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1 Some commutative algebra

1.1 Integral ring extensions

All rings are assumed to be commutative and unitary. Consider a ring extension

ACB.

Definition 1.1.1: (a) An element b € B is called integral over A if there exists a
monic f € A[X] with f(b) = 0.

(b) The ring B is called integral over A if every b € B is integral over A.
(¢) The integral closure of A in B is the set A := {b € B | b integral over A}.

Definition-Example 1.1.2: (a) An element z € C is integral over Q if and only if z
is an algebraic number.

(b) An element z € C is integral over Z if and only if z is an algebraic integer.

Proposition 1.1.3: The following statements for an element b € B are equivalent:
(a) b is integral over A.
(b) The subring A[b] C B is finitely generated as an A-module.

(c) b is contained in a subring of B which is finitely generated as an A-module.

Proposition 1.1.4: (a) For any integral ring extensions A C B and B C C' the ring
extension A C C is integral.

(b) The subset A is a subring of B that contains A.

(¢) The subring A is its own integral closure in B.

1.2 Prime ideals

Consider an integral ring extension A C B.

Proposition 1.2.1: For every prime ideal ¢ C B the intersection q N A is a prime
ideal of A.

Definition 1.2.2: We say that q lies over q N A.
Theorem 1.2.3: For any prime ideals q C g’ C B over the same p we have q = ¢’

Theorem 1.2.4: For every prime ideal p C A there exists a prime ideal ¢ C B over p.
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1.3 Normalization

From now on we assume that A is an integral domain with quotient field K.

Definition 1.3.1: (a) The integral closure of A in K is called the normalization of A.

(b) The ring A is called normal if this normalization is A.

Proposition 1.3.2: (a) The normalization of A is normal.

(b) Any unique factorization domain is normal.

1.4 Localization

Definition 1.4.1: A subset S C A ~\ {0} is called multiplicative if it contains 1 and
is closed under multiplication.

Definition-Proposition 1.4.2: For any multiplicative subset S C A the subset
S7tA = {%‘aGA, SGS}
is a subring of K that contains A and is called the localization of A with respect to S.

Example 1.4.3: For every prime ideal p C A the subset A \ p is multiplicative. The
ring A, := (A~ p) 1A is called the localization of A at p.

Proposition 1.4.4: For every multiplicative subset S C A we have:
(a) S7'A = S-1A.
(b) If A is normal, then so is S™'A.

1.5 Field extensions

In the following we consider a normal integral domain A with quotient field K, and
an algebraic field extension L/K, and let B be the integral closure of A in L.

Proposition 1.5.1: For any homomorphism o: L — M of field extensions of K, an
element = € L is integral over A if and only if o(x) is integral over A.

Proposition 1.5.2: An element x € L is integral over A if and only if the minimal
polynomial of x over K has coefficients in A.

Proposition 1.5.3: We have (A~ {0})"'B = L.
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1.6 Norm and Trace

Assume that L/K is finite separable. Let K be an algebraic closure of K.

Definition 1.6.1: For any x € L we consider the K-linear map T,: L — L, u — uzx.
(a) The norm of x for L/K is the element Nmy, /x (z) := det(7}) € K.
(b) The trace of x for L/K is the element Try x(x) = tr(T,) € K.

Proposition 1.6.2: (a) For any x,y € L we have Nmp, /i (xy) = Nmp, g (2)-Nmy/x (y).
(b) The map Nmp,x induces a homomorphism L* — K*.

(c) The map Trp/x: L — K is K-linear.

Proposition 1.6.3: For any x € L we have

Nmy /g (z) = H o(x) and Trp (x) = Z o(x).

o€Hom (L,K) o€Hom (L,K)

Proposition 1.6.4: The map Try/x: L — K is non-zero.
Proposition 1.6.5: For any two finite separable field extensions M/L/K we have:

(a) Nmpz g oNmyyp = Nmyy k.

(b) Trr ko Trar = Trayk.
Proposition 1.6.6: For any x € B we have:

(a) Nmp, r(z) € A.

(b) Nmp, k() € A* if and only if x € B*.

(c) Try/k(z) € A.

1.7 Discriminant

Proposition 1.7.1: The map
LxL— K, (z,y)— Tryx(zy)
is a non-degenerate symmetric K-bilinear form.

Lemma 1.7.2: Write Homg (L, K) = {04, ...,0,} with [L/K] = n and consider the
matrix 1 := (0i<bj))i,j:1

.....

TT T = (T‘I"L/K(bibj)).7 -

Definition 1.7.3: The discriminant of any ordered basis (by,...,b,) of L over K is
the determinant of the associated Gram matriz

disc(by, ..., b,) = det(TrL/K(bibj)).

i,7=1,...,n
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Proposition 1.7.4: If L = K(b) and n = [L/K], then disc(1,b,...,b" ') is the
discriminant of the minimal polynomial of b over K.
Proposition 1.7.5: (a) We have disc(by,...,b,) € K*.

(b) If by,...,b, € B, then disc(by,...,b,) € AN {0} and

1
B (Aby + .. + Ab,).
C T py Abt T Ab)

Proposition 1.7.6: If A is a principal ideal domain, then:
(a) B is a free A-module of rank [L/K].
(b) For any basis (by,...,b,) of B over A, the number disc(by, ..., b,) is independent

of the basis up to the square of an element of A*.

Definition 1.7.7: This number is called the discriminant of B over A or of L over K
and is denoted discp/4 or discy k.

1.8 Linearly disjoint extensions

Definition 1.8.1: Two finite separable field extensions L, L'/K are called linearly
disjoint if L @y L' is a field.

