D-MATH Additive Combinatorics HS 2023
Prof. Emmanuel Kowalski

Exercise sheet 3

1. For any integer N > 1, find examples of sets A and B of positive integers such
that |A| = |B| = N and

|2A] |2B|
_<2) _<27
A | B|
but
24UB) _ N
|[AuB| ~ 2°
Solution. Let A={1,...,N} and B={N?+ N,N?>+2N,... . N2+ N-N}. It is
clear that
24, Bl _,
Al Bl ~ 7

We observe that, A+ B C 2(AU B) and
A+B={N?+aN +b:a,bc [N},
so |A+ B| = N2. On the other hand |A U B| = 2N thus

DMUBM>N2_N
|AuB| 7 2N 2°

2. For any integer N > 1, find examples of sets A and B of positive integers such
that |A| = |B| = N and

|2A| |2B)|
=<0, =1 <0,
Al | B|
but
2(ANB)| N1/2
ANB| = 10 °
Solution.

From Theorem 2.3.13 (1), for any interval of Z of length N we can find a Sidon
set of size > N1/2/2. Let S be a Sidon set of size > N'/2/4in {1,--- N/2}. We let

A=SU{N/2,--- N}
B=SU{N,--- 3N/2}.
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We observe that [2A| < [2A4'| + |25 + |A" + S| < 3N. On the other hand |A| >

Ni/z + %, thus it holds that

124] <10
ap =

A similar argument works to show that

2B|

< 10.
| Bl

We observe that AN B =S, thus [2(ANB)| > £ and we can conclude the result.

. Let Ay, As, A3 be non-empty finite subsets of some group G. If @ > 1 is such that

A
|A; N As| > %7 |Aj - Aj| < af 4]
for 1 < 7 < 3, then show that

|A1 . A2| < 046|A3|.

(Hint: use the Ruzsa triangle inequality suitably)
Solution.

We recall that Rusza inequality can be framed as

|A- B~ -|B-C™|

[A-C7H <
B

We apply this inequality twice:
|A1 . (Al N A3)| . |(A1 N Ag)il . A2|

|A; - As] < A Ay
o |A - (AT Ag)| - [(Arn Ag) ™t (As N As) 7Y |(A N Ag) - Ay
= | Ay N As|| Ay N A3 '
Thus, using the hyphotesis we get
af Ay|o| As|af Ay |
|A;y - Ay T4, 1|4y
< 045|A3|.

. Let G be a finite abelian group and A, B non-empty subsets of G. Let

r(x) = Z 1

(a,b)eAxB
a+b=zx

be the representation function for A + B.
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(a) Show that r(x) =|AN (x — B)|.
(b) Show that

E(A,B) = > AN (z+ A)||BN (z+ B)|.
z€(A—A)N(B-B)

Solution.

(a) Observe that (a,b) € A x B is such that a+b =z if and only if a =2 —b €
(x — B)N A. Thus r(z) = |[AN (z — B)|.

(b)
E(AB)= Y |{(a,b)e AxB:a+b=ux}|

r€AXB

= Z {(a1,a2,b1,b0) € AXAXBXB:aj+b =ay+by =z}

z€A+B
= ‘{(al,GQ,bl,bg) EAXAXxBxB:aj+b :ag—i—bg}‘
= |{(a1,a2,b1,b2) EAXAXBXBZ(Il—CLQZbQ—blH

= > {(a1,a0) € Ax A:ay —ay = 2} |{(b1,bs) € B x B:by— by =z}

2€(A—A)N(B—B)

_ 3 AN (z+ A)||BN (2 + B)|

z€(A—-A)N(B—B)

where the last equality holds from a similar argument to the solution of the first
item.

5. Let G be a finite group and A, B non-empty subsets of G. Let o € A - B.
(a) Prove that
{(a,b) € Ax B | ab= o} x (B-A)| < [B-A'[|B"- A

Hint: construct an injective map from the left-hand set to the cartesian
J
product B-A7!' x B71. A))

(b) Deduce that if x € A- B, then

B- A1 B! A
ANzB~! <|
’ T | |A'B| Y
(c) If G is abelian, deduce that
B_A—1|2
anept| < BA T
[AnzB™ BA
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Solution.

