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Exercise 13.1. &
(a) The value of the limit

(A) 0. B vV (O (D) 4oc.

Solution: This follows from Dominated Convergence by using the dominating function e=2%/3

which is summable on (0, 00). More precisely, we need to show that

(1 - %)kX[o,k}(fv) <e™®

For k < x this is trivial; for k > z, since 1 —x/k > 0, we may take both sides to the power 1/k and
use the change of variable y = z/k, so the inequality to prove becomes 1 —y < e~ ¥, which is well
known. Then we can pass to the limit under the integral and obtain

k k 00 k 0 0
lim <1 — E) /3 dy = / lim (1 — E) /3 dy = / e . et/ dy = / e 2%/3 gy — §
k—o0 0 k/' 0 k—o0 k’ 0 0 2

(b) The value of the limit

lim n/wﬂdx
0 ;/I:

18

Solution: Write the integrals as

> 1
n(@)——d
where we have used (/)
sin(z/n
Sy

and notice that |f,(z)| <1 for every = € (0,00). Moreover observe that f,(z) — 1 as n — oo for
every = € (0,00). Hence we may apply Dominated Convergence and deduce

! /Oof()ld /wlld fan(o0) — arctan(0) =
1m XT)—= axr = X = arctan(oco) — arctan = —.
n—oo fq " 1+ 22 0 1+ 22 2

(c) Let f, € L*(0,1) N L?(0,1) for n = 1,2,3, ... and consider the following statements:

(i) If || fullzr — O, then || f,||z2 — O.
(ii) If || fullzz — 0, then || f,||z: — O.

Which of them are true?
(A) Both (i) and (ii).
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(B) (i) but not (ii).
(C) (i) but not (i). v/
(D) Neither (i) nor (ii).

Solution: A counterexample to (i) is given by f, = nX(0,1/n2), Which converges to zero in L' but
has L2 norm || f,||z2 = 1 for all n. On the other hand, (ii) is true thanks to the Hélder inequality.

(d) Ts it true that a sequence of functions in L'(0,1) converging in measure also converges
in the L' norm?

Solution: No, consider for example f,, = nx(o,1/n), Which converge to zero in measure but whose
L' norm is 1 for all n.

Exercise 13.2.
Consider the functions

fn(x) - \/EX[log(n),log(nJrl)] (f)
defined on (0, c0). Determine the values of p € [1, +00] such that f, — 0 in L? as n — oc.

Solution: The suprema of these functions clearly diverges, so it is enough to consider p < co. We
compute the norm of f,:

00 1/p n41\Y?
[ fnllze = < /U vn? Xuog(n),log(n+1)]> = <np/ 2 log >

n

Recall that limy,_,~ nlog (1 + %) = 1. Thus we may rearrange the above expression as

1 1/p
I fllze = <np/2—1 nlog n + ) '

Now it is clear that for p < 2 the first factor goes to zero, and for p > 2 it is bounded below, while
the second factor converges to 1. Therefore we have convergence in LP precisely for p € [1,2). [

Exercise 13.3.
Let f € LP(R,\), where A is the Lebesgue measure. By means of Fubini’s Theorem, show
that the following equality holds:

/R @)Pdz = p / Tz e R: (@) = v)) dy.

Hint: |f(x)P = f0|f(x)| pyP~dy.
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Solution: It is easy to see that |f(x)|P = fo‘f (@) pyP~1dy. Therefore, using Fubini’s Theorem in
the second line (to change the order of integration), we get

/(@)
/le(x)\pdw— /R </0 pypldy) dm—p/R (/Ry“X[oJf(x)H(y)dy) da

- p/R (/R X{(zy)eR2:0<y<I (@)1} (T ¥) dﬂ:) Y ldy
—p/RA({m ER:[f(2)] = y})X[0,100) (W)Y dy

p/ooo P IN{z € R:[f(x)] > y})dy. 0

Exercise 13.4.
Define the function f : [0,1]* — R as

y 2 f0<z<y<l,
flr,y) =< —a72 f0<y<a<l,
0 otherwise.

Is this function summable with respect to the Lebesgue measure?