Proposition 1.8.2: For any two finite separable field extensions L, L’'/K within a
common overfield M the following statements are equivalent:
(a) L and L' are linearly disjoint over K.
(b) [LL/K] = [L/K]-[L'/K]
(¢) [LL'/L} = [L'/K]
(d) [LL'/L] = [L/K]
If at least one of L/K and L'/K is galois, they are also equivalent to
(e) LNL =K.
Theorem 1.8.3: Consider linearly disjoint finite separable field extensions L, L'/ K.

Assume that A is a principal ideal domain and that d := disc;,x and d' := discp/k are
relatively prime in A. Let B, B’, B be the integral closures of A in L, L', LL'. Then:

(a) B®y B 5 B.

(b) discrr/x = dF'/KL L @IE/ET yp to the square of a unit in A.
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1.9 Dedekind Rings

Definition 1.9.1: (a) A ring A is noetherian if every ideal is finitely generated.

(b) An integral domain A has Krull dimension 1 if it is not a field and every non-zero
prime ideal is a maximal ideal.

(¢) A noetherien normal integral domain of Krull dimension 1 is called a Dedekind
TIng.

Proposition 1.9.2: Any principal ideal domain that is not a field is a Dedekind ring.
Examples 1.9.3: Take A =7 or A =Z[i] or A = k[t] or A = k[[t]] for a field k.
In the following we assume that A C K is Dedekind and that B C L is as above.

Proposition 1.9.4: (a) For every multiplicative subset S C A the ring S™'A is
Dedekind or a field.

(b) For every prime ideal 0 # p C A the localization A, is a discrete valuation ring.

Theorem 1.9.5: The ring B is Dedekind and finitely generated as an A-module.

1.10 Fractional Ideals

Let A be a Dedekind ring with quotient field K.
Definition 1.10.1:

(a) A non-zero finitely generated A-submodule of K is called a fractional ideal of A.
(b) A fractional ideal of the form (z) := Ax for some x € K* is called principal.
(¢) The product of two fractional ideals a, b is defined as
ab = {37 aib; | r>0, a €a, b €b}.
(d) The inverse of a fractional ideal a is defined as
o' = {z€K |z -aC A}
Proposition 1.10.2: For any fractional ideals a, b, ¢ we have:
(a) There exist a,b € A\ {0} with (a) Ca C (3).
(b) ab and a~! are fractional ideals.
(c) ab =ba and (ab)c = a(bc) and (1)a = a.
(d) a Cc Aifand only if A C a™t.

Lemma 1.10.3: For every non-zero ideal a C A there exist an integer » > 0 and
maximal ideals py, ..., p, such that p;---p, C a.

Lemma 1.10.4: For every maximal ideal p C A and every fractional ideal a we have
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(a) AGp~
(b) a S pla
(c) plp=(1).

Theorem 1.10.5: Any non-zero ideal of A is a product of maximal ideals and the
factors are unique up to permutation. (Unique factorization of ideals)

Theorem 1.10.6: (a) The set J4 of fractional ideals is an abelian group with the
above product and inverse and the unit element (1) = A.

(b) The group J4 is the free abelian group with basis the maximal ideals of A.

1.11 Ideals

Consider any non-zero ideals a,b C A.
Definition 1.11.1: We write b|a and say that b divides a if and only if a C b.
Proposition 1.11.2: For any a,b € A~ {0} we have b|a if and only if (b)|(a).

Proposition 1.11.3: We have b|a if and only if there is a non-zero ideal ¢ C A with
be=a.

Definition 1.11.4: Ideals a,b C A with a+ b = A are called coprime.

Proposition 1.11.5: For any non-zero ideals a,b C A the following are equivalent:
(a) a and b are coprime.
(b) Their factorizations in maximal ideals do not have a common factor.

(c) anb = ab.

Chinese Remainder Theorem 1.11.6: For any pairwise coprime ideals aq, ..., a, C
A we have a ring isomorphism

Alay---a, ——= A/a; x ... x A/a,,

a+a;--a. — (a+ag,...,a+a,).
Proposition 1.11.7: For any fractional ideals a C b there exists b € b with b = a+(b).
Proposition 1.11.8: Every fractional ideal of A is generated by 2 elements.

Proposition 1.11.9: For any non-zero ideal a and any fractional ideal b of A there
exists an isomorphism of A-modules A/a = b/ab.
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1.12 Ideal class group

Definition 1.12.1: The factor group
Cl(A) := {fractional ideals} / {principal ideals}

is called the ideal class group of A. Its order h(A) := | C1(A)| is called the class number
of A.

Proposition 1.12.2: Any ideal class is represented by a non-zero ideal of A.

Proposition 1.12.3: There is a fundamental exact sequence

A = KX Jy— Cl(A) —— 1.
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2 Minkowski’s lattice theory

2.1 Lattices

Fix a finite dimensional R-vector space V.

Proposition 2.1.1: There exists a unique topology on V such that for any basis
U1,...,0, of V the isomorphism R" — V, (z;); — > 1" x;v; is a homeomorphism.

Definition 2.1.2: A subset X C V is called ...
(a) ... bounded if and only if the corresponding subset of R" is bounded.

(b) ... discrete if and only if the corresponding subset of R™ is discrete, that is, if its
intersection with any bounded subset is finite.

Now we are interested in an (additive) subgroup I' C V.

Definition-Proposition 2.1.3: The following are equivalent:
(a) T is discrete.
(b) T =D;", Zv; for R-linearly independent elements vy, ..., Uy,

Such a subgroup is called a lattice.

Definition-Proposition 2.1.4: The following are equivalent:
(a) T"is discrete and there exists a bounded subset & C V such that ' + ¢ = V.
(b) T is discrete and V/T" is compact.
(c) T'=@D;_, Zv; for an R-basis vy,...,v, of V.

Such a subgroup is called a complete lattice.

In the following we consider a lattice I' C V.

Definition 2.1.5: Any measurable subset ® C V such that ® — V/T" is bijective is
called a fundamental domain for T'. (With respect to the measure from §2.2.)

