Reminder:

Consider a ring extension A C B.

Definition 1.1.1:
(a) An element b € B is called integral over A if there exists a monic f € A[X] with f(b) = 0.

(b) The ring B is called integral over A if every b € B is integral over A.

(¢) The integral closure of A in B is the set A := {b € B | b integral over A}.

—————

Proposition 1.1.4:
(b) The subset A is a subring of B that contains A.
(c¢) The subrin£ A [s its own integral closure in B.




1.3 Normalization

From now on we assume that A is an integral domain with quotient field K.

Definition 1.3.1: (a) The integral closure of A in K is called the normalization of A.

(b) The ring A is called normal if this normalization is A.

Proposition 1.3.2: (a) The normalization of A is normal.
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(b) Any unique factorization domain is normal. ¢
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1.4 Localization

Definition 1.4.1: A subset S C A ~ {0} is called multiplicative if it contains 1 and is closed under

multiplication.

Definition-Proposition 1.4.2: For any multiplicative subset S C A the subset

S71A = {%|a€A,s€S} ?

is a subring of K that contains A and is called the localization of A with respect to S.
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Example 1.4.3: For every prime ideal p C A the subset A\ p is multiplicative. The ring A, := (A~\p)~*
is called the localization of A at p. —_—

Proposition 1.4.4: For every multiplicative subset S C A we have:
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b) If A is normal, then sois STTA.
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1.5 Field extensions

In the following we consider al normal Sintegral domain A with quotient field K, and an algebraic field

extension L/K, and let B be the integral closure of A in L.

Proposition 1.5.1: For any homomorphism o: L — M of field extensions of K, an element x € L is

integral over A if and only if o(z) is integral over A.
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Proposition 1.5.2: An element = € L is integral over A if and only if the minimal polynomial of x over K

has coefficients in A.
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Proposition 1.5.3: We have (A~ {0})"'B = L.

w~ !

F"W'f: VVEL . d“—'vvt )C\/_‘y.zhEK w4 7+)<‘|7 + L XuT

Wnie cadh Xe= 2 Lu a;e A, sl

v - —_

= (g\’)“* J‘X‘[Syj <. -+ Sx, =0
— >

0.



1.6 Norm and Trace

Assume that L/K is finite separable. Let K be an algebraic closure of K.

Definition 1.6.1: For any x € L we consider the K-linear map T,: L — L, u — ux.

(a) The norm of x for L/K is the element Nmy, k() := det(7;) € K.

(b) The trace of x for L/K is the element Try/x(x) == tr(T,) € K.

Proposition 1.6.2: (a) For any x,y € L we have Nmy /k(zy) = Nmy k() - Nmz/k(y).

(b) The map Nmy,/x induces a homomorphism L* — K*.

(c) The map Trp/x: L — K is K-linear.
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Proposition 1.6.3: For any x € L we have

Nmp/k(x) = H o(x) and Trp x(z) = Z o(x).
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< Proposﬂzlon 1.6.4: The map Try/x: L — K is non-zero. ﬂ _
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Proposition 1.6.5: For any two finite separable field extensions M/L/K we have:

(a) NmL/KonM/L = NmM/K

(b) TI'L/KOTI'M/L:TI'M/K. c— Ao UL Z.
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(a) Nmp/(z) €A
(b) Nmy,/k(z) € A* if and only if x € B*.
(C) TrL/K(x) c A
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1.7 Discriminant

Proposition 1.7.1: The map
LxL—K (5,9~ Tk (xy).

is a non-degenerate symmetric K-bilinear form.
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Lemma 1.7.2: Write Homg (L, K) = {o1,...,0,} with [L/K] = n and consider the matrix
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,b,) of L over K is the determinant of

Definition 1.7.3: The discriminant of any ordered basis (by, ...
the associated Gram matrix —_
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disc(by, ..., b,) = det(’I’rL/K(bibj))ij:1 .




Proposition 1.7.4: If L = K(b) and n = [L/K], then disc(1,b,...,b" ') is the discriminant of the
minimal polynomial of b over K.
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Proposition 1.7.5: (a) We have disc(by,...,b,) € K*.
(b) If by,...,b, € B, then disc(by,...,b,) € A~ {0} and

(<) EC disc(bl,l,,_,bn) - (Aby + ...+ Ab,). —(

H:LA) (T*L_/“(L[SJ})‘_/J b kbl g‘“___' Lala § wmdgen

' o W A
(ﬁl_%E‘SﬁA,gl.-&l._) A P A’ e =
e be).
((—JT«A‘?&& wh Y F i

Nk‘-::—_-_\.»—/é\7)— Zl"‘ (&,"J)Z"‘ﬁ
- 55 J



e ¥
N o= ek g N = ?\-k=ﬁ-h.l:
ki el = - 1 o ?\Q(_
B »U/¢[L”\gd 7‘4
=Y 456 g ~
= 2 = : 474 (4 &)

it



	Some commutative algebra
	Integral ring extensions
	Prime ideals
	Normalization
	Localization
	Field extensions
	Norm and Trace
	Discriminant
	Linearly disjoint extensions
	Dedekind Rings
	Fractional Ideals
	Ideals
	Ideal class group

	Minkowski's lattice theory
	Lattices
	Volume
	Lattice Point Theorem

	Algebraic integers
	Number fields
	Absolute discriminant
	Absolute norm
	Real and complex embeddings
	Quadratic number fields

	Additive Minkowski theory
	Euclidean embedding
	Lattice bounds
	Finiteness of the class group
	Discriminant bounds

	Multiplicative Minkowski theory
	Roots of unity
	Units
	Dirichlet's unit theorem
	The real quadratic case

	References

