Reminder:

27

Fix an odd prime ¢ and set K := Q(u¢) and ( :=e7¢ .

Definition 3.7.1: The Legendre symbol of an integer a with respect to £ is

0 if a=0mod (¢),
<%) = { +1 if a =b*mod (¢) for some b € Z \ (7,
—1 otherwise.
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Definition 3.7.3: The Gauss sum associated to the prime £ is| g, := > (%) - ¢*.
—— a=1

o

Proposition 3.7.4: The Gauss sum satisfies g7 = (* := (—1) 2 /.




Proposition 3.7.6: For any distinct odd primes ¢, p we havei( )= (2).<
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Theorem 3.7.7: (Gauss Quadratic Reciprocity Law)

L. . p—1 (Z—l)
./ (a) For any distinct odd primes ¢, p we havel(e)(%) =(-1) .
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/(b) For any odd prime ¢ we havé 71 = T. (First supplement)

\/( ) For any odd prime ¢ we hav*a % =(— / (Second supplement)
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Nachtrag 364/2 \equw 892 \bmod 997


Nachtrag: 364^2 \equiv 892 \bmod 997


4 Additive Minkowski theory

Reminder:
Fix a finite extension K/Q of degree n. Abbreviate ¥ := Homg (K, C) and set

@:: the number of ¢ € ¥ with o(K) C R, @— IW "‘M?'l {

@:: the number of o € ¥ with o(K) ¢ R, up to complex conjugation.

Proposition 3.4.1: We have r + 2s = n.

Proposition 3.4.2: We have ring isomorphisms E
K ®Q C = K(C = HUEE (C, = @
— U e -

L< E j K®QR e R KR = {(ZU>U€K((:‘VU€EZ@

TRz —— (0(x)2),.

b\
The map z +— x ® 1 induces an embdding j: K — K. X V¥ <9\'[XJ/|-:I

Proposition 3.4.3: For every fractional ideal a of O the image j(a) is a complete lattice in Kg.

Let o1,...,0, be the real embeddings and 0,1, ...,0, the non-real embeddings such that ,,; = 7,445

for all 1 < ]<8 Z:E_Q,,/.../Qh}

Proposition 3.4.4: We have an isomorphism of R-vector spaces

~ n
Kr — R", (25)0 — (z,,l,...,zgr,Rezarﬂ,...,RerHS,ImZUTH,...,Ingrﬂ).




4.1 Euclidean embedding

We endow K¢ := C* with the standard hermitian scalar product

{(20), (We)o) Zzgwc,.
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Proposition 4.1.1: Its restriction to Kg x Kr has values in R and turns Ky into a euclidean vector

space. -
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Proposition 4.1.2: Under the isomorphism of Proposition 3.4.4 this scalar product on K corresponds

to the following scalar product on R™:

\<(IJ i» (5); Z%y] + Z 2%5

i=r+1
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4.2 Lattice bounds

Proposition 4.2.1: For any fractional ideal a of Oy we have 7 (el &, (*//i
vol(Kg/j(a)) = +/disc(a) = Nm(a) - \/|dx].
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Theorem 4.2.2: Consider a fractional ideal a of O and positive real numbers ¢, for all ¢ € X such that

e > 2 Vidk| - Nm(a).

oED

Then there exists an element a € a ~ {0} with the property

Vo eX: |o(a)| < cy.



