y=rsinf.
Hence, any function u(x,y) can be expressed in polar coordinates via a function

w(r, @) such that w(r,0) = u(z(r,0),y(r,0)). Then the Laplacian in polar coordi-

nates reads
1 1

Au = Wy, + —W, + —wWep -
r r2
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Now assume that u is a harmonic function and that w only depends on the
variable 7, that is w = w(r), then

1
0=Au=w"(r)+=w'(r).
r

By defining v(r) := w/(r), we get v'(r) = —v(r)/r and thus

v'(r) 1 d _d B
v(r) = — 510g|v(r)| =3 logr <— log|v(r)| = 10g(?“)+0,

for some constant ¢ € R. Hence we obtain that w'(r) = v(r) = e°/r if v(r) > 0
and w'(r) = v(r) = —e°/r if v(r) < 0. Integrating with respect to r we get

w(r) ==+ “ds+ w(l) = ¢y log(r) + ca,
LS
with ¢; =e“ > 0if v(r) >0 and ¢; = —e* < 0 if v(r) < 0.
Then w(r) = c¢;log(r) + ¢ is a solution of Laplace’s equation for r > 0.
Since r = /22 + y?, this proves that u(z,y) = w(r) = ¢ log(v/22 +y?) + ca =
c1log(x? + y?)/2 + ¢y is harmonic on R? \ {(0,0)} for any ¢;,co € R.

8.6. Laplace’s equation in circular domains

We now consider Laplace’s equation on circular domains D = B, = {0 < r <
a,0 € [0,2x]}. For this problem we use the expression of the Laplacian in polar
coordinates

1
0=Au= Wy + —Wy + —2’11)99,
r T

where u(z(r,0),y(r,0)) = u(rcosf,rsinf) = w(r,d). We look for separated solu-
tions of the form

w(r,0) = R(r)©(0)
and obtain 1 1
0=R"(r)0(0) + ~R(r)6(0) + 0" () R(r)

r?R"(r) +rR(r) o)

RO el
Hence we have the ODEs system
r?R"(r) +rR (r) = AR(r)
0"(0) = —-\6(0), ©(0) =0(27),0'(0) = ©'(27) .
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8.6. Laplace’s equation in circular domains

Note that the conditions ©(0) = ©(27),0'(0) = ©'(27) come from the fact that
we want u to be a classical solution inside D, so it should be at least C2. Hence
we impose that © and ©' are periodic in [0, 27]. Observe that, since 0" = —\©
automatically also ©” is periodic. The solution for the second ODE is

©,(0) = A, cos(nb) + B, sin(nh) , neN.

For the first equation one can check that

Ro(r) Co+ Dologr, forn=20
’VLT =
Cpr™ 4+ Dpr~™, forn #0

gives the two parameter family of solutions. However the functions r=" and logr
are singular at 0 inside the domain D, so we discard them. Thus the general
solution is given by

CO+Z [A,, cos(nb) + By, sin(nh)] .

Remark 8.6.1. The same method as above can be applied to domains that are
discs, circles, rings or sectors of a circle/ring. However, in the cases where the
domain is only a sector of a disc or a ring, then © is not necessarily periodic
anymore. Moreover, in cases where the origin is not in the domain, we do not have
to discard the terms with »=" and logr.

Example 8.6.2. Let B; = {z*+y? < 1} be the unit disc in R?*. We want to solve
the following Dirichlet problem

Au=0, in B
u=1y?*, in0B.

Using polar coordinates and defining w(r,0) = u(r cos@,rsinf), we can rewrite
the problem as

1 1
Wy + —w, + —weg =0, (r,0) € (0,1) x (0,2m)
r r
1 1
w(l,0) = sin? 0 = 573 cos(20) .

As seen before, we then get that the general solution has the form

C’o—i-z [A,, cos(nf) + B, sin(nd)] .
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Imposing the boundary condition we have

11 - ,
375 cos(20) = w(1,0) = Cy + Z[A” cos(nf) + By, sin(nb)],

n=1

from which we deduce that Cy = 1/2, Ay = —1/2 and all the other coefficients are
zero. Thus, the final solution is

1 1 1
w(r, ) = 5 57’2 cos(20) = u(z,y) = 5(1 — % —y?).

Example 8.6.3. Let us consider the problem

Au =0, on D={(z,y) eR? : 1< /z2+y? <2}
u(z,y) = 3x/2, on {2’ +y* =2}
u(@,y) =y, on {2’ +y* =1}.

In polar coordinates this problem reads as

1 1
Wy + —w, + —weg =0, in D={re[l,2],0€[0,2m)}
r r

w(2,0) = 3cosd
w(1,0) =sin.

