Recall:

Theorem 7.7.1: For any coprime integers a and N > 1 the set of rational primes p = a mod (N) has

Dirichlet density ﬁ. In particular it is infinite.




7.8 Bonus Material: Abelian Artin L-functions

Consider an abelian extension of number fields L/K with Galois group I'. Then for any prime q of Oy,

the decomposition group Fq, the inertia group I;, and the Frobenius substltutlon Frob, depend only on

the underlying prime p of Ok. We therefore denote them also by I'y, I,,, Frob, respectlvely

Definition 7.8.1: The Artin L-function associated to any homomorphism x:r—-c r—-Cxi

Li(x,s) = —( X (Frob, )Nm(p)

X\Ip

Example 7.8.2: In the case K = Q and L = Q(,uN) and the usual identification I' = (Z/NZ)* the Artin

L-function Lk/(x, s) is the Dirichlet L-function L(, s) for the primitive Dirichlet character associated to x.
—

Proposition 7.8.3: This product converges absolutely and locally uniformly for all s € C with Re(s) > 1

and defines a holomorphic function there.
—_— _
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Proposition 7.8.4: For the trivial homomorphism y we have Lg(x,s) = (x(s).




Proposition 7.8.5: The zeta function (;(s) is the product of the L-functions Lg(x, s) for all x.
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(without proof)

Theorem 7.8.')} For every non-trivial xy we have Lk (x,1) # 0.
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7.9 Bonus Material: Cebotarev density theorem

Consider an arbitrary Galois extension of number fields L/K with Galois group I'. For any v € T" we
denote the conjugacy class by Or(y) := {%y | § € I'} and let P, denote the set of primes p C O that are
unramified in O, and whose Frobenius substitution for some (and equivalently every) q|p lies in Or(7).
—_— —_—

Theorem 7.9.1: The set\P has the Dirichlet density |OF(7)| \

@ o I C(L/LY),7) ,7) holds, then so does C(L/K, ).
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e So for the rest we may assume that I' is abelian; or even cyclic with T' = (7).
e For I' abelian C(L/K, ) follows from Theorem 7.8.7.

e But Theorem 7.8.7 depends on Theorem 7.8.6, which we did not prove.
/’\



e Now consider the special case L = K (ju,,) for some m > 1.

— Let J,, denote the group of fractional ideals of Ok that are coprime to m.
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— Then every ideal class can be represented by an element of .J,,.
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— Let P, denote the subgroup of all principal ideals (¥) for z,y € '+ mOk-. A .
Then J,,/P,, is finite.
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— We identify I' = Gal(L/K) with a subgroup of (Z/mZ)* as usual: et ber,
— There is a well-defined homomorphism <<>|¢( h-(’k_ \

;((]/>—>r< (Z/mE)* MJ\
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— As in the proof of the analytic class number formula one shows that, for some explicit positive

real constant ¢ that is independent of x, we have

1 ifyoN=1
0 if yoN#1
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