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Exercises with a % are eligible for bonus points.

11.1. Complex integral Evaluate

10 _

/ z 21z J
z.
l2|=1 27zl + 226 — 324 —

Hint: take advantage of Rouché Theorem and the Homotopy Theorem.
SOL: Let f(z) = 2nz' and g(z) = 22% — 32* —i. Then, for |z| =1
[f(2)] =21 > 6 > [22° — 32" —i| = |g(2)].

By Rouché Theorem, f + ¢ has all its eleven zeros inside the unit circle. Therefore,
the function that we want to integrate has all its poles in the interior of the unit circle.
We can therefore apply the Homotopy Theorem for vz = {z € C : |z| = R} ~ 74,
R > 1, obtaining

/ 210 — 24z 210 — 24z J

- Az = - az

lz|=1 22t + 226 — 324 — ¢ l2|=R 2wzt + 226 — 324 — 4
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But, since
10it S -9 it
) . e’ — 291 R7e 1. it 10it - —114 ) _
hm it — (271_) 126“610“16 114t — 2(271_) 1

Rt '€ Drellit § QR—Bebit — 3R—Tekit _;
uniformly in t € [0, 27, we get by interchanging limit of R — 400 and integral that

the answer is 27i(27) ! = i.

et?

11.2. Winding number Evaluate the integral [, f dz when f(z) = Py and 7 is
as follows:

SOL: The poles of f are at z = 0,1, —1, ¢, —i with multiplicity 2,1,1,1,1. The curve
~ winds respectively (—1+ 1), —1,0,1,0 times around the listed poles. Hence

Lfdz = 27rz'(— res; f + res; f) — 27T<_€i _ i‘f_l) = Tt e,
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11.3. Fractional Residues Prove the following: if zy is a simple pole of a mero-
morphic function f and A, is an arc of the circle {z € C: |z — 2| = ¢} of an angle
a € (0,27], then

hm/A fdz = aires,,(f).

e—0

SOL: Since f is meromorphic its poles are isolated, and hence there exists g9 > 0 such
that 2o is the unique pole inside C., = {2z : |z — 20| < &p}. Let 0 < e < gg. Since zy is
simple, we can write f(z) = Z“:zlo + g(2) inside C,, for some function g holomorphic,

where a_; = res,,(f). Then, by parametrizing A, as t — zy + e’ t € [to, o + af, we
get that

a_q to+o a_q . it .
/ fdz:/ +gdz:/ —cie’ dt+/ gdz:zoza_1+/ gdz.
Ac A. 2 — 2 to cet C. Ae

Notocing now ‘fAE gdz‘ < aemax|,_ < |9(2)] = O(¢), we obtain that

lim/ fdz=1tiaa_1 + lim/ gdz =iaa_q,
Ae e—=0.JA,

e—0

as wished.

11.4. Real integral Evaluate

/+°° sin(z) .

oo z(x — )

Hint: take a suitable contour in C that avoids the zeros of the denominator. Take
advantage of FExercise 11.35.

SOL: For R > 27 and ¢ € (0, 1), consider 7. r to be the boundary of the domain

—jet®

{z:e<|z| < 1,|z—m| > marg(z) € [0,7]}. Consider the function f(z) = ooy and
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let Al = {ee’ : ¢t € [0,7]}, A2 ={m+ee”:te]0,r]}, and Cr = {Re" : t € [0,7]}.

Then, since [, . fdz =0, we get that

/Z;lxn(_7T x—hm(/ fdz+/ fdz)_/chdZ'

By Exercise 11.3

e—0

On the other side

fdz| < i

= m — O(Ril)

‘CR

Hence, we conclude that

+oo i +R g
/ de: lim de:—Q— lim fdz=—2.

oo x(T— ) Ro+ooJ-R x(x —T) R—+o0 JCp

11.5. Real integral IT Let a € (0,1). Evaluate

400 p2a—1
/ T
o 1422

choosing a suitable branch of the logarithm.
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SOL: For R > 1 and ¢ € (0,1) let 7. g be the curve parametrizing the boundary of

the domain 2 = {z : ¢ < |2| < R, (z) > 0}, like in picture. Let f(z) = = Since

J’_

A

-\ > >
>

Y
o
\

logarithmic branch

2201 = elog(2)2a=1) it is convenient to chose the branch of the logarithm to be with

argument between —/2 and 37 /2, so that the singularity cuts along the negative
imaginary axis, and hence does not intersect 2. By the residue Theorem

plog(i)(2a-1)

fdz=2mires; f = 2#27, = —mie®™
Ye,R 27/

Ase — 0 and R — +oo the integral of f along [e, R] converges to the desired integral.
On the other side, the integral over [— R, —¢| also converges to a multiple of the same
value since

elog(z)(2a—1) ) e10g(w)(20¢—1)
/ ———dz = —620””/ ——duw,
[R—¢ 1422 e,R] 1+ w?

by setting w = —z. In fact,
)(2a—

log )(2a—1) _e elog 1) R 6log(fs)(2ozfl)
[ e, e
[-R—¢ 1422 N e 1+ s2

and since by our choice of the logarithmic branch log(—s) = log(s) + im, we get

log(z)(2a—1 log(—s)(2a—1 log(s)(2a—1)
/ elog )dz:/R elog(—s) )ds:ei”(%‘_l) /R elos(s) s
R—¢ 14 22 e 1+ s2 e 1+ s2

) elog(w)(Qa—l)
= —¢?om / ——— dw.
R 14+ w?
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as wished. Now, observing that

2a—1| — |2a—1
y

|2 |2

the integral over the arc of radius R (that we will call Cf) is of order O(R?**~?), and
since a € (0,1) it tends to zero as R — +oco. In fact:

L= L

1+ 22

2a—1 |Z|2a—1 2a—1

= < — 204—2.
2 /CR’1+22’dz_7rRR2_1 O(R>?)

For the same reason, the integral over the arc of radius ¢ > 0 (that we will call ¢.)is
of order O(e?®):

[red<[};

1+ 22
and also tends to zero as ¢ — 0. We get that

. +oo
(1 - e2am>/ z
0

1+ 22

2a—1 |Z|2a71 2a—1

- de < mes
Tl T2

2a—1 )
dr = —mie®™,

proving finally that

400 l.2a71 T
[ =
o 1422 2sin(ma)
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