If we write w(r, ) = R(r)©(0), the ODEs for R and © are the same as before, but
now the boundary conditions for R have changed. The general solution is

w(r,0) = E+ Flogr +

+ Z[Anr” cos(nf) + B,r"sin(nf) + C,r " cos(nb) + D,,r~" sin(nd)] .

n=1

Using the boundary condition w(1,6) = sinf, we have
sinf =w(1,0) =E+ Y [(A, + C,) cos(nf) + (B, + D,)sin(nf)]
n=1

which implies ¥ =0, Bi+ D,y =1, B,+ D, =0foralln>2and A,+C, =0
for all n > 1. By the condition w(2,6) = 3 cosd, we have
3cosf =w(2,0) = E+ Flog(2) +

+ i[(Q”An +27"C,) cos(nb) + (2" B, + 27" D,,) sin(nd)] .

n=1
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This implies that E+F'log(2) = 0, 2"B,+27"D,, = 0foralln > 1,24, +C,/2 = 3,
2"A, +27"C,, = 0 for all n > 2. Combining all these information we get

E=0E+Flog2)=0 = E=F=0

1
A1+01:0,2A1—|—501:3:>A1:2,01:—2

1 1 4
BI+D1:1;2BI+§D1:0:>Blz_§7D1:§7
and for n > 2

A,+B,=02"4,+2""C,, =0 = A,=C,=0
B,+D,=02"B,+2"D,=0 — B,=D,=0.

This proves that
w(r,0) :2rcos¢9—§rsm9—2r COS(9+§7’ sinf .

Example 8.6.4. Let us now consider Laplace’s equation on an annular sector of
angle v € (0,27) and radii 1 and 2, i.e., D = {(r,0) : r € (1,2),0 € (0,7)}. To
solve such problem we rely on the formula for the Laplacian in polar coordinates
and on the method of separation of variables. Assume that w is prescribed on
0D and that w(r,0) = w(r,y) = 0 for all r € (1,2). If we look for solutions
of the form w(r,0) = R(r)O(f), to enforce these boundary conditions we impose
O(0) = O(y) = 0. Hence we have

0,(6) = A, sin <T9> .
v

Then, the ODE for R,, becomes
R (r) +rR. (r) — \yRn(r) =0,
where )\, = (nm/7)2. Looking for solutions of the form 7%, we get
O=afa—D4+a—-A=0>—X, = a=+\,.

Hence R, (r) = C,r™/7 4+ D,r~""/7 and the general solution in this case is given

by
w(r,0) = Z Ay, sin <T9) "™ 4+ B, sin (EG) /Y
n=1 Y v

and the coefficients A, and B, are found expanding the boundary conditions
w(1,0) and w(2,#) over the interval § € [0, y] using the Fourier basis {sin(n76/v)}.
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Remark 8.6.5. If the sector is D = {(r,6) : r €[0,2),0 € (0,v)} with boundary
conditions w(r,0) = w(r,y) = 0 for all r € (0,2), then the general solution is of

the form .
w(r,0) = ZA” sin (Te) vl
8
n=1

since the negative powers of r are singular at the origin and should be discarded.

8.7. A ‘“real life” example

Consider a pair of infinite, grounded conducting sheets separated at distance d.
Suppose that there is a conductor connecting the two metal sheets held at position
Upsin(2mz/d). We want to understand what is the potential between the plates.

Y

Uy sin(Q—Wx)

Figure 8.4: Configuration of the conductor between two plates.

We know that the electric potential satisfies Laplace’s equation in the region be-
tween plates (since there is no charge in there). Therefore we want to solve the
following Dirichlet problem

Au=0, in (0,d) x R*

u(z,0) = Upsin(2rx/d),

u(0,y) =u(d,y) =0.
Note that there is an additional implicit boundary condition: we would like the
potential to go to zero in the “open” spatial direction, that in formulas translates

to
lim u(z,y) =0. (8.7.1)

Yy—00
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8.7. A ‘real life” example

Let us suppose that u(z,y) = >, .y Xn(2)Y,(y), with X, (2)Y,(y) harmonic
for all n € N. This leads to the ODEs

X"(2) = ~MXn(@), Xn(0) = Xp(d) =0
Y (y) = AaYa(y) -

The solution to the first ODE is

2
Xn(z) = Ay sin(\/ A\2) with A\, = <%T> for all n € N.
On the other hand the solution to the second ODE is

Yo(y) = Cy sinh(\/)\_ny) + D, COSh(\/A_ny) :

By condition (8.7.1), we deduce

VAnY _ =V Any VAny —VAny
lim One e n Dne +e _
y—00 2 2
Cn Dn / Dn - Cn —/
= hm L e Any + — ] € Any = 0 .
Y—00 2 2

Therefore we have that C,, + D,, = 0 for all n € N. Hence

Yo (y) = Da(cosh(yv/A\wy) — sinh(v/Auy)) = D"e Y

and the general solution is given by

u(z,y) = ZA” sin (%x) e/

neN

By the condition u(z,0) = Ujsin(2rz/d), we deduce that A, = 0 for all n # 2
and the final solution is

2
u(z,y) = Upsin (%x) e~ 2mv/d
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