Example 2.1.6: If ' = @, Zv; for an R-basis vy, . .., v, of V, a fundamental domain

is:
O = {ZLI TiU; } Vi: 0<a; < 1}.

Caution 2.1.7: If V # 0, there does not exist a compact fundamental domain,
because there is a problem with the boundary.

2.2 Volume

Now we fix a scalar product (, ) on V.
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Proposition 2.2.1: (a) There exists a unique Lebesgue measure dvol on V' such that

for any measurable function f on V' and any orthonormal basis (ey,...,e,) of V
we have
/ f(v) dvol(v) = / f(Z?:l xiei) dz, ...dz,
(b) For any R-basis (vy,...,v,) of V we then have

VOl({Zyzl x| Vic 0<a; <1}) = \/det(<vivvj>)2j:1

/Vf(v) dvol(v) = /nf(Z’ L Yivs) dya - \/det i, 05)); -

Definition-Proposition 2.2.2: Consider any fundamental domain & C V.

(a) For any measurable function f on V/I" this integral is independent of &:

F(B) dvol() /fv+F dvol(v).

V/T

(b) In particular we obtain
vol(V/T') = / 1 dvol(v) = vol(®).
V)T

Fact 2.2.3: We have vol(V/I') < oo if and only if I is a complete lattice.

2.3 Lattice Point Theorem

Let I" be a complete lattice in a finite dimensional euclidean vector space V.

Definition 2.3.1: A subset X C V is centrally symmetric if and only if
X=-X={-z|zeX}
Theorem 2.3.2: Let X C V be a centrally symmetric convex subset which satisfies
vol(X) > 24m(V) . yol(V/T).
Then X NT contains a non-zero element.

Remark 2.3.3: The theorem is sharp. For example if V = R™ and I' = Z" and
X =] —1,1[", then we have vol(X) = 249™() . vol(V/I') and X NT = {0}.
Application 2.3.4: An n-dimensional ball B, of radius r has volume
71'"/2
VOl(Br) = Sn o aN -r™
(3 +1)

Therefore the smallest non-zero vector in I' has length

< % - {/vol(V/T) - T(3 +1).

More generally, for every k one can bound the combined lengths of k linearly indepen-
dent vectors in I' using successive minima.
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3 Algebraic integers

3.1 Number fields

Definition 3.1.1: (a) A finite field extension K/Q is called an (algebraic) number
field.

(b) A number field of degree 2, 3,4,5,... is called quadratic, cubic, quartic, quintic,...

(c¢) The integral closure Ok of Z in K is called the ring of algebraic integers in K.
In the rest of this chapter we fix such K and Ok and abbreviate n := [K/Q].

Proposition 3.1.2: (a) The ring O is Dedekind.
(¢) Ok is a free Z-module of rank n.

(b) Any fractional ideal a of Ok is a free Z-module of rank n.

3.2 Absolute discriminant

Proposition 3.2.1: (a) For any Z-submodule I' C K of rank n with an ordered
Z-basis (z1,...,x,) the following value depends only on I

disc(T") := disc(xq, ..., z,) € Q.

(b) For any two Z-submodules I' C IV C K of rank n the index [I" : I'] is finite and
we have

disc(I') = [TV : T)? - disc(I").
(c) For any Z-submodule I' C Ok of rank n we have disc(I') € Z ~ {0}.
Definition 3.2.2: The number
di = disc(Ok) € Z~ {0}
is called the discriminant of Ok or of K.

Corollary 3.2.3: If there exist ay,...,a, € Ok such that disc(aq,...,a,) is square-
free, then
O =Za1 D ... D Za,.

3.3 Absolute norm

Definition 3.3.1: The absolute norm of a non-zero ideal a C O is the index

Nm(a) := [Ok: a] € Z7'.
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Proposition 3.3.2: For any a € Og ~ {0} we have Nm((a)) = | Nmg/g(a)|.

Proposition 3.3.3: For any integer N > 1 there exist only finitely many non-zero
ideals a C Ok with Nm(a) < N.

Proposition 3.3.4: For any two non-zero ideals a, b C Ok we have

Nm(ab) = Nm(a) - Nm(b).

Let Jx denote the group of fractional ideals of O.
Corollary 3.3.5: The absolute norm extends to a unique homomorphism

Nm: Jgx — (Q7°,-).

3.4 Real and complex embeddings
Throughout the following we abbreviate 3 := Homg(K, C) and set

r := the number of ¢ € ¥ with o(K) C R,

s := the number of o € ¥ with ¢(K) ¢ R, up to complex conjugation.
Proposition 3.4.1: We have r + 25 = n.

Proposition 3.4.2: We have ring isomorphisms

K ®Q C i K(C = HUGE (C,
U U
K®gR = Kg := {(zU)UEKC“V’UEE:zC—,:Eg}.

Tz —— (0(1)2),-
The map = — = ® 1 induces an embdding j: K — Kg.

Proposition 3.4.3: For every fractional ideal a of Ok the image j(a) is a complete
lattice in K.

To describe this with more explicit coordinates we let o1, ..., o, be the real embeddings
and 0,41, ...,0, the non-real embeddings such that o,,; = 0,4, forall 1 < j <s.

Proposition 3.4.4: We have an isomorphism of R-vector spaces

~ n
Kg — R", (z5)y — (ZUI,...,zgr,Rez(,Hl,...,RezaHs,Imz(,Hl,...,Ingr+s).
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3.5 Quadratic number fields

Proposition 3.5.1: The quadratic number fields are precisely the splitting fields of
the poiynomials X2 — d for all squarefree integers d € Z ~ {0,1}.

Convention 3.5.2: For any positive integer d we let v/d be the positive real square
root of d. For any negative integer d we uncanonically choose a square root Vd in iR.

