6 Extensions of Dedekind rings

6.1 Modules over Dedekind rings

Let A be a Dedekind ring with quotient field K. A_ :2

Definition 6.1.1: Consider an A-module M. QKQSQ .o =0

(a) An element m € M is called torsion if there exists a € A~ {0} such that am = 0.
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(b) The module M is called torsion if every element of M is torsion.

(¢) The module M is called torsion-free if no non-zero element of M is torsion.

Theorem 6.1.2: Any finitely generated A-module is isomorphic to the direct sum of a torsion module

and a torsion-free module.
R

Theorem 6.1.3: Any non-zero finitely generated torsion-free A-module is isomorphic to a @ A™! for a

non-zero ideal a C A and an integer r > 1.

Theorem 6.1.4: Any finitely generated torsion A-module is isomorphic to

(a) @;_, A/p;" for r > 0 and maximal ideals p; C A and integral exponents e; > 1.

(b) @;_, A/a; for s > 0 and non-zero ideals a, C ... Ca; G A.




Proposition 6.1.5: Consider a K-vector space V of finite dimensio@and a finitely generated A-
submodule M C V that generates V over K. Then M is isomorphic to a direct sum of n fractional ideals

of A.
O0—v'.=\W(o)—V —’Q-ﬁ W —1<2
P—Vy_‘/; 5 RyAS U w W l_J_Z%'K
we 8 depg gy N=nmavia f'\—JJUIv-’JD
WSO ey L.Vl WK-Lomen UA-M_-ZL_‘*L e Z@;./.,\, X
= ,Q(\'\JCK “NK;-P_‘A’-\.—«'_._Q L e A
§ﬁ__k‘q;w7{&, Qﬂr(x)c.th'ﬂ\ =Z»’<L<f K
becatl u,\_li\i{.q' ’ Lo(_-:a,l N~ o, la(u&—.rD/Q)
2 %%»{Vi_ > @ -—Resalsg-2=p
—A Ld ")Q~< ! w K s\"'—‘ ':lj‘j(u‘ ")H =g Ge
e uﬁ eh -.../Aai,ﬁ(u-\-/rq_j—\"_ (:.J.~ra)(u‘; U e =~ 1\\ /L A
Proposﬂzlon 6.1.6: For any fractional ideals a, b of A there 15 a natural isomorphism N ans
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6.2 Decomposition of prime ideals

For the rest of this chapter we take a finite separable field extension L/K of dégree n) Then the integral
closure B of A in L is a finitely generated pgedsstive A-module damaleai and itself a Dedekind ring. For
any maximal ideal p C A we abbreviate the residue field by k(p) := A/p, and likewise for any maximal
ideal of B. Where applicable we let C' be the integral closure of B in a finite separable extension M/L.

Consider a maximal ideal p C A. Then pB is a non-zero ideal of B and therefore has 3 prime factorization

yd
pB = ) @

with distinct maximal ideals q; C B and integral exponents
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Proposition 6.2.1: (a) The ideals g; are precisely the prime ideals of B above p.

(b) For each i the residue field k(q;) is a finite extension of the residue field k(p).

(c) Letting f; denote the degree of this residue field extension, we have
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Definition 6.2.2:

(a) The number e, := e; is called the ramification degree over p. j @
—— —_—
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(b) The number fq,, := f; is called the inertia degree o@over p.
i L B S,
(¢) We ca unramified over p if e; = 1. Q:f%] sz]
e
(d) We call(qramified over p if e; > 1. ﬁ(t) < f(%}

Definition 6.2.3:
(a) We call p unramified in B if all e; = 1, that is, if pB = q1 -+ g, enbh Lok pre o u, “p;

(b) We call p ramified in B if some e; > 1. J C/
We call p totally split in B if all e; = f; = 1, that is, if r = n and pB = q; -

C

(
(d) We call p totally inert in B if r = e; = 1, that is, if pB is prime.

)
)
)
)

(e) We call p totally ramified in B if r = f; = 1, that is, if pB = g™ for a prime q C B.
- SR shcb i Bl




Proposition 6.2.4: Suppose that B = A[f] and let f € A[X] be the minimal polynomial of 5 above K.
Set f := f mod p and write f = [[,_, f7* with inequivalent irreducible factors f; € k(p)[X] and integral
exponents ¢; > 1. Choose f; € A[X] with f; = f; mod p. Then pB = []_, q°* with the,rprime ideals
qi:=pB+ fi(5)B.
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Example 6.2.5: Take L = Q(v/d) with d € Z ~ {1} squarefree. Then an odd prime p of Z with

Z_:Zei.f~ d 0 %s (totally) ramified in QL, r=1_8,51,¢,2
! -) = 1 is (totally) decomposed in O, =2 f.=8.=17
p . : - R \
—1 s (totally) inert in Oy. =, £1=2, e = (

Proposition 6.2.6: For any a prime v C C' above q C B above p C A we have

Crlp = Crlq " Cqlp and Jep = Jeta * Jalp-



