
1 Some commutative algebra

1.1 Integral ring extensions

All rings are assumed to be commutative and unitary. Consider a ring extension A � B.

Definition 1.1.1:

(a) An element b ⇥ B is called integral over A if there exists a monic f ⇥ A[X] with f(b) = 0.

(b) The ring B is called integral over A if every b ⇥ B is integral over A.

(c) The integral closure of A in B is the set Ã := {b ⇥ B | b integral over A}.

Definition-Example 1.1.2:

(a) An element z ⇥ C is integral over Q if and only if z is an algebraic number.

(b) An element z ⇥ C is integral over Z if and only if z is an algebraic integer.



Proposition 1.1.3: The following statements for an element b ⇥ B are equivalent:

(a) b is integral over A.

(b) The subring A[b] � B is finitely generated as an A-module.

(c) b is contained in a subring of B which is finitely generated as an A-module.



Proposition 1.1.4: (a) For any integral ring extensions A � B and B � C the ring extension A � C is
integral.

(b) The subset Ã is a subring of B that contains A.

(c) The subring Ã is its own integral closure in B.



1.2 Prime ideals

Consider an integral ring extension A � B.

Proposition 1.2.1: For every prime ideal q � B the intersection q ⇤ A is a prime ideal of A.

Definition 1.2.2: We say that q lies over q ⇤ A.

Theorem 1.2.3: For any prime ideals q � q� � B over the same p we have q = q�.



Theorem 1.2.4: For every prime ideal p � A there exists a prime ideal q � B over p.



Theorem 1.2.4: For every prime ideal p � A there exists a prime ideal q � B over p.



1.4 Localization

Definition 1.4.1: A subset S � A � {0} is called multiplicative if it contains 1 and is closed under
multiplication.

Definition-Proposition 1.4.2: For any multiplicative subset S � A the subset

S
⇥1
A :=

�
a
s

⇥⇥ a ⇥ A, s ⇥ S
⇤

is a subring of K that contains A and is called the localization of A with respect to S.

Example 1.4.3: For every prime ideal p � A the subset A�p is multiplicative. The ring Ap := (A�p)⇥1
A

is called the localization of A at p.

Proposition 1.4.4: For every multiplicative subset S � A we have:

(a) S
⇥1
Ã = Ŝ⇥1A.

(b) If A is normal, then so is S
⇥1
A.


