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Exercise 12.1. &
(a) The value of the limit
lim (1 + £>n e ™dx
n—oo 0 n
is
Ao B&H v (OF  OL
(b) Is the following equality true?
(R 1 2
lim en dr = / lim e~ dz.
0 0

n—0o0 n—o0

Solution: Yes, because the functions converge even uniformly.

(c) The value of the limit

(A)o. v (B) 1. (C) 4o0. (D) 2.

(d) Consider the following statements:

(i) If f € LP([0,1]) for all p € (1,00), then f € L>([0,1]).

(i) If 1 < p < ¢ < 400, then LI([1,00)) C LP([1,00)).
Which of them are true?

(A) Both (i) and (ii).

(B) (i) but not (ii).

(C) (ii) but not (i).

(D) Neither (i) nor (ii). v/

Solution: Both statements are false. For the first one, consider f(z) = Inz, and for the second
one, the function g(z) = 27" belongs to LI([1,00)) but not to LP([1,00)) if % <r< ]%.

Exercise 12.2.
Evaluate

Z/Q (1—\/sinx)ncosxdx.
n=0 0
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Solution: Since the integrands are nonnegative, by the Monotone Convergence applied to series,
we can exchange the sum and the integral:

Z/Q (1—\/sinx)ncosxdx:/2 Z (1—\/sin:p)ncosxd:c.
n=0 0 0 n=0

For x # 0 (which we can ignore), n only appears in a geometric series of ratio 1 — v/sinz € (0, 1),
so the pointwise sum equals

o0 n 1
Z(l—\/sinaj) cosT = cosxzco_i.
n=0 1-— <1 — +/sin x) Vsin x

This function has as a primitive 2v/sinx. Therefore the solution is

i/Q (1 — \/sinm)ncosxdx = [2\/sinx}§ = 2.
n=0 0

Exercise 12.3.
Let 1 < p < co. Show that if ¢ € LP(R") and ¢ is uniformly continuous, then

lim ¢(z)=0.

|z|—o00

Solution: Suppose, by contradiction, that there is ¢ > 0 and a sequence {zj} with |zg| — oo
and |p(zx)| > €. Then by uniform continuity, there is 6 > 0 such that for every x € Bs(xy) we
have |p(z) — ¢(zr)| < /2, which implies that |@(x)| > €/2. Since |zi| — oo, we can pass to
a subsequence {wy;} with |zg,| > |z, | + 20. This implies in particular that for any j # j’,
| @k, — @k, | > 20, so that the balls Bs(zk,;) and Bs(xy,) are disjoint. Thus we get the following
lower bound which shows that ¢ ¢ LP(R"):

o(@)P do > / (@) do > /
/R" ; Bs(x;) ; Bs(

| (%)p dxr = 400 O

T .
k]

Exercise 12.4.
Let 1 be a Radon measure on R" and 2 C R™ a py-measurable set.
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(a) (Generalized Hélder inequality) Consider 1 < py,...,pr < oo such that 2 = ZZ 15 L <.
Show that, given functions f; € LPi(Q, u) for i = 1,..., k, it holds Hle fie L7(Q, ) and

k
< [Tl
Lr i=1

Solution: We can suppose that all p; are finite, since it is easy to deal with p; = oo directly. We
will prove the statement by induction. For k = 1 there is nothing to prove. For the induction step

k—1 — k, we know that % - i = p}’;];f = Z;‘:ll p%. By the induction hypothesis, we have that

PET
H;:ll fj € LPe=(Q, p) together with the estimate

k—1

k—1
11+ < Tl s -
LT =1

j:1 LPE—T

Now we apply Holder’s inequality to the functions g1 = Hf;ll |f;j|” and g2 = | fx|", with exponents

pf b and P& respectively:

k k—1
[T < ([ TLmr (/ )"
2\ szl
= Hfa el < HHfJHLpJ [l -
p
LT =
This yields || Hle filler < Hle Il fillLri, as we wanted to show. O

(b) Prove that, if (£2) < 400, then L*(Q, ) € L"(Q, u) for all 1 <r < s < +o0.
L

Solution: Fix 1 < r < s < 400 and define p = rs/(s — r), for which it holds 1 + s o= =
If u(2) < +oo, then g = 1 € LP(Q,u), hence we can apply part (a) and obtain that for all
fel™(Qu), f=f-1€L"(Q,u), which proves the desired inclusion.

