
 
INTRODUCTION

What is topology
It is a studyof topological spaces
up to a homeomorphismfor some
other equivalence

One
way

to study topologicalspaces is

by using ALGEBRA MY ALGEBRAIC
TOPOLOGY

How by assigning algebraicobjects to
topological spaces

Q

X to Glx 8Ytigmological

spaces

If XII GG a GG



Examples
FUNDAMENTAL GROUP IT X x

point set topology class
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HIGHER HOMOTOPY GROUPS

CONVENTIONS

space topological span
X topological space Acx with the

induced topology from X is called

a subspace

fix 74 map continuous map
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QUOTIENT TOPOLOGY

Let x be a topological space

I a set g x y surjective Conto

Define a topology on I as follows

VCI open g v ex is open

This is the finest topology that

makes g continuous
It is called the

QUOTIENT TOPOLOGY
on I

Examples

1 X topological space n an equivalence

relation on X Let 1 the set

of all equivalence classes
Then

g X f is surjective

gG Ex
and we can equip 1 with the quotient



topology

2 X topological space Acy subspace

We can define an equivalence relation

on X as follows

x y it either Y't Gqx y
The equivalence classes are

Ex xena
A

the quotient space Ya is equipped

with the quotient topology

WARNING This definition is not the

same as the group theory definition

of GM where G is a group
H

is a subgroup
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HOMOTOPY

DEFINITION

Let y t be topologicalspaces A Homotopy

of maps from X to I is a map

F XXI I

Equivalently F is a continuous 1 parameter



family of maps ft X I where ftk flx.tl
te I
DEFINITION
Two maps fo and fr X I are

said to be Homotople if there exists

a homotopy Fix I I such that

F x o f x and F x 1 fix for

all x ex I

at 8off

too Y
Notation

We write f tf it f is homotopic

to fr
Example Any two mops fig X Rt are homotopic

Homotopy called LINEARHomotopy is given by
x 7 G AFG tglx VEX AEI



Proposition

hf I
If fig then
fob Ig oh and
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Exercise
DEFINITION

A map fix 1 is called a HOMOTOPY

EQUIVALENCE it g It x exists sit

got tidy and fog tidy
When such f g exist thespaces X I

are said to be HOMOTOPY EQUIVALENT or

havethe same HOMOTOPY TIPE

Notation XII
PROPOSITION

I is an equivalence relation on topological

spaces
Exercise
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therefore annulus and Circle

are homotopy equivalent

They are not homeomorphic
thoughts onphone

THERE EXIST HOMOTOPY EQUIVALENT

SPACES THAT ARE NOT HOMEOMORPHIC

DEFINITION

A space X is called CONTRACTIBLE

if X is homotopy equivalent to the one pointspace
xYg y

C i id
Loc tod

PROPOSITION

Let X be a space x ex Let c X X

be the constant map e x Xo Axe X

X is contractible Ctidx
Proof

X is contractible
CÉodx

het c X x be such that calx

Let i x X

r X x



then r i id ion tidy
x is contractible I 9

by assumption

x is contractible Ceidx

x Xo for x Ex

Since X is contractible there exist ikr

i y X suchthat

µ X y rei ids
der idX WH
constant
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Hla o X Hla e is a pathH lx 1 C to
from to dad ily



Homotopy between c and c is given

Y FIX E Hlxo4 t for tecoD

Homotopy between ida C
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concatenation

of homotopies
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