
 

DEGREE OF MAPS fish Sh

Let fish Sh be a map Then

8 induces J finish tines
Since Inco 527 there exists

precisely one dez such that

I a da taek

This number d is called the

DEGREE of f and is denoted

deg f EZ

SIMPLE PROPERTIES OF DEGREE

deg id 1

Sh s 9s deglgof degg degf
If fig Shesh deglf degly

Proof
follows since Cidly id



follows since gof grf
of fog then f g so

deg f deg g

PROPOSITION

Let Sheikh be the n dim sphere

write the elements of S as Cx xn

Let f Shs be the map
f Xo xn Xo k Xn

Then deg f 1

Proof
Let no Then fifty 1,1

is the map FCA 1 FCA 1
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From this it immediately follows that

deg f 1

Now we proceed by induction

Let n 1 Suppose that the statement

is true for Sk t Oskan

We now prove it for n

Consider

BI x Yules into

B Go a ES Xn so

f BI BIfifth geniesg

We have

ho



excision homotopy Lesof a pain

In Sn tenCsn B ÉHn BISHE tends

ff If If flflsn.it
An187 MCS BI MCB sm Finds

By indiction deg flsa 1

all vertical maps are multiplications

by 1 no

COROLLARY

Let Osten Ti ish Sn

Ti Xe Xn Xo g Xi Xn

Then deg Tik 1

Proof HW

show that Titties To exercise

degti degto



Hint for the homotopy 2D case

1.931 9
Buses

9 It Itsrotation
in the 2D planeby 180deg
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IMPORTANT EXAMPLE

the antipodal map
Let Gish s be the map

6 x X

then deg6 Gantt



Proof
6 Tootie Tn
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COROLLARY

If n even b4 id

COROLLARY

Let n be even and f S Sn Then

there exists yes s t flx X

Proof
Suppose by contradiction that fix x

f x X V XESM FCA

the straight segment
in Batt

connecting x
x to f x does not pass through 0



the same also holds for the segment

connecting x to f x

Consider F shxt Sh

G S x I Sn the denominators
never vanish
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f is a homotopy between id f

G is a homotopy between f the

antipodal map

deglf 1 deg f E Int 1
q
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even
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COROLLARY
Let it be a tangent vector field to

S If n even then I xes with

F x O
I gn

tangentspace

Recall
U ERM is
in Tx Sh

É atx ie

Sh Tx Sh xt

A tangent vector field is FINE SA FLAILS
T x and x are orthogonal in Rnr

Proof
suppose that Tix 0 Axes

Consider f S 78h Fx I yp
Clearly Kx the Ty Sn

But both x x are in Sn



fix X X Kx this is a contradiction

with the previous corollary

APPLICATION

N L S Earth's surface

FCx velocity of the wind
at XEEarth

at any given moment t a point
keEarth wherethe wind does not blow

Exercise Show that sat odd dim sphere

dogs have a nowhere vanishing vector

field HW exercise

CALCULATION OF DEGREES
Consider mops S s defined as

follows

S F IR o as one pointcompactification

open setsof the original space t
nbhd of a complementof a compset u as



Recall the stereographic projection

IRN

IT S LEN F pun

IT extends to a homeomorphism that

we denote by it S Anu a Hw exercise

New fix a non singular nxn matrix A

detA 40 View A As a homeomorphism

A Rh Rn MA X invertible since A

is non singular
A extends to a homed

Rn UEasy Rhu as

Hw exercise

Denote this extension by
A IR u a Rn u as