Proposition 3.5.2: For d as above and K = Q(v/d) we have

[ ZVd] ifd=2,3mod (4),
Ok = {Z[Hz\/a] if d =1 mod (4)

and
{ 4d if d = 2,3 mod (4),
dx =

d if d=1mod (4)

Corollary 3.5.4: The integer d is uniquely determined by K, namely as the squarefree
part of dg.

Remark 3.5.5: The possible discriminants of quadratic number fields are sometimes
called fundamental discriminants. As the discriminant is somewhat more canonically
associated to K than the number d, some authors prefer to write K = Q(v/dk).

Definition 3.5.6: We have the following cases:

(a) If d > 0, there exist precisely two distinct embeddings o1,09: K < R and we
call K real quadratic. In this case we obtain a natural embedding

(01,09): K — R2.

(b) If d < 0, there exist precisely two distinct embeddings o,6: K < C that are
conjugate under complex conjugation, and we call K imaginary quadratic. In
this case we obtain a natural embedding

c: K — C.

3.6 Cyclotomic fields

Fix an integer n > 1.

Definition 3.6.1: (a) An element ¢ € C with (" = 1 is called an n-th root of unity.

(b) An element ¢ € C* of precise order n is called a primitive n-th root of unity.

Proposition 3.6.2: The n-th roots of unity form a cyclic subgroup tn, C C* which
is generated by any primitive n-th root of unity, for instance by e™ .

For the following we fix a primitive n-th root of unity ¢ and set K := Q(u,) = Q(¢).
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Proposition 3.6.3: (a) An integral power (* has order n if and only if ged(a,n) = 1.
(b) If n > 2, then for any such a we have % € Og. (Cyclotomic units)

Definition 3.6.4: The n-th cyclotomic polynomial ®,, is the monic polynomial of
degree p(n) := |(Z/nZ)*| with the primitive n-th roots of unity as simple roots.

Theorem 3.6.5: The polynomial ®,, is an irreducible element of Z[X].

Theorem 3.6.6: The extension K/Q is finite galois of degree p(n) and there is a
natural isomorphism e: Gal(K/Q) = (Z/nZ)* with the property

Wy € Gal(K/Q): 7(¢) = ¢,

Theorem 3.6.7: If n = ¢* for a prime ¢ and an integer v > 1, then:
(a) We have q)gu (X) — Zf;(l) XieV—l.
(b) The ideal (1 — () of Ok satisfies (1 — C)L’”’l(f—l) = (0).

(¢) The ideal (1 — () is the unique prime ideal of Ok above (¢) C Z and has the
residue field Ok /(1 — () = F,.

(d) Ok =Z[¢] = Z[X]/(®p).
(e) disc(Of) = £ Wt=v=1),
Theorem 3.6.8: For arbitrary n we have:

(a) Ok = Z[(].
(b) The discriminant disc(Ok) € Z is divisible precisely by the primes dividing n.

3.7 Quadratic Reciprocity

2mi

Fix an odd prime ¢ and set K := Q(u¢) and ( :=e77 .

Definition 3.7.1: The Legendre symbol of an integer a with respect to ¢ is

0 if a=0mod (¥),
(%) ={ +1 if a =b? mod (¢) for some b € Z \ (Z,

—1 otherwise.

In the first two cases a is called a quadratic residue, otherwise a quadratic non-residue

modulo ().

Proposition 3.7.2: For any integers a, b we have:

(a) (%) = (%) whenever a = b mod (¢).
(b) (4)=a= mod (¢)

() () = (5)(%).

@ (F) ==
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-1
Definition 3.7.3: The Gauss sum associated to the prime £ is g, := > (%) - (%
a=1
£—1

Proposition 3.7.4: The Gauss sum satisfies g7 = ¢* := (—1) = (.
Proposition 3.7.5: The unique subfield of K of degree 2 over Q is K’ := Q(v/(*).
Proposition 3.7.6: For any distinct odd primes ¢, p we have (%) = (D).

Theorem 3.7.7: (Gauss Quadratic Reciprocity Law)

(a) For any distinct odd primes ¢, p we have (ﬁ)(%) = (—1)W
o—

(b) For any odd prime ¢ we have () = (=1)= . (First supplement)

2

(¢) For any odd prime ¢ we have (3) = (=1) s . (Second supplement)
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4 Additive Minkowski theory

4.1 Euclidean embedding

We endow K¢ := C* with the standard hermitian scalar product

((26)as (Wo)s) =Y Zow,.

oeY

Proposition 4.1.1: Its restriction to Kr x Kg has values in R and turns Ky into a
euclidean vector space.

Proposition 4.1.2: Under the isomorphism of Proposition 3.4.4 this scalar product
on Ky corresponds to the following scalar product on R":

<(IJ )i (Y); ijyj + Z 275y

j=r+1
4.2 Lattice bounds

Proposition 4.2.1: For any fractional ideal a of Ok we have

vol(Kg/j(a)) = +/[disc(a)] = Nm(a) - /|dx].

Theorem 4.2.2: Consider a fractional ideal a of O and positive real numbers ¢, for
all o € ¥ such that ¢ = ¢, and

[Ier > (2 Vldk| - Nm(a).

oey

Then there exists an element a € a ~ {0} with the property

Vo e X: |o(a)] < ¢,
4.3 Finiteness of the class group
Theorem 4.3.1: For any fractional ideal a of Ok there exists an element a € a~ {0}

with
| Nmgg(a)] < (2)°-V/|dk| - Nm(a).

Proposition 4.3.2: Every ideal class in Cl(Of) contains an ideal a C O with
Nm(a) < (2)°- VIl

Theorem 4.3.3: The class group Cl(Ok) is finite.
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4.4 Discriminant bounds

Theorem 4.4.1: For any n and c there exist at most finitely many number fields
K/Q of degree n and with |dx| < c.

Theorem 4.4.2: For any number field K of degree n over Q we have
n"  m\"/?
i s )"
] n! \4

Theorem 4.4.3: (Hermite) For any ¢ there exist at most finitely many number fields
K/Q with |dg| < c.

