D-MATH Complex Analysis ETH Ziirich
Prof. Dr. O. Imamoglu Mock Exam — Solutions HS 2023

1. Multiple choice Only one correct answer each question.

(a) In which open set is the following power series defining an holomorphic function?

400 eini?m .
T;QnQ—kl/n!Z '
OH{zeC:-1/2<3(2) <1/2}. ® {-:cC:|z|] <1}
O C. O{zeC:1<|z| <2}

SOL: We compute the radius of convergence p of the power series as

1 , 2n? + 1/n! B 2n?

p = lim = HEE;’M

= 1.
n—+ool2(n+1)2+1/(n+1)!

(b) Which of the following functions is not meromorphic?

O sin(z). O @
3

O #m: ® sin(1/z).

SOL: The point z = 0 is an essential singularity of sin(1/z), and hence this function
cannot be meromorphic.

(c) Which © C C it is not biholomorphic to the unit disk D = {z € C: |z| < 1}?
O Q={zeC:R(z) > 0}. O Q={z€C:|z| <R(2)*+1}.
O Q=C\{0}. e O=C.
SOL: This is not possible by Liouville’s Theorem: if f : C — D is holomorphic, then
|f(2)| <1 forall z € C, and hence f has to be a constant.
(d) Consider the singularity of f(z) = % in z = zy = 7. Then, z is
@ a pole of order 2022. (O a removable singularity.
(O a pole of order 2023. (O an essential singularity.

SOL: Taking advantage of the Tayolor series of sin(z) and cos(1/z) in m we get that

sin(z) cos(1/z)
(7 — 2)2023

= (7 —2) (2 = 1)+ O((z — 7)) (cos(1/7) + O(z — 7))
= —cos(1/7) (7 — 2) 7222 4+ O((z — m)~2).
Hence, the pole is of order 2022.
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(e) Let D:={z € C:|z] <1}, and f : D — C holomorphic. Which assertion does
not imply that f is constant?

O 1) < |£(i/4)| for all = € D. ® /(0)=0, f/(0) =0,
O f(1/(2n)) =1, for all n € N. O Jiz1=1/2 % dz =0 for all £ € N.

SOL: Consider for instance f(z) = 2%

(f) Let log be the principal branch of the logarithm, and ~ the positively oriented
arc {e : t € [0,7/2]}. What is the value of

/log(z2)dz

.

equal to?
O 2. O n+2—i.
O m—2+2. ®2 2

SOL: We compute

/2 ) ) /2 )
/ log(2%) dz = / log(e**)ie™ dt = —/ et dt =2 — 2i — 7.
v 0 0
(g) How many zeros has the polynomial p(z) = 2° + 5z — 7 inside the annulus
{zeC:1< 2| <2}?
O 2. e 4
O 3. O 5.
SOL: We apply Rouché Theorem first for |z| = 1:
52| =5 >7m+1>|2° — |,
and after for |z| = 2:
|2°| =32 > 10+ 7 > |5z — 7.

The number of zeros in the annulus are then 5 — 1 = 4.
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2. Open question Consider the meromorphic function

sin(mz)

f(z):m-

(a) Find the zeros of f and their order.
SOL: The zeros of sin(rz) are exactly z = k € Z. When k # 0, f(k) = 0, and the

order of this zero is one since
mcos(mk)k(k* 4+ 1)
(k(k*+1))2

The value k£ = 0 however is not a zero of f, but a removable singularity: in fact notice
that

f'(k) = 7# 0.

(b) Find the poles of f and their order.

SOL: As we showed in the previous point, z = 0 is not a pole, but a removable
singularity. The poles of f are at 2 = ¢ and z = —i. They are of order one since
(z+1)=(z—1)(z +1), and the limits lim, ,;(z — 7) f(2) and lim,_,_;(z + ¢) f(2) are
finite.

(c) Compute the integral

Lfdz,

when 7 is the circle of radius 3 centered in ¢ positively oriented.
SOL: We first compute the residues of f at ¢ and —i:

res;(f) =lim(z —4)f(2) = —Sin(m) res_;(f) = lim (z +1i)f(2) = sin(m).

Z—1 2 ’ z2——1 2

Since both poles are in the interior of v, by the residue theorem

Afdz = res;(f) + res_;(f) = 0.

3. Open question Compute the following real integral

—— 2 dt.
N |

/+°° cos(v/2t)
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Hint: Write this as a complex integral, and consider a contour parametrizing the
boundary a half disc.

SOL: Let R > 1 be fixed, and define v to be the curve parametrizing the boundary
of the half disc {z € C: |z| < R,J(z) > 0} with positive orientation, and Ag the arc
{Re : 0 € (0,7)}. We notice that

/+Rcos(\/§t) dt:%<L ¢iv2z dZ—/A iV dz).

