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Exercise sheet 10

Different and discriminant

1. Let L/K be a Galois extension of number fields with Galois group Γ, and let b be
a fractional ideal of OL. Show that

NmL/K(b) = K ∩
∏
γ∈Γ

γb.

2. Let A be a Dedekind ring with quotient field K. Take finite separable extensions
M/L/K and let C/B/A be the respective integral closures of A.

(a) Prove that NmL/K(NmM/L(c)) = NmM/K(c) for any fractional ideal c of C.

(b) Prove that diffC/A = diffC/B · diffB/A.

3. For K := Q( 3
√
2) compute the prime factorization of the different diffOK/Z and

verify that a prime ideal of OK divides diffOK/Z if and only if it is ramified over Z.

4. Let K := Q(α) for α := 3
√
539.

(a) Using Exercise 5 of Sheet 8, show that (7) and (11) are totally ramified in OK .
Let p7 and p11 denote the prime ideals above (7) and (11), respectively.

(b) Using the discriminant, show that OK = αZ⊕ βZ⊕ γZ, where β := 77
α

and

γ := 1+2α+β
3

, and that disc(OK) = −3 · 72 · 112.
(c) Show that 3OK = p23p

′
3 for distinct prime ideals p3 and p′3.

(d) Show that the different of OK/Z is p3p
2
7p

2
11.

*(e) Using the norm, show that diffOK/Z is not principal and conclude that OK is
not generated by one element over Z.
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