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5 Multiplicative Minkowski theory

5.1 Roots of unity

Lemma 5.1.1: We have a short exact sequence
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Set I' := ¢(Oj) and let p(K) denote the group of elements of finite order in/ K *. ™y C [;K

Proposition 5.1.2: The group u(K) is a finite subgroup of O and we have a short exact sequence

11— u(K) 0% r 0.
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Proposition 5.1.3: The group p(K) is cyclic of even order.
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Example 5.1.4: For any squarefree d € Z ~. {1} we have

QW) =

cyclic of order 4 if d = —1,

{ cyclic of order 6 if d = —3,
cyclic of order 2 otherwise.
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5.2 Units

Lemma 5.2.1: The group I is a lattice in R*.
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Consider the homomorphisms

Nm: K¢ = (C*)* —=C*, (20)e —=IToesx %

Tr: (R*)* ——R, (to)er—>2 sexto
Lemma 5.2.2: We have a commutative diagram D ™ 9o 1 ‘ 5(;([ l = la:, Iﬁ(x)\
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Consider the R-subspaces
(R®)* == {(t,), ER®|Vo:t, =1,},

H = ker(Tr: (R¥)* — R),

Lemma 5.2.3: We have I' C H and dimg(H) =7+ s — 1.
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5.3 Dirichlet’s unit theorem

Theorem 5.3.1: The group I is a complete lattice in H.




Theorem 5.3.2: The group O} is isomorphic to u(K) x Z™71.

Caution 5.3.3: The isomorphism is uncanonical.

Pt . Aoplu]l— &) =T 22" 140

T T
L‘%M‘i I‘L‘ I

1/’/z_|"+.r-7

X
=2 Ou = r(‘t/x EIZX“_*Z_Z

-,



Corollary 5.3.4: The group Op is finite if and only if K is Q or imaginary quadratic.
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Corollary 5.3.5: The group Oy has Z-rank 1 if and only if (r,s) € {(2, 0

have ~ 5
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for some unit € of infinite order.
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Definition 5.3.6: Any choice of such ¢ is then called a fundamental unit.

————




5.4 The real quadratic case

Suppose that K = @(\/E) for a squarefree d > 1 and choose an embedding K — R. s,
——— X

Fact 5.4.1: There is a unique choice of fundamental un@

Proposition 5.4.2: If Og = [\/3] then
a) O5 = {a+bVd | a, bezmrj
( ) OFNR>L = {a+b\/‘}a beZ, a*—bd=+1 @j
(c) The fundamental unit ¢ > 1 is the element a + bWd € O NR>! as in (b) with the smallest value

for a, or equivalently for b. N
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Theorem 5.4.3: For any squarefree integer d > 1 there are infinitely many solutions (a,b) € Z? of the

diophantine equation a? — b?d = 1.
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Remark 5.4.4: The equation a? — b*d = —1 may or may not have a solution (a,b) € Z?. But if it has a

ik

solution, it has infinitely Eany. E_L\<7L 1 bm \ A =18
T YA <A
Proposition 5.4.5: The fundamental unit € > 1 of K with discriminant D satisfies
aIIN>J
VD ++/D—1 -
e > —— > L.
2

Consequently, if some unit of infinite order v > 1 is known, we have u = &* for some 1 < k <

log(u)/log((v/D + /D — 4)/2) and one can efficiently find ¢.
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Remark 5.4.6: One can effectively find ¢ using continued fractions.
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