1 Some commutative algebra

1.1 Integral ring extensions

All rings are assumed to be commutative and unitary. Consider a ring extension A C B.

Definition 1.1.1:
(a) An element b € B is called integral over A if there exists a monic f € A[X]| with f(b) = 0.

(b) The ring B is called integral over A if every b € B is integral over A.
(¢) The integral closure of A in B is the =@ {b € B| b integral over A}.

Definition-Example 1.1.2:

(a) An element z € C is integral over Q if and only if z is an algebraic number.

(b) An element z € C is integral over Z if and only if z is an algebraic integer.




Proposition 1.1.3: The following statements for an element b € B are equivalent:

(a) b is integral over A.

—

(b) The subring A[b] C B is finitely generated as an A-module.

(c) b is contained in a subring of B which is finitely generated as an A-module.
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Proposition 1.1.4: (a) For any integral ring extensions A C B and B C C' the ring extension A C C'is
integral. \/

—

(b) The subset A is a subring of B that contains A. /

(¢) The subring A is its own integral closure in B.
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1.2 Prime ideals

Consider an integral ring extension A C B.

Proposition 1.2.1: For every prime ideal q C B the intersection q N A is a prime ideal of A.
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Definition 1.2.2: We say that q lies over q N A. L:ll r‘j QIZAA ‘q—f\'é" 25_ C A

Theorem 1.2.3: For any prime ideals q C g’ C B over the same p we have q = ¢'.
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Theorem 1.2.4: For every prime ideal p C A there exists a prime ideal ¢ C B over p.
- . L
P‘_":{.‘g I'\A:. =1A\J ""—*-W\,'-L'J--qt V}QA:i
Dés_ =9 0&‘/\‘\‘;_ '
WA S be Mo b p Ul Moy B R
—h ,Q,. N /A\;):(E_
(= /bn A (3_ )

U:——_\k,-\fpa-uuq-‘u‘-‘—x.peb-ut,
L by ek G pee
Part - (o) V. T oy s FFKEY

o b =UK 50 cf wted o
%“"\l..lzeb—-‘. =7\r{>hu-—. - \h.‘x.w Lq

1y 1€y = Sl Loy f

T V' ¢ Byiy L+t ‘a‘s‘«%_ |

T <4+[Lj 25 u;;'ol_+((j ¢ = -aolé‘i}g y&eh . +8y = o\eﬂ\;_

~A - o2 _ - = = - -, 30"5—_43 :7’55 : 1‘%$|7'=al<_<4\0'

= [=l+¥\,)lq‘4$ly')= a,\";AL:_ )
Aqlc s o buaty WSOl 00 e W U =D

Kﬂl@‘q_ .



Ta—lv_ qéjh—sxml:v ﬁcg - <.
G 4AR gE Tl vegn .= tlbl 22
M\KJ—*%(‘/)A[A\;/#{“ % b vxék_‘_,}‘.)/\["}ﬂ“/é//

24

wx g+ ke whk 454, CEB.

-

Ao bkt A e s¥a TD wa ach
s~
=y LL:J#n,B[&:j L .. ¥ g“. a. =0
" et "
=t (a-g) ¥ sblaq)s. _» Va0

Mde g “aa-beA
/ a < ~
ot ot STy 4 Na s

Ao e A SgntcCp
ké}'- = ’khég.zquxw"‘«{

< AR =Y. 75



1.4 Localization

Definition 1.4.1: A subset S C A ~ {0} is called multiplicative if it contains 1 and is closed under
multiplication.

Definition-Proposition 1.4.2: For any multiplicative subset S C A the subset

JﬁA = {%]a€ A4, 5657

is a subring of K that contains A and is called the localization of A with respect to S.

Example 1.4.3: For every prime ideal p C A the subset A\ p is multiplicative. The ring A, := (A\p)~'A
is called the localization of A at p.
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Proposition 1.4.4: For every multiplicative subset S C A we have:
(a) S1A = S-1A.
(b) If A is normal, then so is S™'A.



