
DEFINITION RELATIVE SIMPLICIAL HOMOLOGY

Let X be a o complex A a o subcomplex

We define the quotient chain complex

Dplx A DP
Ho a

relative
simplicialchairs

with 2 restrictions of simplicial
boundarymaps The homologyof

this

chain complex is denoted by Hp x A
THEOREM a maps

that give the o complexstructure
the characteristic map of anypsimplex
in a D complex decomposition

of X may be viewed as a singular
p simplex hence we havethe

inclusionchain

map ie

Op x A Op lx A Opalx A
fie fie fie

Sp x A spy x A spalx A



The induced homomorphism

Hpd XA Hpxp
is an isomorphism

Taking Aid we obtain the equivalence

of absolute singular and simplicial
homology

Proof
i special case A D X is finite dimensional
We denote by Xk the k skeleton of X
Then we have the following LES

Hp X XKi Hp x'd Hpd xd Hp x x'Dstep
I 120 130 10 to

Hpan X Xk1 Hp x'd Hp x'd Hp x x'DHpl

First we show that
are an isomorphism

Note that Op x 4
4 171 0 for p k

furthermore DK xu xCk 11 is a

free abelian group generated by
K simplices in X



Hence Hp Cxc
i O P k

Z p K
KEY

To compute Hp x'd x ki note that

XK 1 is a strong deformation
retract

of its neighborhood in
X

proposition A 5 on page 523 in
Hatcher

So

Hp x XKH tip Eckn

Yh IY.gs
Hf Yay tip Usk

0 Pk

It 19,2 P
K

Hp x xkD Hp x'd x is

an isomorphism



Hp x4 41 Hp x'd Hpd xd 44 4x'Dolph
1111 120 430 1111 150

Hpan X XKM Hp x'd Hp x'd Hp x x'Hepa

So are isomorphisms y't
All homology groups of the empty

set

are trivial Assume that

H x 8 Hp xD are isomorphisms for

J k 1 and for all p

By induction on k we may assume

that the second and the fifth

map
are isomorphisms as well

Then is an isomorphism by
the five lemma

in X infinite dimensional A 0
FACT A Compact set in

X can

meet X in only finitely many

open simplices of X ie simplices



with their proper faces deleted

Proof of the fact

If a compact set C intersected

infinitely many open simplices
it would contain an infinite

sequence of points Xi each lying

in a different open simplex
Then

bi X Y xj

are open since their preimages

under the characteristic maps of
all simplicu are open They also

form an open cover with no subcover

Let us show that

Hp x Hp x is surjective

Let MEHp x M Ed CESp x 20 0



C is a finite linear combination

of singular simplices whose images

are compact subsets of X So the

images of simplices are a compact

set Using the fact above we deduce

that these images are in x
CK

for k big enough Ce Sp x
k

By i we know that Mpo xm Hpu
is an isomorphism so ve Dp Xk

exists 2 0 such that LV

gets mapped to CoeHp xk

Now ve Op x'd cop x

Er is mapped to La c Hp x



Hp xD Hp xd

b d
Mpo x Hp x

Hp x Hp x is injective

Let Ce Dp x Ca is in the kernel

of the above homomorphism This
means that e is a boundary of
some singular pts chain be Spix

Both chains C and b lie in XK

for a large enough k the argument

is the same as before this

means that c represents an element

in the kernel of a CD

Hp XM É Hp xd
O O



c OEHpO X c D

in Hp K

iii X A general Acx Then LES

for X A yields
Hp x A Hpl A Hpocx 74pct A HIA

I IELID LEAD I LE
Hpu x A Hp At Hp X HpLX A HAA

By the 5 lemma Hpolx A Hp x A

is also an isomorphism