Theorem 4.4.4: (Minkowski) For any number field K # Q we have |dg| > 1.
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5 Multiplicative Minkowski theory

5.1 Roots of unity

Lemma 5.1.1: We have a short exact sequence

11— (8" ——= K = (C*)* ———=R” 0,
(20)0 ——> (log |25 |)o-
Set I := ¢(Oj;) and let u(K) denote the group of elements of finite order in K*.

Proposition 5.1.2: The group p(K) is a finite subgroup of Oy and we have a short
exact sequence

1 — pu(K) o5 T 0.

Proposition 5.1.3: The group u(K) is cyclic of even order.
Example 5.1.4: For any squarefree d € Z \ {1} we have

cyclic of order 6 if d = —3,
w(Q(Vd)) = { cyclic of order 4 if d = —1,
cyclic of order 2 otherwise.

5.2 Units

Lemma 5.2.1: The group I is a lattice in R>.
Consider the homomorphisms
Nm: K& = (C*)* ——=C*, (zo)or—> ] cx %0

Tr: (RX>Z —R, (ta)o — Zaez to

Lemma 5.2.2: We have a commutative diagram

O KX (K¢)” R®
Nmt le le Trl
[(£1)¢ Qx < o2l R

Consider the R-subspaces

(R®)T = {(t,)s ER¥ | Vo: t; =15},
H = ker(Tr: (R¥)" - R).

Lemma 5.2.3: We have I' C H and dimg(H) =r+ s — 1.
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5.3 Dirichlet’s unit theorem

Theorem 5.3.1: The group I' is a complete lattice in H.

Theorem 5.3.2: The group O} is isomorphic to p(K) x Z"1.

Caution 5.3.3: The isomorphism is uncanonical.

Corollary 5.3.4: The group O is finite if and only if K is Q or imaginary quadratic.

Corollary 5.3.5: The group Oj has Z-rank 1 if and only if (r, s) € {(2,0), (1,1),(0,2)}.
In that case we have
Ox = u(K) x&”

for some unit ¢ of infinite order.

Definition 5.3.6: Any choice of such ¢ is then called a fundamental unat.

5.4 The real quadratic case

Suppose that K = Q(\/E) for a squarefree d > 1 and choose an embedding K — R.
Fact 5.4.1: There is a unique choice of fundamental unit ¢ > 1.

Proposition 5.4.2: If O = Z[v/d], then
(a) O% ={a+bVd|a,beZ, a*>—b?d= +l1}.
(b) O NR>' = {a+bV/d|a,b€Z, a*—b*d= %1, a,b> 0}.

(¢) The fundamental unit € > 1 is the element a + bv/d € O NR>! as in (b) with
the smallest value for a, or equivalently for b.

Theorem 5.4.3: For any squarefree integer d > 1 there are infinitely many solutions
(a,b) € Z? of the diophantine equation a? — b*d = 1.

Remark 5.4.4: The equation a®>—b?d = —1 may or may not have a solution (a, b) € Z2.
But if it has a solution, it has infinitely many.

Proposition 5.4.5: The fundamental unit € > 1 of K with discriminant D satisfies

D++D—4
e = \/_+2 > 1.

Consequently, if some unit of infinite order v > 1 is known, we have u = £* for some

1 <k <log(u)/log((v'D + /D = 4)/2) and one can efficiently find «.

Remark 5.4.6: One can effectively find € using continued fractions.
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6 Extensions of Dedekind rings

6.1 Modules over Dedekind rings

Let A be a Dedekind ring with quotient field K.

Definition 6.1.1: Consider an A-module M.
(a) An element m € M is called torsion if there exists a € AN {0} such that am = 0.
(b) The module M is called torsion if every element of M is torsion.

(¢) The module M is called torsion-free if no non-zero element of M is torsion.

Theorem 6.1.2: Any finitely generated A-module is isomorphic to the direct sum of
a torsion module and a torsion-free module.

Theorem 6.1.3: Any non-zero finitely generated torsion-free A-module is isomorphic
to a @ A™! for a non-zero ideal a C A and an integer r > 1.

Theorem 6.1.4: Any finitely generated torsion A-module is isomorphic to
(a) @;_, A/pi for r > 0 and maximal ideals p, C A and integral exponents e; > 1.
(b) @;_, A/a; for s > 0 and non-zero ideals a;, C ... Ca; & A.

Proposition 6.1.5: Consider a K-vector space V of finite dimension n and a finitely
generated A-submodule M C V that generates V over K. Then M is isomorphic to a
direct sum of n fractional ideals of A.

Proposition 6.1.6: For any fractional ideals a, b of A there is a natural isomorphism

ba~! = Homy(a,b), cr (p.: ar ca).

6.2 Decomposition of prime ideals

For the rest of this chapter we take a finite separable field extension L/K of degree n.
Then the integral closure B of A in L is a finitely generated A-module that generates
L as a K-vector space and is a Dedekind ring. We abbreviate the residue field at any
maximal ideal p C A by k(p) := A/p, and likewise for any maximal ideal of B. Where
applicable we let C' be the integral closure of B in a finite separable extension M/ L.

Consider a maximal ideal p C A. Throughout the following we impose the

Assumption 6.2.1: The residue field k(p) is perfect.

Note that pB is a non-zero ideal of B and therefore has a unique prime factorization
PB = qi'--qr

with distinct maximal ideals q; C B and integral exponents e; > 1.
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Proposition 6.2.2: (a) The ideals q; are precisely the prime ideals of B above p.
(b) For each i the residue field k(q;) is a finite extension of the residue field k(p).

(c) Letting f; denote the degree of this residue field extension, we have

T

Z eifi =mn.

i=1
Definition 6.2.3:
(a) The number e, := ¢; is called the ramification degree of q; over p.
(b) The number f;,, := fi is called the inertia degree of q; over p.
(¢) We call q; unramified over p if e; = 1.
(d) We call q; ramified over p if e; > 1.