R tt4+1 r2t+1 r2t+1

We treat the two integrals in the right hand side separately: first of all notice that

- ei\/iRew Riew
0 R4€4i0 +1

Rﬂ- \/iR 6
< (2 e .
| < (RY*—1) 912[31};]]6 |

elﬁz |

R Y
/AR24+1 N

Notice now that

|ei\/§Rei9| _ |ei\/§R(cos(0)+iSin(0))| _ |e—\/§RSin(9)| < 1’

for 6 € [0, 7]. This proves that
/ c dz
Ag 24+ 1

We compute the second integral via the Residue Theorem: notice that vz contains

24\:1: namely (217 z2) ((1 + Z)/\/i <_1 + 2)/\/5)

Rr
< -
- RE)IEOO R —1 =0

lim

R—+o00

two poles of order one of f(z) =
Their residues are

(1+1d)e!
res,, f = ——F——,
v Vi
and
(1 —d)e i1
res,, f = ————.
f NG
Hence,

/ cos(v/22)

Ay dz = 2mi (resz1 | +res,, f>

v

= 2\/§(<1 —i)e T = (1+ z’)a“)
\/_e (sin(1) + cos(1)).
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This proves that

/+<>° cos(v/2t) gt — /+R cos( \/_t
R+oo

—o P41 tt+1
(sin(1) + cos(1)).

%(\/_e(sm( )+cos(1))>
\/_e

4. Open question Let f: C — C holomorphic and injective, with f(0) =

(a) Show that for every r > 0 there exists € > 0 such that |f(z)| > ¢ for every z € C
satisfying |z| > r.

SOL: For p > 0, we denote B, := {z € C : |z] < p}. Now, let r > 0. By the Open
Mapping Theorem f(B,) is open and contains the origin since f(0) = 0. Therefore,
there exists a neighbourhood of the origin in the form B, C f(B,) for some ¢ > 0
small enough. Let now z € C\ B,, that is |z| > r. Since f is injective, f(2) & f(B,),
so in particular f(z) ¢ B., proving that |f(z)| > € as wished.

(b) Show that the singularity at zero of the function

7:C\{0} =+ T, ga)i=£(2),

is a pole.

SOL: We have to prove that zero is neither an essential singularity, nor a removable
singularity of f. Suppose by contradiction that zero is an essential singularity of
g. Then, by Casorati-Weierstrass for every p > 0, g(B, \ {0}) is dense in C. This
contradicts part (a) taking r = 1/p since there exists € > 0 such that

9(B, \ {0}) = f(C\ Byy,)

does not contain the ball B, and hence it cannot be dense in C. On the other hand,
if zero is a removable singularity, then it follows that g extends to a bounded function
from C to C, and hence it must be constant by Liouville’s Theorem, contradicting
the injectivity of f.

(c) Conclude that f is a complex polynomial, and therefore f(z) = cz for some

ce C\ {0}.

SOL: Since f is holomorphic, it can be expressed as

+oo
=Y wen,
n=1
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in every ball around the origin. Let £ € N be the order of the pole of g in zero. By
definition,

mazﬂuazi}mﬂ.

On the other side, letting £ € N the order of the pole of g, we have that the coefficients
a1, 0ka2, ... must be equal to zero, and a; # 0, since the principal part of g is of
order k. This proves that

f(2) =arz+ ... a2~

If £ = 1 we are done. Otherwise, we have by the Fundamental Theorem of Algebra that
there exists w € C such that f(z) = w has more than a unique solution, contradicting
the injectivity of f.

Hints: For part (a) take advantage of the Open Mapping Theorem. For part (b) take
advantage of the Casorati- Weierstrass and Liouville Theorems.

5. Open question Let 2 C C be an open and connected set containing the origin,
and f: Q\ {0} — C holomorphic. Suppose that there exists a sequence (z,) in
such that lim,, ., 2, =0 and

|f(zn)] < eIl
for all n € N.

(a) Prove that f has a removable singularity in zero if and only if f is constantly
equal to zero in €.

SOL: One direction is clear (f = 0 = f has a removable singularity in zero). Let us
prove: f has a removable singularity in zero then f = 0. By continuity the value of
the extension of f in zero is equal to

FO) = tim f(z) =0,

since |f(2,)| < e~V/I#l — 0. If the order of this zero is infinite, then f = 0, and we are
done. Otherwise, let £ € N such that ordy f = k. Then, by definition, there exists g
holomorphic in a neighbourhood U C € of zero such that g(0) # 0 and f(z) = 2%g(2).
Let now N > 0 big enough so that z, € U for all n > N. Then, from

we deduce that g(0) = lim,_, . g(2,) = 0 since the function lim,_,g e~ /! /|t|* = 0 for
all £ € N. This is a contradiction with the definition of g, proving that k£ = co, and
hence f = 0.
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(b) Deduce that f is either a constant, or it has an essential singularity in zero.

SOL: Zero cannot be a pole of f since lim,,,o0|f(2,)| = 0 # co. Therefore, if it is a
removable singularity, then by part (a) f = 0. The only option left is when zero is an
essential singularity of f.
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