
7.4 Dirichlet density

Consider a number field K and a subset A of the set P of maximal ideals of OK .

Definition 7.4.1: (a) The value

µ(A) := lim sup
s!1+

P
p�A Nm(p)⇥s

P
p�P Nm(p)⇥s

is called the upper Dirichlet density of A.

(b) The value

µ(A) := lim inf
s!1+

P
p�A Nm(p)⇥s

P
p�P Nm(p)⇥s

is called the lower Dirichlet density of A.

(c) If these coincide, their common value

µ(A) := lim
s!1+

P
p�A Nm(p)⇥s

P
p�P Nm(p)⇥s

is called the Dirichlet density of A.



Proposition 7.4.2: (a) We have 0 � µ(A) � µ(A) � 1.

(b) For any subset B � A we have µ(B) � µ(A) and µ(B) � µ(A), and also µ(B) � µ(A) if these exist.

(c) We have µ(A) = 0 if A is finite.

(d) We have µ(A) = 1 if P � A is finite.

(e) For any disjoint subsets A,B � P , if two of µ(A), µ(B), µ(A ⇥B) exist, then so does the third and
we have µ(A) + µ(B) = µ(A ⇥ B).



Proposition-Definition 7.4.3: If the natural density of A

�(A) := lim
x!⇤

��{p ⇤ A | Nm(p) � x}
��

��{p ⇤ P | Nm(p) � x}
��

exists, so does the Dirichlet density µ(A) and they are equal.




