
Reminder: Take L/K finite separable of degree n.

Proposition 6.7.1: The subset

d :=
�
x � L

⇥⇥ ⇥y � B : TrL/K(xy) � A
⇤

is a fractional ideal of B which contains B.

Definition 6.7.2: The ideal di�B/A := d�1 ⇤ B is called the di�erent of B over A.

Theorem 6.7.6: For any prime q of B above a prime p of A we have q � di�B/A if and only if q is
unramified over p.



6.8 Relative discriminant

Definition 6.8.1 The relative discriminant of B/A is the ideal of A that is generated by the discriminants

disc(b1, . . . , bn) = det
⌅
TrL/K(bibj)

⇧
i,j=1,...,n

for all tuples (b1, . . . , bn) in B.

Proposition 6.8.2: We have discB/A = NmL/K(di�B/A).



Proposition 6.8.3: We have discC/A = NmL/K(discC/B) · disc
[M/L]
B/A

.

Theorem 6.8.4: (a) A prime p ⇤ A is ramified in B if and only if p| discB/A.

(b) At most finitely many primes of A are ramified in B.



Theorem 6.8.5: For any number field K ⌅= Q there exists a rational prime which is ramified in OK .

Example 6.8.6: Consider distinct primes p1 ⇧ . . . ⇧ pr ⇧ 1 mod (4) with r � 1. Then the extension
Q(

⌃
p1, . . . ,

⌃
pr )/Q(

⌃
p1 · · · pr ) is everywhere unramified.


