
thus we have a commutativediagram

Sm x shld Sn x

dfore dtr Ifm
Sna 7 25h77Insult

homomorphisms fo S x 5 G that

satisfy feasefe are called

CHAIN MAPS from the singular

chain complex of X to that

of I



COROLLARY

Fc ZN c ZnCI

ICBM CBN
In particular f indices via fo
a homomorphism thx HI
by f EJ feld
x y Iz

go f g of tenG HnG

C id x idrena
Proof

If cezn x ie Oc o

2 fold fc2IO



Felde Zn 7

If cord d EsnaG

falafelsd 2 fold Bn 1

f induces a
homomorphism

Zn
Cy

I Znly
Bn y

in

the Ecg
Exercise

Notation

ft Hlf thnx ten 1

is called the map induced by



f in homology

COROLLARY

11 fix y is a homeomorphism

then fi th x An G is

an isomorphism th

Proof

Put g
ft 1 4 So fog ids

go f lid x

why tidy fog

f e g ten 1 Mn 1

with x id x go f



guts Hn x Hn x

THE ZEROTH HOMOLOGY GROUP
Bredon

x space What is tho x

A O simplex
big

X is just

a choice of a point in X

A O chain in X is a finite formal

sum C E Ny x Clearly 210 0

Define ECO EN EE

Easy to check HE S x 727 is

a homomorphism

Let 6 be a singular 1 simplex



6 O x Put X 6107,4 66

26 697 66 X Xo

E 26 1 1 0

So for each 1 dimensional chain
d we have E ad O ECB x O

It follows that E induces

a homomorphism

Ex the x 27

Both E and Ex are called

AUGMENTATION



Theorem

If Ato is path connected

then Ex the67 27 is an

isomorphism Moreover Ho 2 Ex

where VEX is any point

Proof

Clearly E Ey I KyeX
So Ex is surjective

We must show that Ex is injective
Fix xp EX FX EX choose a path

pry I x with Mylo Yo Mya X



If we view pry as a singular
f simplex 2 My X X E Se x

Let CES G Ce nix be a

O chain Assume C e Ker Ea

de En 0

Consider the 1 chain In M E Six
2 En Mx Eh Ex x Enix

Enix o CEB G

To
c D KenEx O

Proposition

Let X d and denote by E the
set of Path connected components



of X FLEE denote by XCX

the path connected component

corresponding to d then

HnG IEEE HnlxD where
this isomorphism is induced by

enclusions In particular

Ho x EA Ho xx
LEE

EEZ
proof

Since a singular simplex aways

has a path connected image

Snlx splits as the direct sum of



its subgroupsSn xx The boundary

maps on preserve this direct
sum

decomposition taking S n xD to

Sn X2 so Ker 2n and ImInt

split similarly as direct sums

Hence homology groups also split

HnG E Ign Xx
REDUCED HOMOLOGY GROUPS

Hatcher

It is often convenient to
have

a slightly modified version of
homology for which a point
has trivial homology in all

dimensions including O this



is done by defining REDUCED
HOMOLOGY GROUPS HICx to

be the homology groups of
the AUGMENTED CHAIN

COMPLEX

52 x S lx 867527 30

where E is the augmentation

Usually we require X
to be

nonempty to avoid a non trivial

homology group in dim 1

Then theG is the kernel of
Et so that HoG EX 027



For n 70 HaG I tin x

THE FIRST HOMOLOGY GROUP

We now establish a link

between the present subject

of topology and our

previous discussion of homotopy
In particular what the
connection between the fundamental

groupof a space Me of a space

es



THEOREM
Let X be a path connected space
Fix a base point to EX Put

G T lx X

then
He x I Ga YG Gj

abelianization

Recall that GG is the

subgroup generated by all the

commutators ie elements

of the form ah g high
Examples

Tics
O na

Z n 1


