
 

We need two more definitions from

homological algebra in order to define
relative homology groups

Definition

Let D D 2 be a chain complex

A chain complex EECa 2 is a

CHAIN SUBCOMPLEX if

CpcDp Hp and it 242 c
Definition

17 ECD is a subcomplex then

we can define the QUOTIENT COMPLEX

Dq 1
mapsinduced on quotients
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202 0 Since the boundarymaps are



induced by the boundary maps of D

RELATIVE HOMOLOGY

Let X be a space and ACX a

subspace We denoteby 5 A 5 x

the chain complexes of singular

chains in A and in X

S A C S x is a subcomplex

Denote by i s A 5 x the

inclusion This is a chain map

Let
g x A

S

a

singular
when

Sp x a sp I n ns
in A

so S.ly A is
a SpMsp Says F SpBap



p

The homology groups of this chain complex
are called RELATIVE HOMOLOGY GROUPS

Intuition X

the elements of t relative
cycle in

Hp X A are represented six A

by RELATIVE CYCLES
P chains CeSp x such that aceSp A

A relative cycle c is trivial in

Hp x A iff it is a RELATIVE BOUNDARY

i e it c 2b a for some beSpix
and a e Sp A

These properties make precise the intuitive

idea that Hp x A is homology

of X modulo A



We have the following SES of chain
complexes

O S A Is x s x A 0

This SES of chain complexes induces

a LES in homology

Hp A Hp x Hp x A Hpt

The connectinghomomorphism has a simple

description

2x Hp X A Hp CA

O Spla ÉspÉTÉspÉA so

12 12 La
O Spla Isp x SpxA O

É JE Je Esp la so we
can take e2
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Exactness implies that if H x A D

for all p then the
inclusion Aux

inducer isomorphisms Hp x a Hp A up

So we can think of Hp x A as

measuring the difference
between the

groups Hp
x and HplA

There is an analogous LES

of reduced homology groups for a

pair X A with A d this

comes from applying the LES



theorem to OS A SIX six A o

in non negativedimensions

augmented by the SES 0 22254 10 20

in dimension 1 herewet
augmentby O not

Example
LES for X Xe where X EX yields

j
tiptoptip x Hp xx

tip ftp G
o

f Hp x Xo Ifp X for all P
Soon We will provethe following theorem

THEOREM Hatcher
17 X is a space and A is a non empty
closed subspace that is a strong

deformation retract of some neighborhood



in X there is an exact sequence

Hip A Is tph HIYA

Ip A 7 tip x tip Ya 1

where i is the inclusion A ox

and j is the quotientmap YA
EXAMPLE

Hp Sn D and Hp Sn O for it n

For n o let x A In Sm
N 1 _o

Iot
we

post It



For a general m DYgn no5h

The LES for homology for DnSnD
is

HICSM HEIDI Np SD rip Sn

HEAD tipCsm MIDD to 5 to

D is contractible and therefore

tip Dn Hp o O fp
It follows that atip Sn http Sm for

all p We also know that
tho Sn 0

Let n O so

We know from theorems in class



that Hfx IE AHpXD where

Xx for LEA are the path connected

components of X So

Hp so Hp ooo I Hpl a Hp

Hp se
27022 pro
0 otherwise

tipis a Po
O otherwise

New we use a to get Hp S tip s

for p 1 from before weknow
that tease 01

Hp si Z pat
O otherwise

By induction it follows that tip sit pin
0 otherw


