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Chapter 1

Goal of the session

The goal of this session is the following : We are given a fan ∆ with corre-
sponding toric variety X∆ = X(∆, N) (we won’t change the lattice unexpect-
edly) in NR = N ⊗Z R and we try to find a resolution of singularities which
is the data of

1. A smooth variety Y

2. A proper birational morphism f : Y → X∆ so that f induces an iso-
morphism to the complement of the singular points

f−1 (X∆ \ (X∆)sing
) ∼→ X∆ \ (X∆)sing.

We recall some important concepts.

Remark 1.1 1. Any strongly convex rational polyhedral cone has up to mul-
tiplication with R>0 a unique set of minimal generators : the so-called ray
generators. We will always choose them to have coprime coordinates along N;
so they correspond exactly to the rays (one dimensional faces) of the cone.

2. A cone is simplicial if its ray generators are linearly independent.

3. A cone is smooth if its ray generators can be extended to a basis of N.

We will use the following strategy to transform a fan. The idea is to make our
fan smooth, because in the previous session we have seen that smoothness
of the fan translates to smoothness of the toric variety.

Definition 1.2 (star subdivision) Let ∆ be a fan in NR and ρ = cone(v) for
some primitive v ∈ NR. We then define the star subdivision Σ∗

ρ (∆) of ∆ with
center ρ to be the collection

{σ ∈ ∆|ρ ̸⊂ σ} ∪ {ρ + τ|τ ∈ ∆, v ̸∈ τ and ∃σ ∈ ∆ with ρ + τ ⊂ σ} (1.1)
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1. Goal of the session

Proposition 1.3 Let ∆ ⊂ NR be a fan in a lattice N and ρ ⊂ |∆| ∩ N a ray, and
Σ = Σ∗

ρ (∆). If Σ contains all the smooth cones of ∆, then the induced morphism
f : XΣ → X∆ is proper and birational.
More precisely, there is an induced isomorphism

f−1 (X∆ \ (X∆)sing
) ∼→ X∆ \ (X∆)sing

where the two former subsets are open. This result generalizes to the situation where
Σ is obtained by a finite sequence of star refinements from ∆.

Proof See for instance [4] proposition 6.11. □

We have now reduced our task to finding a smooth fan by only using the
above technique.

Proposition 1.4 Let σ be a strongly convex rational polyhedral cone that has at
least 1 generator. Then σ is simplicial if and only if any face of σ is split.

Proof See [4] proposition 6.9. □

Proposition 1.5 For any fan ∆ there is a refinement ∆′ of ∆ that is simplicial.
Furthermore, one can choose ∆′ that contains all simplicial cones of ∆.

Proof Our proof is taken from [4] Proposition 6.10. We will prove the fol-
lowing statement by induction on k.
Let k ∈ N, and ∆ a fan. Then, there is a finite sequence of star refinements
with resulting fan ∆′ such that all cones that have at most k minimal genera-
tors are simplicial. Moreover, {σ ∈ ∆|σ simplicial } ⊂ ∆′.

If k ≤ 2 then ∆ = ∆′ works, so we may assume k > 2 and all cones with
at most k − 1 minimal generators are simplicial (we have applied a finite
sequence of star refinements).

We set

A∆(k) = {σ ∈ ∆|σ has k minimal generators and is stout }

and for all γ ∈ A∆(k) we pick a ray ρ that is a face of γ and we perform
Σ∗

ρ (∆). Now, inside γ there are no stout faces anymore. Let β ∈ Σ∗
ρ (∆) be a

face of γ. Then there are two cases

1. ρ ̸⊂ β. Then β ∈ ∆ has strictly less ray generators than γ so it is
simplicial so it can be split.

2. β = τ + ρ ⊂ γ for τ ∈ Σ∗
ρ (∆). Note that τ was in the previous fan but

it does not intersect ρ. τ = τ ∩ β is a face of each so τ is a face of β. So
β is split.
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It follows that inside the support of γ there are no stout faces. We observe
that

AΣ∗
ρ(∆)(k + 1) = A∆(k + 1). (1.2)

AΣ∗
ρ(∆)(k) ⊊ A∆(k). (1.3)

Any newly introduced cone is split, so in order to be stout one has to come
from the old fan. This implies the above claims.