Definition 6.2.4:
(a) We call p unramified in B if all e; = 1, that is, if pB =q1- - q,.
(b) We call p ramified in B if some e; > 1.
(c) We call p totally split in B if all e; = f; = 1, that is, if r = n and pB = ¢y - - - 4.
(@)
)

(e) We call p totally ramified in B if r = f; = 1, that is, if pB = q" for a prime q C B.

We call p totally inert in B if r = e; = 1, that is, if pB is prime.

Proposition 6.2.5: Suppose that B = A[f] and let f € A[X] be the minimal poly-
nomial of 8 above K. Set f := f mod p and write f = I, f{# with inequivalent
irreducible factors f; € k(p)[X] and integral exponents e; > 1. Choose f; € A[X] with
fi = fi mod p. Then pB = [],_, q* with distinct prime ideals q; := pB + f;(58)B.

Example 6.2.6: Take L = Q(v/d) with d € Z ~ {1} squarefree. Then an odd prime
p of Z with
d 0 is (totally) ramified in Oy,
<—> = 1 s (totally) decomposed in Oy,
p —1 s (totally) inert in Oy.

Proposition 6.2.7: For any a prime v C C' above q C B above p C A we have

Cp =€dq - €qp  and  fop = fuyq - Sfap-

6.3 Decomposition group

From now until we assume in addition that L/K is galois with Galois group I'.

Lemma 6.3.1: For any prime ideals py,...,p, and any ideal a of a ring we have

ac| )y < Ficacy.
=1
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Theorem 6.3.2: (a) The group I' acts on B and on the set of prime ideals of B.
(b) The group I' acts transitively on the set of prime ideals ¢ C B above p.

Definition 6.3.3: The stabilizer of q is called the decomposition group of q:
Iy = {’yEF‘VmEq:VmEq}.

Proposition 6.3.4:
(a) The numbers e := ¢qp and f := fg, depend only on p.
(b) We have pB = [ cr/r, 7a%
(c) Wehaven=r-e- f.
(d) For any v € I' we have I'yy = T,.
Proposition 6.3.5:
(a) We have I'y = 1 if and only if p is totally split in B.
(b) We have I'; = I if and only if there is a unique prime q C B above p.
Proposition 6.3.6: Set L' := L'v and B':= BNL' and q :=qN B'.
(a) Then q is the unique prime of B above ¢’ and ¢'B = q°.
(b) We have eqq = e and fy¢ = f and eqp, = fyp = 1.

6.4 Inertia group

Next I'y acts on the residue field k(q) := B/q by a natural homomorphism
Pq — Aut(k(q)/k(p))-

Definition 6.4.1: Its kernel is called the inertia group of q:

I, = {PyEF!VxEB:Van:modq}.

Proposition 6.4.2: The extension k(q)/k(p) is finite galois and the above homomor-
phism induces an isomorphism I'y/I; = Aut(k(q)/k(p)).
Proposition 6.4.3: Set L” := L's and B” :== BN L" and q" := qN B".

(a) Then ¢'B"” = q" and q"B = ¢°.

(b) We have |I;| =eand [I'y: I;] = f and [I' : I'j] = 7.

(c) We have eqq» = € and fyq = eqrg = 1 and forg = f.
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6.5 Frobenius

Keeping L/K galois with group I', we now assume that k(p) is finite. Then k(q)/k(p)
is finite galois, and its Galois group is generated by the Frobenius automorphism
T — kI

Proposition 6.5.1: (a) There exists v € I'; that acts on k(q) through x — z/k®)l,
(b) The coset vI, is uniquely determined by q.

Definition 6.5.2: Any such 7 is called a Frobenius substitution at q and denoted by
Erobgp.
Proposition 6.5.3: If q is unramified over p, then in addition:

(a) The element Froby, is uniquely determined by g.

(c) The conjugacy class of Froby, in I' is uniquely determined by p.

(d) If T is abelian, then Frobg, is uniquely determined by p.

Caution 6.5.4: Do not confuse the Frobenius substitution Frobg, € I'y with the
Frobenius automorphism x — x!*®)l of k(q).

Example 6.5.5: Consider the cyclotomic field L := Q(u,,) for n # 2 mod (4).
(a) A rational prime p is ramified in Oy if and only if p|n.

(b) For any p{ n the Frobenius substitution at p corresponds to the residue class of
p under the isomorphism Gal(L/Q) = (Z/nZ)*.

(c) A rational prime p is totally split in Oy, if and only if p = 1 mod (n).
(d) If n = p” for a prime p, then p is totally ramified in Oy.

6.6 Relative norm

Now we return to the situation that L/K is finite separable of degree n.

Definition 6.6.1: The relative norm of a fractional ideal b of B is the A-submodule
Nmy,x(b) == ({Nmyx(y)|y€b}) C K.

Proposition 6.6.2:
(a) This is a fractional ideal of A.
(b) If b C B then Nmy k(b) C bN A.
(c) For any y € L* we have Nmy,/x((y)) = (Nmz, x(y)).
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Proposition 6.6.3: For any two fractional ideals b, b’ of B we have
Nmy,/(bb") = Nmy g (b) - Nmyp g (b').
Proposition 6.6.4: For any fractional ideal ¢ of C' we have
Nmp,/x (Nmps/r(c)) = Nmag/k(c).
Proposition 6.6.5: For any fractional ideal a of A we have Nmy /x(aB) = a”.

Proposition 6.6.6: For any prime q C B above p C A we have Nmy x(q) = p/aiv.

6.7 Different

Recall from Proposition 1.7.1 that we have the non-degenerate symmetric K-bilinear
form
LxL— K, (v,y)— Trp/x(zy).