Solution: We want to prove that f is not summable. Suppose it were summable. Then, we could
change the order of integration thanks to Fubini’s Theorem. However, this leads to a contradiction

11 1 v 1 1
/ / f($,y)dxdy:/ </ 2d:n—/ 2d$> dy=1
0 Jo 0 oY y L
1,1 1 = q 1
/ / f(x,y)dydx:/ </ —2dy+/ 2dy> der=—1. O
0 Jo 0 o 7T z Y

since

and

Exercise 13.5.
Let 1 < p < 400 and f € LP(R™) and, for all h € R™, consider the function 7,: R — R"
given by 7,(x) = x + h. Show that

\forn— fllee» = 0 as h — 0.

Hint: use the density of continuous and compactly supported functions in LP (Theorem
3.7.15 in the Lecture Notes).
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Solution: Fix ¢ > 0, then by Theorem 3.7.15 there exists g € C2(R") such that || f — g||z» < &/3.
Define the compact set K = {z € R" | d(z,supp(g)) < 1}, then for |h| < 1 we have

lg o — gll% = / gz + h) — g@)Pdz < LK) sup |g(x) — g(y)].
K lz—y|<h

Therefore, using that ¢ is uniformly continuous, there exists r > 0 such that ||g o7, — gl|zr < /3
for all |h| < r. Hence, for all |h| < r, we have

Nfomn—fllr <||foth—gomlr + lgoTh —gllze + |lg — fllzr <&,

which proves what we wanted by arbitrariness of ¢. ]

Exercise 13.6. %
We say that a family (¢. )0 of functions in L'(R™) is an approzimate identity if:

1. . >0 and [p, ¢-(x)dz =1 for all £ > 0;
2. for all 0 > 0 we have that [ 5 ¢-(z)dz — 0 ase — 0.

(a) Given ¢ € L'(R™) such that ¢ > 0 and [, ¢(x)dz = 1, define p.(z) = e "p(e"'z) for
all € > 0. Show that (¢).~0 is an approximate identity.
Solution: Obviously we have that ¢. > 0. Moreover

| etz = [ o anemde= [ oty =1,

where we made the change of variable y = ¢~z and we used the fact that £ (e 1A) = e "L"(A)
for all £"-measurable sets A. Fix now ¢ > 0, using the same change of variable we get

/ pe()d = / (e (2))e M dx = / o(y)dy,
{|z|>6} {|z|>6} {ly|>e—16}

which converges to 0 by the Dominated Convergence Theorem, since the functions oxyj,|><-15}
converge pointwise to zero almost everywhere and are dominated by the L£™-summable function
. O

Let (¢c)eso € L' (R™) be an approximate identity. Show that the following statements hold.

(b) If f € L*>°(R™) is continuous at xy € R™, then fx*. is continuous and ( f*y.)(xg) — f(xo)
as e — 0F.

Solution: Let us first prove that f x ¢, is continuous. Note that, for all h € R™, we have
(fxpe)(x+h) = A fW)pe(z +h —y)dy = A fW)(peom)(@ —y)dy = (f = (pe 0 7))().

Hence, applying Corollary 4.4.6 (ii) to the functions f € L>°(R") and ¢. o1, — . € L*(R"), we get

|(f # @) (@ + h) = (f + @) (@)| = [(f * (e 0 Th — ) (@) < [ flloellpe 0 Th — @ellir,
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which converges to 0 as h — 0 thanks to Exercise 13.5. This proves that f x ¢. is continuous.

Given 0 > 0, by continuity of f at x¢, there exists r > 0 such that |f(zo —y) — f(x0)| < ¢ for all
ly| < r. Hence, using that [, p. = 1, we get

(@) = f@o) < [ [Fao =1) = Flao)lpelu)dy
o
_ /{ o= = Sy + / o — ) — Flao)low(u)dy

{lyl=r}

§5+2Hf||L°°/ ee(y)dy.

{yl>r}

The RHS can be made smaller than 26 by the second property of an approximation of the identity.
This concludes the proof by arbitrariness of é. O
(c) If f € L>®(R™) is uniformly continuous, then f * ¢, L% fase — 0F.