We choose an enumeration of this set so that A∆(k) = {γ1, . . . , γr}. Let
∆0 = ∆ and for all i ≤ r we pick an edge ρi of γi if γi is still stout. We then
set

∆i = Σ∗
ρi
(∆i−1) ,

otherwise we just keep ∆i = ∆i−1 and we claim that ∆r = ∆′.
We apply the above arguments on ∆i−1 instead of ∆. We know that in the
support of γi there are no more stout faces. If on the other hand, ε is a new
face with k minimal generators in the fan ∆i then by construction ε = τ + ρi
where τ ̸⊂ γi. So ε is split and if α is any strict face of ε then either α ∈ ∆i−1
or α = τα + ρi for τα ∈ ∆i (as discussed before). In the first case, it is
simplicial, because it has less than k ray generators, hence it is split; in the
second case it is obviously split. This shows that none of these refinements
creates new stout faces with k minimal generators. More precisely by 1.3

A∆i(k) ⊂ {γi+1, . . . , γr} .

Hence
A∆r(k) ⊂ ∅

so we deduce that all cones with at most k ray generators of the last fan are
simplicial (all its faces are split).

An important remark is that A∆(k + 1) is finite. But this follows from 1.2. In
fact, A∆i(k + 1) is finite for all i.
The last step is to show that {σ ∈ ∆|σ simplicial } ⊂ ∆′. If σ ∈ ∆i−1 is
simplicial with ρi ⊂ σ, then by [4] Lemma 6.8 (iv), σ = τ + ρi for a strict face
τ of σ hence τ ∈ ∆i−1. Such an object is in ∆i by construction. This proves
the inclusion.
Put together, these claims imply the proposition, because every cone in the
fan has finitely many ray generators. □
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Chapter 2

Multiplicities of simplicial cones

In this chapter, we look at a strongly convex rational polyhedral cone σ that
is simplicial, and we make it smooth. In fact, not exactly; we replace it
by a smooth fan with same support. In the previous chapter we produced
simplicial cones from arbitrary cones, so this might finalise the resolution.

Definition 2.1 (Multiplicity) Let σ be a simplicial strongly convex rational poly-
hedral cone with primitive ray generators v1, . . . , vk, so σ = cone(v1, . . . , vk). Let
Nσ = Span(σ) ∩ N and Gσ = ∑k

j=1 Zvj ⊂ N. Then, we define using the group-
theoretical index,

mult(σ) = [Nσ : Gσ]. (2.1)

As an example to illustrate that these lattices do not always coincide, we
consider the cone σ in R2 with generators (0, 1), (2,−1). Then (1, 1) ∈ Nσ \
Gσ. Indeed, σ had generators (0, 1), (2,−1), so Nσ = N.
We observe the following:

Lemma 2.2 mult σ = 1 if and only if σ is smooth/regular.

Proof Let σ = cone(v1, . . . , vk) ⊂ NR. If mult σ = 1 then Gσ = Nσ. It is not
hard to see that N/Nσ is torsion-free, so by A.1, there is a sublattice Hσ ⊂ N
with N = Nσ ⊕ Hσ = Gσ ⊕ Hσ. The proof of A.1 implies that Hσ comes with
a basis B, so that B ∪ {v1, . . . , vk} is a basis for N. B extends the (vi) to a
basis. Hence σ is smooth.
For the other implication, let v = ∑k

i=1 aivi ∈ Nσ, ai ∈ R. We know that
we can find primitive vectors vk+1, . . . , vn such that v1, . . . , vn is a basis for
N. Let ni be the integer part of ai in the sense that there are bi ∈ [0, 1) with
ai = ni + bi. We set y = ∑k

i=1 nivi ∈ Gσ ⊂ Nσ and p = ∑k
i=1 bivi ∈ Span σ.

From
v = y + p
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2. Multiplicities of simplicial cones

and Nσ being a group, we deduce

p =
k

∑
i=1

bivi =
n

∑
i=1

ãivi ∈ Nσ ⊂ N

where ãi ∈ Z. This happens because the vi are a basis over Z for N. But
since a representation in the basis is unique, we see that bi = 0 for all i. From
the equation that is alone in its line, we deduce that v = y ∈ Gσ. This shows
that Gσ = Nσ so we have mult σ = 1. □

Definition 2.3 (parallelotope of a cone) Let σ be a strongly convex rational poly-
hedral cone spanned by primitive v1, . . . , vk in the lattice. Then, we say that

Pσ =

{
k

∑
j=1

λjvj

∣∣∣∣∣λj ∈ [0, 1)

}
(2.2)

is the parallelotope of σ.