Proposition 6.7.1: The subset
0 :={zeL|VyeB: Tryk(zy) € A}
is a fractional ideal of B which contains B.
Definition 6.7.2: The ideal diff5/4 := 97! C B is called the different of B over A.

Proposition 6.7.3: Suppose that B = A[f] and let f € A[X] be the minimal poly-
nomial of 3 above K. Then diffg/4 = (%(6)).

Proposition 6.7.4: In general diff 5,4 is the ideal that is generated by £ () for all
f € B with L = K(f) and minimal polynomial f over K.

Proposition 6.7.5: We have diff /4 = diff¢/p - diff g 4.

Theorem 6.7.6: For any prime q of B above a prime p of A we have q { diffg/4 if
and only if q is unramified over p.

6.8 Relative discriminant

Definition 6.8.1 The relative discriminant of B/A is the ideal of A that is generated
by the discriminants

diSC(b1, c. ,bn) = det(TrL/K(blb])) _
for all tuples (by,...,b,) in B.

Proposition 6.8.2: We have discg/a = Nmy /k(diffg/4).

[M/L]

Proposition 6.8.3: We have discc/a = Nmy/x (disco/p) - diSCB/A )
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Theorem 6.8.4: (a) A prime p C A is ramified in B if and only if p| discp/a.
(b) At most finitely many primes of A are ramified in B.

Theorem 6.8.5: For any number field K # Q there exists a rational prime which is
ramified in O

Example 6.8.6: Consider distinct primes p; = ... = p, = 1 mod (4) with » > 1.
Then the extension Q(y/p1, .- .,+/Pr)/Q(y/P1- - pr) is everywhere unramified.
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7 Zeta functions

7.1 Riemann zeta function

Definition 7.1.1: The Riemann zeta function is defined by the series

((s) == Z n-.

Proposition 7.1.2: This series converges absolutely and locally uniformly for all
s € C with Re(s) > 1 and defines a holomorphic function there.

Lemma 7.1.3: For all Re(s) > 1 we have

s o0

Cls) = —s-/l (z — |z))—"" da.

s—1

Proposition 7.1.4: The function ((s) — :11 extends uniquely to a holomorphic func-
tion on the region Re(s) > 0.

Remark 7.1.5: It is known that ((s) extends uniquely to a meromorphic function on
C with a single pole at s = 1. This extension is again denoted by ((s).

Throughout the following we use the branch of the logarithm with log 1 = 0.
Proposition 7.1.6: An infinite product of non-zero complex numbers H,@l Zp con-
verges to a non-zero value if and only if klim 2z, =1 and ) log z;, converges.

k>1

Proposition 7.1.7: For all Re(s) > 1 we have the Euler product

() = I a=p" #£0.

p prime

Proposition 7.1.8: We have

Z p = logﬁ + O(1) for real s — 1+.

p prime
Definition 7.1.9: For € R we denote the number of primes < x by m(z).

Corollary 7.1.10: There is no € > 0 such that for z — oo we have

m(z) = O (W)

In particular there exist infinitely many primes.
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7.2 Dedekind zeta function

Fix a number field K of degree n over Q.

Definition 7.2.1: The Dedekind zeta function of K is defined by the series

Ck(s) = ) Nm(a)™,

where the sum extends over all non-zero ideals a C Ok.

Proposition 7.2.2: This series converges absolutely and locally uniformly for all
s € C with Re(s) > 1 and defines a holomorphic function there, and we have the Euler
product

Ce(s) = JJ(1—Nm(p)=)" # o,

p
extended over all maximal ideals p C Ok

Proposition 7.2.3: We have
log(k(s) = z:Nm(p)_S + (holomorphic for Re(s) > ).
P
Theorem 7.2.4: The function (x(s) extends uniquely to a meromorphic function on
the region Re(s) > 1 — % which is holomorphic except for a pole of order 1 at s = 1.
Proposition 7.2.5: We have

s—1

ZNm(p)_s = log == + O(1) for real s — 1+.
P

Corollary 7.2.6: There exist infinitely many rational primes that split totally in O.

7.3 Analytic class number formula

As before we set ¥ := Hom(K,C) and let r be the number of embeddings K — R
and s the number of pairs of complex conjugate non-real embeddings K — C. With
K¢ :=C* and

Kr = {(25)s € K¢ | Vo € ¥t z5 = Z,}

as in §3.4 we then have
K NR* = {(t,)s €R* |Vo € S: t5 = t,}.

The R-subspace
H := ker(Tr: Kg NR* — R)
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from §5.2 therefore becomes a euclidean vector space by its embedding H C Kg C K¢
and the scalar product from §4.1. By §2.2 it is thus endowed with a canonical trans-
lation invariant measure dvol. Recall from Theorem 5.3.1 that I' := ((j(Of)) is a
complete lattice in H.

Definition 7.3.1: The requlator of K is the real number

oo ST

Let w := |u(K)| denote the number of roots of unity in K and let h := | Cl(Of)| the
class number.

Theorem 7.3.2: Analytic class number formula: The residue of (x(s) at s =1 is

2" (2m)* Rh
Ress—1 (k(s) = L > 0.

w/|dg|

7.4 Dirichlet density

Consider a number field K and a subset A of the set P of maximal ideals of O.

Definition 7.4.1: (a) The value

ZpeA Nm(p)is
(A) = limsup —
s—1+ ZpEP Nm(p)
is called the upper Dirichlet density of A.

(b) The value

Nm(p)~*
u(A) = liminf 2opea <p)_
- s—1+ ZpeP Nm(p)~*

is called the lower Dirichlet density of A.

(c) If these coincide, their common value
Nm(p)~*
p(A) == lim EPEA <p>_
s—1+ ZpeP Nm(p) s
is called the Dirichlet density of A.

Proposition 7.4.2: (a) We have 0 < pu(A4) < (A) < 1.

