
Correction:

Proposition 3.2.1: (a) For any Z-submodule � � K of rank n with an ordered Z-basis (x1, . . . , xn) the
following value depends only on �:

disc(�) := disc(x1, . . . , xn) ⇥ Q◊
.

(c) For any Z-submodule � � OK of rank n we have disc(�) ⇥ Z� {0}.

Reminder:
Consider an integer n � 1, take a primitive n-th root of unity � and set K := Q(µn) = Q(�).

Proposition 3.6.3: If n � 2, then for any a coprime to n we have 1��a

1�� ⇥ O
◊
K . (Cyclotomic units)

Definition 3.6.4: The n-th cyclotomic polynomial ⇥n is the monic polynomial of degree ⇥(n) :=

|(Z/nZ)◊| with the simple roots µn.

Theorem 3.6.5: The polynomial ⇥n is an irreducible element of Z[X].

Theorem 3.6.6: The extension K/Q is finite galois of degree ⇥(n) and there is a natural isomorphism
e : Gal(K/Q)

⇥
! (Z/nZ)◊ with the property

⇤⇤ ⇥ Gal(K/Q) : ⇤(�) = �e(⇥).



Theorem 3.6.7: If n = ⌅⇤ for a prime ⌅ and an integer ⇧ � 1, then:

(a) We have ⇥⌅� (X) =
P⌅�1

i=0 X
i⌅��1 .

(b) The ideal (1⌅ �) of OK satisfies (1⌅ �)⌅
��1(⌅�1) = (⌅).

(c) The ideal (1⌅�) is the unique prime ideal of OK above (⌅) � Z and has residue field OK/(1⌅�) ⇧= F⌅.

(d) OK = Z[�] ⇧= Z[X]/(⇥⌅� ).

(e) disc(OK) = ±⌅⌅
��1(⇤⌅�⇤�1).







Theorem 3.6.8: For arbitrary n we have:

(a) OK = Z[�].

(b) The discriminant disc(OK) ⇥ Z is divisible precisely by the primes dividing n.



3.7 Quadratic Reciprocity

Fix an odd prime ⌅ and set K := Q(µ⌅) and � := e
2⇥i
⇤ .

Definition 3.7.1: The Legendre symbol of an integer a with respect to ⌅ is

�
a

⌅

⇥
:=

�
⇥⇥⇥⇥⇤

⇥⇥⇥⇥⌅

0 if a ⌃ 0 mod (⌅),
+1 if a ⌃ b

2 mod (⌅) for some b ⇥ Z� ⌅Z,
⌅1 otherwise.

In the first two cases a is called a quadratic residue, otherwise a quadratic non-residue modulo (⌅).

Proposition 3.7.2: For any integers a, b we have:

(a) (a⌅ ) = ( b⌅) whenever a ⌃ b mod (⌅).

(b) (a⌅ ) ⌃ a
⇤�1
2 mod (⌅).

(c) (ab⌅ ) = (a⌅ )(
b
⌅).

(d) (�1
⌅ ) = (⌅1)

⇤�1
2 .



Definition 3.7.3: The Gauss sum associated to the prime ⌅ is g⌅ :=
⌅�1P
a=1

(a⌅ ) · �
a.

Proposition 3.7.4: The Gauss sum satisfies g
2
⌅ = ⌅⇤ := (⌅1)

⇤�1
2 ⌅.

Proposition 3.7.5: The unique subfield of K of degree 2 over Q is K
⌅ := Q(

⌥
⌅⇤ ).


