
 

RETRACTIONSDEFORMATION RETRACTIONS

Definition

Let X be a space and ACX A RETRACTION

n x A is a map s E riata ta EA

We say that A is a RETRACT of X

A subspace A of X is called a STRONG

DEFORMATION RETRACT of X if
there exists a homotopy F XXIX

called a DEFORMATION such that

DEFORMATION FIX O X
RETRACTION F XHEA

F la t a for AEA and
all tEI

It is called a DEFORMATION RETRACT

if the last equation is required only
for tat
WARNING In Hatcher deformation retractions

are in fact strongdeformation retractions



Comment A deformation retract A of a space X
is homotopically equivalent to X

Example
1 OY c Rn is a strong deformation

retract
2 S is a strong deformation retract

of A C

Proposition

If A ex is a deformation retractthen

XIA
Proof x Act def net

F F X XI X

FGol id
FLYDEA for KXEX
F la Ia for aft

i Aa X
FG I X A



FG Ioi ida by def of Ffi

i FG 1 FC A I od

by def

So XIA

PAIRS OF SPACES

Definition

Let X I be topological spaces and

Ac X BCI

f X A IB means

fix if such that FCA CB

Let fo f x A I B be maps

of pairs We say they are homotopic

if F F xx I I with FAO fold
F x 1 FCx Axe X and such that



Flat EB FaeA tEI

Definition

Ac X subspace A HOMOTOPY F X XI 74
is called RELATIVE to A if

Fla t is independent of t tact

If fo FC o fi Ff 1 we write

toEa f
i ATX

Example r X A

A strong deformation retraction iertidy
is a homotopy relative to the subspace A

OPERATIONS WITH HOMOTOPIES

Definition

Let Fixx I 1 G X I I be the

homotopies Glx off Cx 1 HEX



Define a new homotopy CONCATENATION

F Gi XXI I
concatenation of FRG

F Glx e Flat Ost E
G x 2t 1 It EI

9 O

r
reparametrize

One does not need to combine

these homotopies at t 12 We can

do it at any point and with



arbitrary speed

Definition
Let dada I 2I 7 IPI

sit deb 0121,1
bald dato
did did

Let F XXI I be a homotopy

Define Glx t Fly Alt
Glx t FCx dolt

REPARAMETRIZATIONS
OF F

Proposition

G t Gr rel xxx

IIT.tt

EEi.FI



In each of these 4 cases we can

use the straight line homotopy

stale G slotCt

H XXI XI I

H x t s FG salt e s tilt

H x t o F x dit G
H X t 1 e F x dace Ge

H x0,5 FCx did GG
H x I s F x.dzN GzYD

thesetwo
follow since

did did
dit dit



Definition
Let fix I the CONSTANT

HOMOTOPY on f const f XXIII

is defined by
const f x e fCx Hex tEI

Proposition
Let Fix II be a homotopy

fo fly fit flat
then Fx const f IF rel xxx

constf F I F rel xx of

Proof X
FED



We use reparametrization

RCA t

MITI act at Ott

1 Estel

G Cx t FCx.d.CA
IFCx.EcEY

I
x t Ftcomtf

We again reparametre

dat
Fj

It 1 IEEE



THE INVERSE HOMOTOPY

Definition

Let Fixx I I be a homotopy
then
F xx I I is defined by

F x t F x t t

Proposition

Fx F I const fo rel xx217
where fo Fl xx oy

MEI

We will use the statement about

reparametrizations



Alt 0

FIFI outfit octet2 It EGE 1

Proposition

Let F G H be three homotopies XXI 4

S.t F G G H are defined

then
F g He F ext rel xx

Proof

FEET
We again use

the reparametrization

I
weave
both are homotopy

yur to this
one



jqE
exam

Proposition
Let FaFa GeGe be homotopies XXI I
with Fat f rel xxx and GFGztellx.at
A t Ffx1 Gr x07 Ely A Glx o txeX
Then Faget E G rel xx

Proof Exercise

Proposition

n is an equivalence relation on the

set of all maps X I