(b) For any subset B C A we have i(B) < 1(A) and pu(B) < p(A), and also
w(B) < pu(A) if these exist.

(c) We have u(A) =0 if A is finite.
(d) We have u(A) =11if P~ A is finite.

(e) For any disjoint subsets A, B C P, if two of pu(A), u(B), u(AU B) exist, then so
does the third and we have p(A) + pu(B) = p(AU B).
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Proposition-Definition 7.4.3: If the natural density of A

[{p € A| Nm(p) < z}|

T = e P Nmlp) < o))

exists, so does the Dirichlet density p(A) and they are equal.

7.5 Primes of absolute degree 1

Definition 7.5.1: The absolute degree of a prime p of O is the degree of k(p) over
its prime field.

Proposition 7.5.2: The set of primes of absolute degree 1 has Dirichlet density 1.

Proposition 7.5.3: A subset A C P has a Dirichlet density if and only if the set of
all p € A of absolute degree 1 has a Dirichlet density, and then they are equal.

For any finite galois extension of number fields L/K we let Split; - denote the set of
primes p C Ok that are totally split in Op.

Proposition 7.5.4: Split; , has Dirichlet density WIK] In particular it is infinite.
Now consider two finite galois extensions of number fields L, L'/ K.
Proposition 7.5.5: Then Split; ./, = Split, x NSplit;, k.
Proposition 7.5.6: The following are equivalent:
(a) LC L.
(b) Splity,,x C Splity, k-
(¢) pu(Splity, x ~Splityx) < ﬁ
Proposition 7.5.7: The following are equivalent:
(a) L=1L".
(b) Split;, ;- and Split;  differ only by a set of Dirichlet density 0.

In particular, a number field K that is galois over QQ is uniquely determined by the set
of rational primes p that split totally in K.

7.6 Dirichlet L-series

Definition 7.6.1: (a) A homomorphism x: (Z/NZ)* — C* is called a Dirichlet
character of modulus N > 1.

(b) The conductor of such y is the smallest divisor N’| N such that x factors through
a homomorphism (Z/N'Z)* — C*.
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(c) Such x is called primitive if N' = N.
(d) Such x is called principal if N’ = 1, that is, if x is the trivial homomorphism.

Convention 7.6.2: Often one identifies a Dirichlet character y of modulus N with a
function y: Z — C by setting

x(a) = { x(a mod (N)) if ged(a, N) =1,

N 0 otherwise.

Caution 7.6.3: When the conductor N’ is smaller than the modulus N, one has to
be somewhat careful with the divisors of N/N'.

Definition 7.6.4: The Dirichlet L-function associated to any Dirichlet character y is
Lixs) = S xmn~.
n=1

Proposition 7.6.5: This series converges absolutely and locally uniformly for all
s € C with Re(s) > 1 and defines a holomorphic function there.

Proposition 7.6.6: For all Re(s) > 1 we have the Euler product

Lix,s) = ] =xp~)"
pIN
Proposition 7.6.7: If a Dirichlet character x of modulus N corresponds to a primitive

Dirichlet character x' of modulus N’, then
L(X,s) = Lix.s)- [T =xXmp)™"
pIN, ptN’
Proposition 7.6.8: (a) For the principal Dirichlet character x of modulus 1 we have
L(x,s) = ((s).
(b) For every non-principal Dirichlet character x the function L(, s) extends uniquely
to a holomorphic function on the region Re(s) > 0.

Theorem 7.6.9: The zeta function (x(s) of the field K := Q(uy) is the product of
the L-functions L(, s) for all primitive Dirichlet characters y of conductor dividing N.

Theorem 7.6.10: For any non-principal Dirichlet character x we have L(y, 1) # 0.

Proposition 7.6.11: For any non-principal Dirichlet character y we have

Z x(p)p~™® = O(1) for real s — 1+.

p prime

7.7 Primes in arithmetic progressions

Theorem 7.7.1: For any coprime integers a and N > 1 the set of rational primes

p = a mod (N) has Dirichlet density ﬁ. In particular it is infinite.
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7.8 Bonus Material: Abelian Artin L-functions

Consider an abelian extension of number fields L/K with Galois group I'. Then for
any prime q of Oy, the decomposition group I'y, the inertia group /;, and the Frobenius
substitution Frob, depend only on the underlying prime p of Og. We therefore denote
them also by I'y, I,, Frob, respectively.

Definition 7.8.1: The Artin L-function associated to a homomorphism y: ' — C* is

Li(x,s) = [ (1 —x(Frob,) Nm(p)™*)

p
x|Ip=1

-1

Example 7.8.2: In the case K = Q and L = Q(uy) and the usual identification
I' = (Z/NZ)* the Artin L-function Lg(x, s) is the Dirichlet L-function L(y, s) for the
primitive Dirichlet character associated to x.

Proposition 7.8.3: This product converges absolutely and locally uniformly for all
s € C with Re(s) > 1 and defines a holomorphic function there.

Proposition 7.8.4: For the trivial homomorphism y we have Lk (x, s) = (x(s).

Proposition 7.8.5: The zeta function (1, (s) is the product of the L-functions L, s)
for all x.

Theorem 7.8.6: For every non-trivial y the function Lg(x,s) extends uniquely to a

holomorphic function on the region Re(s) > 1 — [K_?Qﬂ

(Proof only in the case L = K (p,).)

Theorem 7.8.7: For every non-trivial xy we have Lk (x,1) # 0.

7.9 Bonus Material: Cebotarev density theorem

Consider an arbitrary Galois extension of number fields L/ K with Galois group I'. For
any v € I' we denote the conjugacy class by Or(y) := {°v | § € T'} and let P, denote
the set of primes p C O that are unramified in O}, and whose Frobenius substitution
for some (and equivalently every) q|p lies in Or (7).

Theorem 7.9.1: The set P, has the Dirichlet density %.
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Version of 06.10.2023:
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