
 

THE FIRST HOMOLOGY GROUP

We now establish a link

between the present subject

of homology and our

previous discussion of homotopy
In particular what the
connection between the fundamental

groupof a space Me of a space

es

THEOREM HUREWICZ THEOREM

Let X be a path connected space
Fix a base point Xo E X Put

G T lx X



then
He x I Ga Ghg Gj

abelianization

Recall that GG is the

subgroup generated by all the

commutators ie elements

of the form ah g high
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Proving the Hurewicz theorem

ftp.YTI e is nomology



classes

f g means that f g
are homotopic f g

means homologous

Lemma 1

Let fig I X be two paths
with FCA glo Consider the

1 chain
c fog f g ES x

Then C is a boundary hence

c OE Ha x

Proof of Lemma 1
Define 6 Lt X as follows



02

speedÉ

double
simplex

On the edge cop let it be f

on the edge eye let it be g
Extend 6 to the rest of 8

St on each segment in 8

which is perpendicular to leer

6 is constant

So on lolz we get that 6

is f g
Let us calculate 26



Girl26 e FAZ
en en

th ACeo ed Eged

g fig f ft g fig
f g f g

is a boundary

Lemma 2

The constant path o I x

is a boundary
Let f I x be a path

Then the 1 chain fr ft is

a boundary
Proof of Lemma 2
Define T 8 X to be the constant

simplex constant at the same point as c

g t c c t c o



Define 6 02 X by defining
6 to be on the edge log as

well as esta E

III
tkrest of 8 by

setting it to be

segment parallel to lolz

26 5 const tf
Since the constant edge

is also

a boundary by It

2 6 5 8 tf

ft tf is also a boundary



Lemma 3

If fig I X are paths with

f o glo FA ga and

f F g rel af then f g

Proof X

Kt F I X

be a homotopy

rel JI between

f and g We have

Flex const ft

and
F me

const f 1

This homotopy yields a pair of



y

singular 2 simplices
ILIJA be be in x

re V1 Gluevj Evevsf
26 Galanis Glunt Gland

constfly Zitaup f

262 Galang blunt Elvis
g Gluing cont Fto

We compute

216 6 Constant Guy tf

g
t

byron const flat

f g const ft constflat
Since constant singular simplices are



boundaries so is f g this implies

that f g B

Now that we have proved these

lemmas we return to the proof

of the Harewiot theorem

First we need a map from

Helx x to Hix

d Te lx x Mix

Let f e IT x x and let f I x be

a loop representing f in G

f is a cycle since

a f f A f lo Xe Xe O

Define
FY f



CLAIM d is well defined

This statement follows from Lemma 3

Let ge f Then f g.bydefinition

By lemma 3 we also have that

f Ig ie f Lg

CLAIM d is a homomorphism

of groups
Let f g

I x be two loops based

at X Then

f g p f g
f g f g f toagy

By Lemma 1 If g f g



Since He x is abelian

d sends G G to 0

of induces a homomorphism

d Gab H x

THEOREM HUREWICZ

d is an isomorphism of groups

Proof
For all ex choose in an arbitrary

way a path ax from Xo tox
in such a way that axe const

Define a homomorphism

I S x Gab



as follows
for a

generator of Six
f I X put

11ft ago Haji
E Gab

identifiedg I y Imho

As Sld is free abelian

Gab is abelian the above defines

uniquely the homomorphism I



Lemma 4

F beBak we have I b I eGab

Proof
Because I is a homomorphism

it is enough to check that I
gets the value 1 on b's of
the type 6 28 where 6 02 0

is any singular 2 simplex

f Hee
i

h bl
ex
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So far we have

4 di I
Since ICB 6 1113,4
induces a homomorphism

4 th x gab
C we restrict

CLAIM I to Zn
0 In

Proof If f is
1

a loop based
in Xo then


