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Exercise sheet 4

1. Let G be a group and H a subgroup of G. Let € G, and define I = H Na 'Hu;
this is a subgroup of H.

(a) For hy and hy € H, show that
Hfﬂhl N H.ﬁl]hg =y

unless hihy' € I.
(b) If hyhy' € I, then show that

Hﬂfhl = Hl’hQ

(c) Deduce that the product set HzxH (known as a double coset of H) is the
disjoint union of Hxy for y running over a set of representatives of the cosets
hl of I in H. In particular, if H is finite, deduce that

\HoH| = [H : 1] |H]|.

2. Let p be a prime number and let

U:{((l) i) yter}, B:{(g Z) | a,b,d € F,, adzl}.

Set U* = U ~ {1}.
(a) Show that U and B are subgroups of SLy(F,) with |U| = p and |B| = p(p—1).
(b) Let = € SLo(F,) \ B. Show that the map

{ U* x U* x U* — SLy(F,)
(u,v,w) = uzvrTlw

is injective.
¢) Let A be a symmetric subset of SLy(F),). Show that either A C B or
p
U* N AP < AP
(This is a very special case of what are called Larsen—Pink non-concentration

inequalities.)

1 Bitte wenden.



(d) Let x € SLy(F,) \ B. Let A = U U {x,2z~'}. Show that there exists ¢ > 0
and 0 > 0, independent of p and z, such that

‘A(3)| > C|A’1+6.
How large can you get § to be?

3. Let p be an odd prime number. With the same notation as in the previous exercise,
consider
1 2
T = 1 1 S SLQ(FP)

Let K be a subgroup of B such that 2* € K. Let A= K U {x,27'}.

(a) Show that
AP = KUKzKUx 'Kaz.

(b) Deduce that
AP < 2+ 0)|K],

where c is the index of K Nz 'Kz in K. (Hint: use the first exercise.)

(c) Assume that —1 is a square modulo p (which means that p is congruent to 1
modulo 4). Let K be the subgroup of B of the form

(6 )
0 d
where a is a square modulo p. Show that 22 € K and that
[K: KNz 'Kz|=p.
(d) Under the same assumption, show that A®) # SLy(F,), and
AD)] < ]2
for some constant ¢ > 0. (You may use without proof the fact that

| SLy(F,)| = p(p* — 1)

for all p odd.)

Note: one can show that A is a generating set of SLy(F,), so this example
shows that the best exponent in Helfgott’s Theorem (Theorem 2.6.7 in the
notes) cannot be larger than 1/2.



