Reminder:

We consider a pukeipeiedmel domain A with quotient field K, a finite separable field extension L/K, and
let B be the integral closure of A in L.

Definition 1.7.3: The discriminant of any ordered basis (by,...,b,) of L over K is the determinant of

the associated Gram matriz

disc(by, .. ., by) :ﬁ det(Trp i (biby),

Proposition 1.7.4: If El—i’lg@ and n = [L/K], then disc(1,b,...,b" ") is the discriminant of the

-_—

minimal polynomial of b over K.

Proposition 1.7.5: (a) We have disc(by,...,b,) € K*.
(b) If by,...,b, € B, then disc(by,...,b,) € A~ {0} and
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Proposition 1.7.6: If A is a principal ideal domain, then:

(a) B is a free A-module of rank [L/K].

(b) For any basis (b, ...,b,) of B over A, the number disc(by, ...,b,) is independent of the basis up to

A "

the square of an element of

Definition 1.7.7: This number is called the discriminant of B over A or of L over K and is denoted

discp/4 or discr, k. e

P_"__*’ITC"SJV\‘M/—-J’"E R L“"‘;S’fL"/‘;LC"-
Al AL &5 < 70T <

—_— Vil

Frze R - rdille T "'Q'-o
AL —~b W R s Ll

Jx‘-m=&a4»w=w=“~

[AS e f8)

L), L
LJ ,/'“/"}L«ﬁ—{/ga—.’q"\"—“-& = A“I:Zq\chd.

b b

)
~ Gl ) = T b e s (g
= “M‘ [L"'f-\,é*\J = M[“)L 4<A/4 (‘I/‘)‘\/ QA’.\(AJ

e 4% . 7L .



1.8 Linearly disjoint extensions LL

2
Definition 1.8.1: Two finite separable field extensions L, L'/ K are called linearly disjoint if L @y L' is
a field.

Proposition 1.8.2: For any two finite separable field extensions L, L'/ K within a common overfield M

the following statements are equivalent:

(a) L and L' are linearly disjoint over K.

(b) [LL'/K] = [L/K] - [I'/K] @(ﬁfﬂ (7) — @l ¥F)
(¢) [LL/L) = [L//K] -
(d) [LL/L] = [L/K] &lVz) & ()
T 2 2
If at least one of L/K and L'/K is galois, they are also equivalent to ——
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Theorem 1.8.3: Consider linearly disjoint finite separable field extensions L, L'/ K. Assume that A is a

principal ideal domain and that d := disc;/x and d’ := discz/x arqrelatively prime in A.| Let B, B', B be
the integral closures of A in L, L’ ,@L’ .)Then:

\ {
(a) B®a B 5 B. LL ~L4€<L,_

(b) discrr/x = dWW/EL. qIL/K] yp to the square of a unit in A.
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1.9 Dedekind Rings

Definition 1.9.1: (a) A ring A is noethem'a‘n/irf every ideal is finitely generated.

(b) An integral domain A has Krull dimension 1 if it is not a field and every non-zero prime ideal is a
maximal ideal.

(c) A noetherien normal integral domairy Krull dimension 1/s called a Dedekind ring.
I v

Proposition 1.9.2: Any principal ideal domain that is not a field is a Dedekind ring.
et : pA

Examples 1.9.3: Take A =Z or A =Z[i] or A = k[t] or A = K[[t]] for a field k.
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In the following we assume that| A C K is Dedekind and that B C L is as above. o L

Proposition 1.9.4: (a) For every multiplicative subset S C A the ring S~ A is Dedekind or a field.

(b) For every prime ideal 0 # p C A the localization A, is a discrete valuation ring.
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Theorem 1.9.5: The ring B is Dedekind and finitely generated as an A-module.
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1.10 Fractional Ideals ped .

Definition 1.10.1: GIJ:""“‘{M-
(a) A non-zero finitely generated A-submodule of K is called a fractional ideal of A.

(b) A fractional ideal of the form (x) := Az for some x € K* is called principal.

(c) The product of two fractional ideals a, b is defined as

ab = {Z;l a;b; ‘ r>0, a; € a,bi € b}.

(d) The inverse of a fractional ideal a is defined as

al = {meK}x-aCA}.

Proposition 1.10.2: For any fractional ideals a, b, ¢ we have:
(a) There exist a,b € A\ {0} with (a) C a C (3).
(b) ab and a~! are fractional ideals.
(c) ab =ba and (ab)c = a(bc) and (1)a = a.
(d) ac Aifand only if A C a™!.