Figure 2.1: two-dimensional example

The parallelotope contains some information about multiplicity. More pre-
cisely we have

Proposition 2.4 Let σ be a simplicial strongly convex rational polyhedral cone
generated by its ray generators v1, . . . , vk in a lattice N. Then

i) It holds
mult σ = |Pσ ∩ N| (2.3)

ii) Nσ is free of rank k

iii) Let e1, . . . , ek a basis of the lattice Nσ. If we write vi = ∑k
j=1 aijej and consider

the matrix A with coefficients aij, then

mult σ = |det A| (2.4)

iv) mult is non-decreasing with respect to inclusion of simplicial faces.
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Proof We follow the proof of [1]. By Gσ we denote the same group as in 2.1.

i) We have a homomorphism f that is the composition of the projection
modulo subgroup and the inclusion.

Pσ ∩ N Nσ

Nσ/Gσ

ι

πGσ
f

The inclusion holds, because Pσ ⊂ Span σ. We will show that f is injec-
tive. For (λ1, . . . , λk), (µ1, . . . , µk) ∈ [0, 1)k we have that

f

(
k

∑
i=1

λivi

)
= f

(
k

∑
i=1

µivi

)
implies

k

∑
i=1

(λi − µi) vi ∈ Gσ meaning that λi − µi are integers

because the vi are linearly independent (i.e. the representation above is
unique) which only holds if µi = λi for all i. So f is injective.
On the other hand, if we have an element v = ∑k

i=1 xivi + Gσ ∈ Nσ/Gσ

then for yi being xi from which its integer part is substracted, we obtain
that f

(
∑k

i=1 yivi

)
= v and ∑k

i=1 yivi ∈ Pσ ∩ N.

ii) First, we explain why
mult σ < +∞

We had mult σ = |Pσ ∩ N|. In fact this is a constraint on the maximal
distance of a lattice point to the origin : If v ∈ Pσ ∩ N then by pick-
ing the isomorohism Rn ∼→ NR, that identifies the basis elements of
N with the standard basis of Rn, we have that ∥v∥2 ≤ ∥v1∥2 + · · · +
∥vk∥2 =: p which is finite. So to pick an element in Pσ ∩ N there are at
most pn choices for all coordinates, so mult σ ≤ pn. A Theorem from
group theory tells us that a subgroup of a finitely generated free abelian
group, is free abelian. (See for instance [3] Theorem 9.60. recalling that
free abelian groups are free modules over the integers). We see from
Span σ = Nσ ⊗ R that Nσ is free of rank k = dim(Span σ). In fact, the
vector space Vσ generated by σ contains Vmin, the one generated by the
ray generators of σ. But σ is simplicial, so Vσ = Vmin. By the discussion
in ?? the lattices Gσ, Nσ have the same rank. The expression for Span σ
that we claimed can be deduced by considering the map that is induced
on the tensor product by the bilinear multiplication Nσ × R → Span σ.
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2. Multiplicities of simplicial cones

iii) We take the proof from [3] corollary 9.63 that uses the Smith Normal
Form from linear algebra. The theorem about Smith Normal Form gives
matrices Q, B, P with coefficients in Z so that

A = QBP

and Q, P are invertible and B = diag(g1, . . . , gn). As 1,−1 are the only
units in Z, we have |det A| = |det B| = g1 . . . gn. Corollary 5.30 in [3]
says that since the gi are the so-called invariant factors of Nσ/Gσ, we have
that their product is |Nσ/Gσ|. (For brevity’s sake we refer to [3] Theorem
9.34 and Corollary 9.61 for a deeper discussion of invariant factors.)

iv) This follows from (i). □

Proposition 2.5 (multiplicity reduction—local version) Let ∆ be a simplicial
fan in NR and σ = cone(v1, . . . , vk) ∈ ∆ with mult σ > 1. Then there is a ray
ρ ∈ Pσ ∩ N with (and it holds for any such ray)

i) For all γ ∈ Σ∗
ρ (∆) with γ ⊂ σ it holds mult γ < mult σ or γ ∈ ∆

ii) γ ∈ ∆ is smooth =⇒ γ ∈ Σ∗
ρ (∆)

iii) Σ∗
ρ (∆) is simplicial.