Solution: The solution works the same as the one of part (b) using that, given ¢ > 0, there exists
r > 0 such that |f(x —y) — f(x)| < for all |y| < r, where r does not depend on z. O
(d) If1<p<+oc0 andeLp(R"),thenf*goaifass—ﬂ)*.

Hint: use Holder’s inequality and keep in mind Exercise 13.5 and part (b).

Solution: First note that, by Corollary 4.4.6 (ii), f * ¢. € LP(R™). Now, using that [p, ¢ =1
and Holder inequality, we get

p

(Fre@ ~ F@P <| [ (7 =1) = @)ealw)iy

[ =) = SN ot |

< < Rnlf (x—y)—f (x)psos(y)dy> </]Rn %(y)dy> "
— Rn\f(x —y) — f(@)Poe(v)dy.

Then we integrate over R™ and use Tonelli’s theorem to get
[1usea@ - s@pas< [ [ |f@-y) - fa)Peawdyds
R™ R JRn
= [ ot ([ 1f@=n - s@pac) dy= [ eulsor, - it
R R R

Now denote by g: R™ — [0, +00) the function g(y) = ||f o 7—y — f|;,. Observe that, by Exercise
13.5, the function g is continuous at 0. Moreover g(y) < 2P| f||" ,, hence g € L*>°(R"). Therefore we
can use part (b) to obtain that (g * ¢.)(0) — ¢g(0) = 0 as € — 0. However note that this concludes

the proof since fRn we(Y)||foT—y — inpdy = (g *¢:)(0). O

Exercise 13.7.
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Compute the following limits:

(@ 1
1
lim —nr dz.
n—oo Jo (1 +z)"

Solution: It is clear that the constant function 1, which is summable on [0,1], dominates the
sequence. Moreover, for all x > 0 the integrand tends to 0 as n — oco. Therefore, by the dominated
convergence theorem,

1 1 1
1 1
lim —i_nxdx:/ lim —i_mcd:p—/ 0dx = 0. O
" o oo (1+x)" 0

(b)

, U zlogax
lim —_—
n—oo Jg 1 -+ n2x2

Solution: The integrand is clearly bounded above by the function z|log x|, which is bounded on
(0,1) and therefore summable. Moreover, the sequence of integrands tends to 0 away from x = 0.
Therefore, as above, the limit of the integrals is 0. O

Exercise 13.8.
Let I =[0,1] and consider the function

;7 1fy 7£ <,
filP =000, flz,y,2):=q VI
00, ify=z.
Show that f € LY(I3, L?).

Solution: Note that f > 0 and that f is continuous outside the closed set {y = z}. This shows
that f is Lebesgue-measurable. This allows us to apply Tonelli’s theorem twice:

[ fen2at @) —/(/ J (@9, )ALy, ))dﬁ( )
_ /1 ( /I < /I f(a:,y,z)d.cl(y)> d£1(2)> dL)(z).

Now we compute the inner integral for z, z fixed:
Sy e = [ ')
/f Nz} Y/ \y — 2|

1 L |
- | A=+ [ =act
= [-2vz—y] ‘ZZ) + [2vy — 7] v=1

y=z
=2V/z+2V1 -z
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Therefore for each x € I we have
[ @y actwn) = [2ver2vi=zacte) -
I2 I

and finally we get

/f:cy, V) dL3 (2, y, 2) /fa:y, )Lz, . 2) /dﬁl

which shows that f € L'(I3,L3). O

Exercise 13.9. %
The goal of this exercise is to construct an £!'-measurable set A C [0, 1] with the property
that both

L'UNA)>0 and LY U\ A) >0 (%)
for every nonempty open subset U C [0, 1].
(a) Show that it is enough to check (x) for dyadic intervals U, that is, for sets U of the form
U= (m277,(m+1)277) with integers j > 1 and 0 < m < 27.
Solution: Let U be an arbitrary nonempty open set in [0,1]. Then it contains a dyadic interval

I = (m279,(m+1)277), so that

LYUNA)>LYINA) >0 and L£YU\A)>LY I\ A >o0. O

The idea of the proof will be to modify iteratively our set by small amounts, so that its
measure in all dyadic intervals of smaller and smaller sizes is controlled from above and
below. This is the main construction that we will need in the iteration:

(b) Show that given any measurable set E C [0, 1], any integer & > 1 and any real number
0 < B < 27%*D one can find a measurable set B C [0, 1] such that

LY(m27F (m+1)27")NB) >4 and L'((m27*, (m+1)27%)\ B) > (1)

form=0,1,...,2¥ — 1, and
LYE A B) <2k8. (2)

Solution: We will modify the set E in each of the intervals I,, :== (m27% (m + 1)27%) by adding
or subtracting to it a set of measure at most 3, depending on whether \,, := £!(I,, N E) is too
large or too small.

