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1. Show that if A1 ⊂ G1 and A2 ⊂ G2 are Sidon sets with |Ai| ⩾ 2, then A1 × A2 is
not a Sidon set in G1 ×G2.

2. Let G be a finite abelian group. Let α ∈ G be a fixed element. A subset A ⊂ G is
called a symmetric Sidon set with center α if A = α−A (i.e., for any x in A, the
element α− x is also in A) and if the equation

a+ b = c+ d

with (a, b, c, d) ∈ A4 implies that a ∈ {c, d} or a+ b = α.

(a) Let E be a field with characteristic different from 3. Prove that the set

A = {(x, x3) | x ∈ E} ⊂ E × E

is a symmetric Sidon set with center 0.

(b) Prove that if A ⊂ G is a symmetric Sidon set, then it contains a subset
A′ ⊂ A with |A′| ⩾ (|A| − 1)/2 such that A′ is a Sidon set.

(c) Let G be a finite abelian group and A ⊂ Ĝ a finite set of characters of G.
If A is a symmetric Sidon set with center α, prove that∑

x∈G

∣∣∣∑
χ∈A

λχχ(x)
∣∣∣4 ⩽ 3

(∑
χ∈A

|λχ|2
)2

.

3. Let G be an abelian group, denoted additively. For a finite subset A ⊂ G, we
denote by E(A) the number of quadruples (a, b, c, d) ∈ A4 such that a+ b = c+ d.

(a) Show that A is a Sidon set in G if and only if E(A) = 2|A|2 − |A|.
The remainder of the exercise shows that a finite set A may satisfy
E(A) = 2|A|2+O(|A|), but not contain any Sidon subset of size ∼ |A|.
We take G = Z.

(b) Show that for all large integersN , there exists a Sidon set A ⊂ {1, . . . , N}∩2Z
with |A| → +∞ as N → +∞.

(c) Consider a Sidon set A ⊂ {1, . . . , N} ∩ 2Z. Define

A′ = A ∪ {a+N2a+1 | a ∈ A} ∪ {a−N2a+1 | a ∈ A} ⊂ Z.
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(d) Show that if A′′ ⊂ A′ is a Sidon set, we have |A′′| ⩽ 2
3
|A′|.

(e) Let
x1 + x2 = x3 + x4,

with
xi = ai + εiN2ai+1, ai ∈ A, εi ∈ {−1, 0, 1},

Show that a1 + a2 = a3 + a4.

(f) Suppose that a1 = a3, hence a2 = a4. Show that

(ε1 − ε3)2
a1 = (ε4 − ε2)2

a2 .

(g) Deduce that x1 = x3 if ε1 = ε3 or ε2 = ε4.

(h) Suppose further that ε1 ̸= ε3 and ε2 ̸= ε4. Show that a1 = a2 = a3 = a4 and
ε1 + ε2 = ε3 + ε4.

(i) Conclude that if x1 /∈ {x3, x4}, then (x1, x2, x3, x4) has one of the forms

(a+N2a+1, a−N2a+1, a, a), (a−N2a+1, a+N2a+1, a, a),

(a, a, a−N2a+1, a+N2a+1), (a, a, a+N2a+1, a−N2a+1),

for some a ∈ A. (Hint: consider the various possibilities for (ε1, . . . , ε4) for
given (ε3, ε4).

(j) Deduce that
E(A′′) = 2|A′′|2 +O(|A′′|).
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