Proof We follow the proofs of [2],[4].
By 2.4 (i), there is v = ∑k

i=1 λivi ∈ (Pσ ∩ N) where all λi ∈ [0, 1) but not all
are 0. Let ρ = cone(v) and ∆∗ = Σ∗

ρ (∆). There is no smooth cone in ∆ that
has v as an element. If α ∈ ∆ was smooth containing v then v ∈ (σ ∩ α) ∈ ∆
which is a face of both. As the cones are simplicial, σ ∩ α = cone(S) where
S ⊂ {v1, . . . , vk} provides ray generators of σ ∩ α. By the same argument, α
has ray generators S ∪ S′. This means that v ∈ Pα ∩ N so mult α > 1 so it
would not be smooth.
If γ ∈ ∆ is smooth then by the above paragraph, ρ ̸⊂ γ, hence γ ∈ Σ∗

ρ (∆).
This implies (ii).
Let γ ∈ Σ∗

ρ (∆) \ ∆ be contained in σ. We can write γ = τ + ρ ⊂ σ for a face
ρ ̸⊂ τ .
We observe that γ is simplicial (this implies (iii)) so its multiplicity is well-
defined. We have that vi ̸∈ τ for some i ≤ k (note that the corresponding λi
is non-zero in the representation of v). Let E = {v1, . . . , vn}. Lemma 6.8 in
[4] shows that τ + ρ is a face of τi + ρ because τi + ρ is simplicial (it has ray
generators {v} ∪ Si where Si = E \ {vi}). And v cannot be in the span of τi,
as we need vi to get it. By 2.4

mult(τ + ρ) ≤ mult(τi + ρ).

We have a basis e1, . . . , ek of Nσ and a basis f1, . . . , fk of Nτi+ρ and a matrix
A with coefficients (aij) given by

vq =
k

∑
j=1

aqj f j
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and

v =
k

∑
q=1

λqvq = ∑
q,j≤k

λqaqj f j.

By 2.4, mult(τi + ρ) is up to sign equal to

det

a1,1 · · · a1,i−1 a1,i+1 · · · ∑q≤k λqaq1
...

. . .
...

...
. . .

...
ak,1 · · · ak,i−1 ak,i+1 · · · ∑q≤k λqaqk


Using the linearity in every column and the fact that if two columns are
proportional then the determinant vanishes, we obtain

mult(τi + ρ) ∼ det

a1,1 · · · a1,i−1 a1,i+1 · · · λiai1
...

. . .
...

...
. . .

...
ak,1 · · · ak,i−1 ak,i+1 · · · λiaik

 ∼ λi det(A)

up to sign.
If we write B for the matrix with coefficients satisfying vi = ∑k

j=1 bijej,
then mult σ = |det(B)| 2.4. If we consider the homomorphisms Gσ → Nσ,
Gσ → Nτi∩ρ given by inclusion (and their corresponding matrices B, A) and
Nτi∩ρ

∼= Nσ then we see that we can apply [3] Proposition 9.53 to obtain
that B = QAP where det(P), det(Q) = ±1. By multiplicativity of the de-
terminant, mult(τi + ρ) = λi|det(B)| = λi mult σ < mult σ. We deduce
mult γ = mult(τ + ρ) < mult σ. □

Theorem 2.6 Let ∆ be a simplicial fan. Then there is a refinement ∆′ of ∆ that is
smooth. Moreover

{γ ∈ ∆|γ is smooth } ⊂ ∆′ .

Proof We briefly emphazise that multiplicities are always finite, see for in-
stance 2.4 (iii) and we recall that if all cones in a fan have multiplicity 1 then
they are smooth, so the fan is smooth. We will show the following claim via
induction on M ≥ 1.
Let ∆ be a simplicial fan, with M = maxσ∈∆(mult σ). Then, there is a refine-
ment ∆′ of ∆ such that ∆′ contains all smooth cones of ∆ and

max
σ′∈∆′

(mult σ′) = 1.