(a) Forxz € B-A, chose a(z) € A and b(x) € B such that b(x)a(z) = x. Define the
map [ : {(a,b) € AxBlab= 20} xB-A— B-A"'x B 'x B A, f(a,b,z) =
(b(z)a™t, b7 a(x)). Observe that if f(a,b,x) = (u,v) then u-xy-v = z, so we
can recover a(x) and b(x) and consequently a and b and we conclude that f
is injective.

(b) We observe that (a,b) € A x B satisfies ab = x if an only if a = xb™! €
ANzB~!. Thus, from the previous item we deduce that

|B-A71|B~!. A

AnzB7 Y = |{(a,b) EAx B | ab=2}| <
| = I{(a.b) b=} < T

(c) If G is abelian then |B~!'- A| = [(B™' - A)7!| = |A™' . B| = |B- A7!| and
|A- B| = |B - A|. The inequality follow from the previous item and these
observations.

6. Let G be a finite abelian group.

(a) If Hy and Hy are subgroups of G, then show that the Ruzsa distance d(Hy, Hs)

satisfies
v/ |H{||H
d(Hy, Ha) = 10g<m>-

|Hy N Hy
(b) Show that

d(Hy, Hy) = d(Hy, Hi+Hs)+d(H1+Hsy, Hy) = d(Hy, HiNHs)+d(H1NH,y, Hy).
Solution.

(a) We observe that it suffices to prove that
|Hy + Hy'| - |Hy N H| = [Hy| - |H).

For every x € H; - —Hy we choose hi(z) € Hy and hs(x) € Hs such that
hi(z) — ha(x) = x.

We define the function f : Hy — Hy x Hy N Hy — Hy X Hy, f(x,h) =
(hi(x) + h,—h + ha(x)) and prove that it is a bijection. First, observe that
the function is well defined because H; and Hs are subgroups of G.

Now, bserve that it is injective. Indeed, for (u,v) € f(H; — Hy x Hy N Hy) we
have that u-v = x, so we can recover hy(z) and ho(x). Thus, h = —hy(z) +u.
To prove that it is surjective, let (hy, he) € Hy+ Hy be arbitrary. Let x = hy —
ha. Since hy+hy = hy(x)+ha(x), welet h = hy—hy(z) = hao(x)—hy € HiNH,
and observe that

f([E, h) = (hl(x) + h1 — hl(l‘), —hg(l’) + hg + hg(ﬂf)) = (hl, hg)
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(b) To prove the first equality observe that

_|Hy+ Hy + Hs||Hy + Hy + Hy|

eXp(d(H17 Hl + HQ) + d(HZa Hl + HQ))
V| Hi||Hy + H,[?|Hy|

)

and since H; and H, are subgroups of GG it holds that

H, + H
wmwmm+mﬂmmﬁﬁﬂm:Llli:wwﬂ%)

V[ Hi||H|

To prove the second equality we use item a). Observe that H; N Hy is a
subgroup of G so we can write

Hi||Hy N Hy|?|H.
exp(d(Hy, Hy 1 Ho) + d(Hy, Hy 0 H) = V. 1|'1'q Y7 ,Z' =
1 2

__ VIH||H = exp(d(H1, Hy)).

C|Hi N Hy

7. Let GG be a finite abelian group and A C GG a non-empty subset such that

(a)

(b)

|2A — 2A] < 2|A].
Show that there exists xy € G such that
A—2ACA— A+ x.

Deduce that A — A is a subgroup of G.

Solution.

(a)

Observe that we have |A + (A — 24)| < 2|A|. From Ruzsa’s covering lemma
we can find X C G such that

A—2ACA-A+ X,
At(A—24
and |X|<|+(T2)|<2, so X = {xo}.
First we observe that 0 €¢ A — Aand if £ = ¢y — a2 € A — A then —z =

as —ay; € A— A. Thus, to prove that A — A is a subgroup of G, it suffices to
prove that 2(A — A) C A — A.

From the previous item we can conclude that
2A—ACA—A—x,
thus,

2A—2A=A4+(A-2A)CA+(A—A+a) CA—A+zi—a20=A=A.



