1.10 Fractional Ideals
woHlucia
We consider apinfegral domain A with quotient field K.

Definition 1.10.1:

(a) A non-zero finitely generated A-submodule of K is called a fractional ideal of A.

(b) A fractional ideal of the form (z) := Az for some x € K* is called principal.

(¢) The product of two fractional ideals a, b is defined as

ab = {22:1 a;b; ‘ r>0,a,€ab; € b}.

(d) The inverse of a fractional ideal a is defined as

= {zeK|z-ac 4}
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Now we assume that A is Dedekind, that is, a noetherien normal integral domain of Krull dimension 1.

Lemma 1.10.3: For every non-zero ideal a C A there exist an integer > 0 and maximal ideals py, ..., p,
such that p;---p, C a.
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Lemma 1.10.4: For every maximal ideal p C A and every fractional ideal a we have
(a) ASp~.
(b) aSpla
(c) p~ip=(1).
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Theorem 1.10.5: Any non-zero ideal of A is a product of maximal ideals and the factors are unique up
to permutation. (Unique factorization of ideals)
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