If M = 1 then it holds.
If M > 1, we define

S∆(l) = {γ ∈ ∆|mult γ = l}

9



2. Multiplicities of simplicial cones

and T∆(l) = |S∆(l)|. We set T = T∆(M). We construct a sequence of fans
∆l as follows: ∆0 = ∆ and we know by 2.5 that if a fan has an element with
multiplicity at least 2 then we can apply a star refinement so we may define

∆l+1 =

{
Σ∗

ρl+1
(∆l) if ∆l has an element with multiplicity M

∆l otherwise

where we pick ρl according to 2.5. We state the recursion

T∆l (M) ≤ T∆l−1(M)− 1.

Let σ0 ∈ ∆l−1 with mult σ0 = M so that ∆l is the star refinement of ∆l−1
centered at a certain non-zero ρl ⊂ σ0. We claim that any γ ∈ ∆l was in ∆l−1
or has mult γ < M.

If γ ̸∈ ∆l−1 then γ = τ + ρl ⊂ σ where τ, σ ∈ ∆l−1 by construction. Suppose
that ρl = cone(v) and σ0 = cone(S), where v = ∑s∈S λss where for all
s, 0 ≤ λs < 1. We set S′ to be the set of s ∈ S for which λs ̸= 0 and
σ1 = cone(S′) a simplicial face of σ0 the parallelotope of which also contains
v. Now, v ∈ σ ∩ σ1 implies that σ1 is a face of σ by linear independence of
the ray generators. Hence v ∈ Pσ ∩ N. By 2.4, 1 < mult σ1 ≤ mult σ ≤ M. so
we can apply Theorem 2.5 to the situation ρl ⊂ σ instead of σ0 so mult γ <
mult σ ≤ M.

We have achieved that σ0 ̸∈ ∆l because it contains ρl and all newly intro-
duced cones have strictly smaller multiplicities than M = mult σ0. This
implies

S∆l ⊂ S∆l−1 \ {σ0}

which translates to the recursion. The latter implies

T∆l (M) ≤ T∆0(M)− l = T − l

so that
T∆T (M) ≤ T − T = 0.

This means that ∆T is a refinement of ∆ that contains all smooth cones of
∆ by 2.5 and all cones have at most multiplicity M − 1. By the induction
hypothesis, the theorem follows. □
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Chapter 3

Conclusion

In this chapter, we just sum up some previously discussed results. One
might call it a resolution of singularities in toric varieties. We recall what it
means to be a resolution.

Definition 3.1 A morhism of schemes f : Y → X is a resolution of singularities
if Y is smooth, f is proper and if it induces an isomorphism f−1 (X \ Xsing

) ∼→
X \ Xsing.

Theorem 3.2 (Resolution of singularities in toric varieties) Let ∆ be a fan,
and X∆ the corresponding toric variety. Then there is a fan Σ and a resolution
of singularities f : XΣ → X∆.

Proof We may use 1.5 to obtain a simplicial refinement Γ of ∆ such that

{σ ∈ ∆|σ is smooth} ⊂ Γ

and Theorem 2.6 to obtain a refinement Σ of Γ, hence of ∆, that is smooth
and contains all smooth cones of Γ. Together

{σ ∈ ∆|σ is smooth} ⊂ Σ.

This produces a morphism
f : XΣ → X∆

that is proper by Proposition 1.3 and birational to the complement of the
singular points. So f is a resolution of singularities because XΣ is smooth
since smoothness is a local property. □
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Appendix A

Appendix

Lemma A.1 Let N be a lattice and N1 ⊂ N such that N/N1 is torsion-free. Then
there is a sublattice N2 ⊂ N with N = N1 ⊕ N2.

This is Exercise 1.3.5 in [1].

Proof The classification theorem for free modules over PID’s allows to de-
duce that N/N1 is free. Let B ⊂ N denote the elements that map to a basis of
N/N1 under the projection. We set N2 = {Z-linear combinations in B}. We
conclude by noting that N1 × N2 → N ,(n1, n2) 7→ n1 + n2 is bijective. It has
trivial kernel since n1 + n2 = 0 implies n2 ∈ N1 so by arguing via the basis,
n2 = 0, so n1 is also 0. If y ∈ N, then again arguing via B, there in n2 ∈ N2
with y − n2 ∈ N1, from which bijectivity follows. □
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