More precisely, for each m € {0, 1,...,2¥—1}, we construct a set B,, C I, with L} (B, A(ENI,)) <
[ satisfying for the corresponding m. In order to do that, we distinguish three cases:
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o If LY(I,,\ E) =27% — A\, < B (“E is too large”), this means that 27% — 8 < \,,, so using
Exercise 3.1 we can find a measurable set B,, C I,, N E with El(Bm) =927k _ 8. Then
LI\ Bm) = B, LY(I,, N Bp) =27% — 3> B, and also

LY, N (EABy)) =LYI,NE\By) =L'I,NE)— LY(B,)
:)‘m*(Q_k*B)ZIB*(Q_k*)‘WJ <pB.
o If LY(I,, N E) < B (“E is too small”) we argue similarly but with the complement of E.
e If none of the above strict inequalities holds, then we can take B,, = I,, N E.

Finally choosing B := By U --- U Byx_; the two properties and are easily satisfied. O

Let us now fix a sequence of positive real numbers 31, 3, . . . satisfying the following condition:
VE>1 270D > g s of g 4 22 1 25 EB a (C)

We construct inductively using part (b) a sequence of measurable sets Ag, Ay, As, ... C [0, 1]
with Ay = @ satisfying the following two properties:

LY(m27% (m+1)27")NA) > 6, and LY ((m27F, (m+1)27%)\ 4) > B

form=0,1,...,2% — 1, and
LA DN Ay) <256y

(c) Show that there exists a measurable set A C [0, 1] such that £L'(A; a A) = 0 as k — oo.
Hint: Use the completeness of L!.

Solution: Let fi := xa, and observe that | f; — fellpr = L£LY(A; & Ax). We claim that this is a
Cauchy sequence: for j < k,

15 = felloe < 5 = fiwalloe + 1 f51 = fieallo + -+ [ fom1 = frllz
=LY AN A ) + LY Aj A Ajio) 4+ -+ LY (A A Ay)
<P B+ 2 B0+ -+ 255,

oo
<Y 25
=j+1

because the sum is finite, thanks to condition (C) with k = 1. Thus {f;} converges in L' to a
measurable function f by the completeness of L!(]0,1]). In particular, a subsequence [fk; converges
pointwise to f almost everywhere, thus f can only take the values 0 and 1 and hence can be written
as f = x4 for a measurable set A. Finally

LYAp A A) = || fx — fll 2225 0. 0

(d) Show that (x) holds for this set A and any dyadic interval U.
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Solution: Let U = (m2~%, (m + 1)27%) and consider j > k. Then
LYUNA)) > LYUNA) — LY A A A))
> El(UﬂAk) — (El(Ak AN Apypr)+- El(Aj_1 AAj))
> B — (2k+1ﬁk+1 +-+ 2j5j) :

(These computations are just the application of the triangle inequality to x4,.) Letting j — oo the
left hand side converges to £L'(U N A), so using condition (C) we get

LHUNA) = B = (27 By + 2B+ ) > 0,

The same argument applied to the complement of A shows the second inequality. ]
(e) To complete the proof, show that if we choose g = 23" then condition (C) holds.

Solution: Clearly 2-3" < 2=(k+1) for k > 1. For the second inequality of (C), we claim that
ok+i . 9=3"7 ~ 9-3"=j This shows the inequality:

[e.9] o0

S okt 97 o i 2730 = 97 N 97 = 97,

j=1 7j=1 j=1

The claim follows by a simple argument: k + j — 3*t/ < —3%F — j «— k4 2j + 3% < 3k*J clearly
holds for j = 1 and every k > 1, and for higher values of j it follows by induction. O
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