(c) Show that the inclusion in part (b) is strict for all 1 <r < s < 4o00.
Solution: For all 1 < r < +o00, consider the function f: (0,1/2) — R given by

1 -1
flx) = <log2 () a:l/r> .
T
Note that f € L" since

1/2 1 —r 1/2 1 -1
/ (log2 <> xl/r> dz = lim (logQT () x)
0 X e—0 e X

| . 1/2
— il_rf(l) |:(2?" — 1) 10g2r1(1/33):| . (27« — 1) 10g2r—1(2).
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On the other hand f ¢ L® for all s > r: in this case we can choose 0 < t < % — % and estimate
log? (%) < Cz~t with a constant C' > 0. Then follows

1 -1
2 - 1/"" > - ti'r‘
(log (ﬂf) ! > =c”

with s (t — %) < —1, which is not integrable. O

=

Exercise 12.5. %

Let p be a Radon measure on R™ and (2 C R" a p-measurable set with () < +o00. Consider
a function f: Q — R such that fg € L*(Q, ) for all g € LP(, ). Prove that f € LI(, u)
for all ¢ € [1,p'), where p' = 1% is the conjugate of p.

Solution: First note that, taking g = 1 € LP(Q, 1), we get that f € L'(Q, ). Hence we can
consider the function g = |f|'/? € LP(Q, 1) and we get that |f|'T1/? € L*(Q, ). Therefore we can
choose g = |f|/PT1/P* € LP(), p) and get that | f|1H/PH/P* € LY(Q, p).

Repeating again the same argument by induction, we get that | f|P» € L1(2, u) for all n € N, where
pp =1+ % + e+ # = 1_11_/{3;;1. In particular we have that f € LP»(, u) for all n € N, which

implies that f € L1(Q, u) for all 1 < ¢ < p,, by Exercise 12.4 (b). Now note that p, — p’ as n — oo,
thus f € LI(Q, pu) for all 1 < g < p', as desired. O

Exercise 12.6.
Let u be a Radon measure on R" and €2 C R™ a u-measurable set.

(a) Show that any f € (o LP(2, i) with sup,en- || fl|rr < +o0 lies in L(Q, ).
Hint: Tchebychev’s inequality.

Solution: Let C' = sup,en-| f|z» and € > 0. Using Tchebychev’ inequality, we have:
1
>C = P> (C Py < —— Pd
W12 C ) = ulIFP = € + PN < oy [ 1P

C \?
S(C’—i—s) =0, asp— 0.

Hence pu({|f| > C +¢) = 0 and we deduce f € L. Since € > 0 was arbitrary, by

p({1f1 > CY) = p(Unen{|f| = C+1/n}) < p({|f| = C+1/n}) =0

neN
we conclude || ||z~ < C. O]

(b) % Show that if u(Q2) < +oo, then for any f as in part (a) we have that ||f||~ =

hm ||f||Lp.
pP—00
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Solution: Choose a sequence (pg)ken such that limy_,o0 || f||px = liminf, ;|| f||z» and let € > 0.
Take ko, such that || f||zer < liminf, .|| f||z» +€ for k > ko. Analogous to (a), it follows || f| p~ <
liminf, o || f|lzr + € and by letting € | 0, we deduce || f||zee < liminf, o0 || f||Le-

For the opposite bound, choose a sequence (pg)ren With limy ool fl[zee = limsup, .|| fllzr. For

q > p, we have || f||9, < ||fII0s]|f|32. Take p > 1 and ko € N, such that py > p for k > ko. It
follows

ka
Hme<HfH HfHL e koo Lo || fllpee-

As a result, we see limsup,, , || f|lo» = limg oo |[ fl[zrr < [|f][zoo. Thus the limit is established. [

Exercise 12.7.
Let (2pm) (n,myenz C [0, +00] be a sequence parametrized by N?. Show that

0o oo 00 oo
§ Tnm = E § Tpm = E § LTn,m-

(n,m)EN? n=0 m=0 m=0 n=0

Remark. Given a sequence (x4)aeca C [0, +00] parametrized by an arbitrary set A, we define

Zxa ‘= sup Zwa.

ey F C A finite el

Solution: We show that }7, enz Tnm = Y o 0> Tnm, then the other equality follows
analogously. Let F' C N2 be any finite set, then there exists N € N such that F' C {0,1,..., N} x
{0,1,..., N}. Hence we get that

YDIESED ) SERNES 3) pEo

(n,m)eF n=0m=0 n=0m=0

Taking the supremum over all F' C N2, we thus get that Z(n,m)GNQ Tnm < Y ontg Pore—o Tnm- Let us

now prove the reversed inequality. It is sufficient to show that Zfz\[:o > o Tnm < Z(n m)eN2 Tn,m
for all N € N. Note that

N oo N M
§ § Tnm = JWlll)noo § § Tnm = ]\/}gnoo § Tnm < § Tn,m,

n=0m=0 n=0m=0 (n,m)€{0,...,N}x{0,...,M} (n,m)€eN2

which concludes the proof. O
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