
 

Excision
A fundamental property of relative
homology groups is given by

the

following EXCISION THEOREM describing
when the relative groups th x A are

unaffected by excising deleting a

subset ZCA

THEOREM EXCISION

Given subspaces ZCACX such that

the closure of Z is contained in

the interior of A then the inclusion

X Z A Z G x A indices isomorphisms

Hp X Z A Z Hp X A for all p

Equivalently for subspaces
A Box

whose interior covers X the inclusion

B An B G X A induces isomorphisms



Hp B An B Hp X A for all p

the translation
between the two

versions is obtained

by setting
B X Z Z X B

Then An B A Z and the condition

ECI is equivalent to

X A u B since X B 7

The proof is quite technical and

will be done in several steps

RELATING HOMOLOGY GROUPS OF A

COVERING TO HOMOLOGY GROUPS OF A
SPACE

Let X be a space and U UI a

be a collection of subsets of X s t



the interiors of the Ua's cover X

X K 2

We say that a subset Qex
is U small it FLEA sit QCU2

Consider the subgroup of Sp x generated

by Sp Us th Denote it by

Spu x The elements are chains nibi

such that each has imagecontained

in some set in th cover U

The boundary map 2 Sp x Spy

takes Sph x to Spl x so the

groups Spix form a chain complex

We denote this chain
complex s x

and it is a subcomplex of 5 x

uh



We denote thehomology groups of s lx

by Hpu x

THEOREM 1
the inclusion chain map in S x S x

induces an isomorphism in homology

VI Hp x Hp x up

To prove theorem 1 we will apply

the so called barycentric subdivision

process

BARYCENTRIC
SUBDIVISION

BARYCENTRIC SUBDIVISION

OF SIMPLICES

Let 6 van gun
be an M simplex

in Rd Then

G E.tv OEtieI Eti I



The BARYCENTER or centerof gravity
of the simplex 6 is thepoint

b bz f1ÉoVi
NO

N I oooo

no I
The BARYCENTRIC SUBDIVISION of

veil in is the decomposition of

veins gun into n simplices

b Were um where inductively we Wn it
is an m 12 simplex in the barycentric
subdivisionof a face Eve Yi in
The induction starts with N O

barycentric
N O

subdivision



hey no bthntric are

Ve Ve subdivision bye
big

my 1 It buffbffenia
y a

subdivision
ve
band

W 22 begentric h simplices
6 ve Mn subdivision T b Wo Wnt

where Wo Way is

a Ch l Sy from
the barycentric subdivision
of a face Ve ti in
of 6

CLAIM

diamlbino Wn i E diameter in
Imax distance
between any two

of its vertices since

Iv Etivil Eti tu vile tilv vil



2 timax v v l max v rat
j J y

To obtain the bound we therefore need

to verify that the distance
between

any two vertices Wj and wk of

a simplex t of the barycentric

subdivision of Evo gun is at most

Ig diam Evo rn

Wn Wj Wk b

É In this case the statement

m as these two points

lie in a properface

of von un

h 1 you
diam Eveb

diam Eunb
FI diamEvo u
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Ea diam Evo sun
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Suppose whos that Wj b

then
I b Walt lb Vil for some I

Let bi be the barycenter of Vo Vi k

bit tf j

b f Vi Nabi



I b Vit Ma I bi pi
Important

5

FYI diam von.vn

BARYCENTRIC SUBDIVISION

OF LINEAR CHAINS

Let Lord be a convex set

We define

LSply 6 P I 16 is a linearmap

linear t Hettie titled
simplices standard
in 1 basis

Lsp 1 C Sply the boundary map

maps Lsp 7 to Lsp 1

Let LS 17727210 emptysimplex

and 2 w J O K O Sx Wo



We have the following chain complex

ALSpa LSpy LID LSIH LS.GL
27

a subcomplex of 5.117 that we
denote

by 15.11
Each be 1 determines a homomorphism

b Lsp 7 Lsp I defined by
b Wor Wp b we Wp

extended to all of Lsp 17 linearly
PANE OPERATOR II

b sends a
Y

linear chain to the cone

that has this chain as a

base whose tip is b



Let's compute

2 b We Wp 2 CbWe wp

1 Wo wp 617lbwas Wp

C N bWo Wa Wp t t 1
P bwerWpi

won Wp b Ewa Wp CD wewa up

1 P We Wpi

we up b 2 we yup

id b 2 we Wp

2b id boo

b is a CHAIN HOMOTOPY
between

0 and the identity on
the augmented

chain complex LS I


