
Reminder: Take L/K finite separable of degree n.

Definition 6.6.1: The relative norm of a fractional ideal b of B is the A-submodule

NmL/K(b) :=
�
{NmL/K(y) | y � b}

⇥
⇥ K.

Proposition 6.6.2:

(a) This is a fractional ideal of A.

(b) If b ⇥ B then NmL/K(b) ⇥ b ⇤ A.

(c) For any y � L◊ we have NmL/K((y)) = (NmL/K(y)).

Lemma:

(a) For any z � L◊ we have NmL/K(zb) = NmL/K(z) NmL/K(b).

(b) Suppose that b ⇥ B and take x � NmL/K(b)� {0} and y � b such that b = (x, y).
Then NmL/K(b) = (x,NmL/K(y)).

Proposition 6.6.3: For any two fractional ideals b, b� of B we have

NmL/K(bb
�
) = NmL/K(b) · NmL/K(b

�
).



Proposition 6.6.4: For any fractional ideal c of C we have

NmL/K(NmM/L(c)) = NmM/K(c).

Proposition 6.6.5: For any fractional ideal a of A we have NmL/K(aB) = an.



Proposition 6.6.6: For any prime q ⇥ B above p ⇥ A we have NmL/K(q) = pfq|p . (Correction!)



6.7 Di�erent

Recall from Proposition 1.7.1 that we have the non-degenerate symmetric K-bilinear form

L◊ L �! K, (x, y) 7! TrL/K(xy).

Proposition 6.7.1: The subset

d :=
⇤
x � L

⌅⌅ ⌅y � B : TrL/K(xy) � A
⇧

is a fractional ideal of B which contains B.

Definition 6.7.2: The ideal di�B/A := d⇥1 ⇥ B is called the di�erent of B over A.



Proposition 6.7.3: Suppose that B = A[�] and let f � A[X] be the minimal polynomial of � above K.
Then di�B/A =

�
df

dX
(�)

⇥
.

Proposition 6.7.4: In general di�B/A is the ideal that is generated by df

dX
(�) for all � � B with minimal

polynomial f over K.





Proposition 6.7.5: We have di�C/A = di�C/B · di�B/A.

Theorem 6.7.6: For any prime q of B above a prime p of A we have q ⇥ di�B/A if and only if q is
unramified over p.




