
fix X X Kx this is a contradiction

with the previous corollary

APPLICATION

N L S Earth's surface

FCx velocity of the wind
at XEEarth

at any given moment t a point
keEarth wherethe wind does not blow

Exercise Show that sat odd dim sphere

dogs have a nowhere vanishing vector

field HW exercise

CALCULATION OF DEGREES
Consider mops S s defined as

follows

S F IR o as one pointcompactification

open setsof the original space t
nbhd of a complementof a compset u as



Recall the stereographic projection

IRN

IT S LEN F pun

IT extends to a homeomorphism that

we denote by it S Anu a Hw exercise

New fix a non singular nxn matrix A

detA 40 View A As a homeomorphism

A Rh Rn MA X invertible since A

is non singular
A extends to a homed

Rn UEasy Rhu as

Hw exercise

Denote this extension by
A IR u a Rn u as



Remark If dett 0 A does not extend

to A IR very Rho a

there are points in the kernel so
11 140 KAHO but also pointswith

4h8 I AHO

PROPOSITION

degA sgndetA Csgn I

Proof
Observation If the statement holds

for A A then it holds also

for Al A This is true because

AF Atef cheek and

deg f of degft degf
dig ATA deg Alert degAtdyAT
SgndetA sgndeta sgndetA dit A sgndetA A

Every non singular matrix A can



be written as a product
A E Ep of elementary matrices
a
elementarymatrices

Ei where each Ei is of one of the

following types
multiplyI

ya a to a row by
a

multiplyfrom
1 t

in y
her the right

ta Yawn

take id
and interchangeI HIIIII rows j K

j
It's enough to check our proposition holds

for each of these types



Case I É I either
to id or to in

homotopic
as map
sign

depending on the sign of A

Case I É Tid
Case III E performs a reflection Wrt

some hyperplane equidistant
to rectors

É a Fg
idk

a
reflection art

IR x OTCRh

In all 3 cases we get degÉ sgndet E

so the proof follows

Remark In the proof it is crucial to

homotope E to another matrix



by a path Et of NON SINGULAR
matrices Otherwise Et won't extend to

See Introductionto smoothEt Manifolds by OM Lee

Let fish ish be a shape
Let pesh g f p Es Then

Dfp Tp Sn 7g Sn

r A
different linear
spaces

Wetake

Nlt is a curve in thevelocity
vectorof flyM with plop

Remark Taking det Dfp doesn't
make

sense since it depends on the
choice of bases



We'll define Eplf as follows
choose be so nts orthogonal matrix

with det 1 set 61g p

Consider bof smash bo flp p

Consider
Dlb f p Tp S Tp Isn

Put Eplf syn det D Go f p
I this Ep can

be 1,0 or 1

Eplf does not depend on 6 Indeed
if 61cg p is another such map

Glo f 81oz Zo f

Watt
det D Glf dit DA f



PROPOSITION
Let f S 38h be a smooth map Assume

that gosh is a regular value of f

ft g p Then deg f Eplf
Recall
X I smooth manifolds fix 1 g
is called a regular value of f
if either f Yg d or txt f g

the map Dfa Tx G Tg Y is

surjective in our case an isomorphism

Note that Eplf 11 but not o

Proof

with Bray via
Identify Sh

the stereographical
projection 5 8 9 south pole

WLOG assume p g o this is possible



since we can always compose f with

a suitable be so nti and so Intl

is path connected exercise in Hw here

6maps g to pf t 620bot 61 6 maps a top bibsGESolna

deaf deaf fog 6
62maps p too

Also Eplbzekoff.ba sgmdit D 6201608 6 e
I
chainrule

Sgndet 62 D 8ftp 617 sgnditbz.detD8ofp.detg

SgnDlbofp Ep f

Step 1 Assume Df lo id

By Taylor's theorem
from analysis we

can write
f x X glx for Wes whereHghHolda

For E o small enough o 181 70

1H.tt gittIastoroxeeA
fly o for YO
x o by assumption



Define a homotopy F S XI Sh as

follows
2851 1

Fix t It 2 E gex EHxk2e

A FCA tglx MKE
interpolation

F is well defined and continuous

FIX o f x Put fix FIX 1

Note that f x x for all IX SE

Claim Fx 0 f x 0

Proof of claim for 1 1228 f x f x

assumption

f admits
If EEIXKLE then g onlyonce

ahomotopy
formula at p

F G D FG 2Eg glx


