
 

Quick Intro to Homological Algebra
Let us first recall the definition
of a chain complex homology of a

general chain complex

Definition
A CHAIN COMPLEX is a sequence of
abelian groups Ci ie 27 together

with a sequence of homomorphisms

Ji Ci Ci sit 2,02 o ti

sometimes written as 002 0

2 is called the BOUNDARY OPERATOR

C CE.ci É
cycles

Let Zi ker Ci Sci 1 and



Bit 1m Car 9g
boundaries

Since 202 0 we have Biczi

Define Hill Ziti
Phonology E C 2
in degree i

Definition morphism of chain complexes

Hot CA 2 B fB B are chain

complexes a CHAIN MAP

foot B is a

collection of homomorphisms

f Ai Bi ti sit fo JA 2Bof

Ait A A
all
squares

If If If are

Bite Bi Bit commutative



PROPOSITION

Let f ft B be a chain map

Then f induces a homomorphism

SI Hi lot Hi B

for all ite by the following procedure

Let LEH Cot Pick a cycle

a c Ai St a L Define

D flat
Moreover if A B and E are chain

complexes and f A B g B E

de chain maps then got is
also a

chain map And gof g of and

idiot idiot for all i



Key ingredient Chain maps map
boundaries to boundaries and cycles

to cycles

EXACT SEQUENCES

Let A B C be abelian groups and

A BI c be two homomorphisms

The sequence A BIC is called

EXACT it Kerj 1mi
A sequence Aw AÉAÉ
is called EXACT if AKIFAITAky
is EXACT for all k

Remark

O A FB is exact

f is injective kerf 03



A B 0 is exact e

g
is surjective Img Kero

B

O ABB o is exact

h is an isomorphism

If O A B Ceo is

exact the embedding i AGB

and the surjection j induce an

isomorphism Bila IC

this holds since j induces an

isomorphism Blaj Imj

Blin
I



An exact sequence O ATB co

is called a SHORT EXACT SEQUENCE

SES

Let A B Y be chain complexes

Let i not B j B E be chain

maps We can look at the sequence

Ota 58 E 0

We say that this sequence
is exact

if Knez O An Brien O

is exact

We call x a SES of chain complexes



THEOREM

Let out B BE o

be a SES of chain complexes then

It induces a LONG EXACT

SEQUENCE IN HOMOLOGY

Glinda HnfB7FHn.ie

HFHCB.lt
Ha EHnfB

IHnTT

The homomorphism 2x Hn E Halt
is called the CONNECTING

HOMOMORPHISM



Proof
Let's examine what happens on

the chain level in degrees p and

p 1

o Ap ÉÉÉ o

o ftp Bp gt o

d ab

We will define 2 Hp E Mpilot
as follows

Let Hpd
Choose a cycleCelp

lie 2C o s t c p

Bp Cp is a surjection so

Fb cBp sit j b a c



Since j2 b 2 j b 20 0

2 b e key 1mi

F ae Ap sit ila 2b

Note that

ilsa Sila 21267 0

But i is injective hence 29
0

ie A is a cycle

Define 2 p a

CLAIM the definition of 2 is

good ie it doesn't depend on

the choice of C with Loser

nor on the choice of
b


