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Exercise Sheet 5

1. Let J# be a Hilbert space and T € Z(). Show that
17T = (|77 = |T|*.

2. Let 4% be a Hilbert space. An operator T € ZB(H) is called normal if TT* = T*T. Show
that if T' is a compact normal operator, then 77 has an orthonormal basis of eigenvectors of
T. Show that the eigenspaces satisfy dimg (23) < oo for all A # 0, and for all € > 0

HA A = €, 56 # 0} < 0.

3. Let a>b>0. Set I :=(—a,a) CRand J:=[-b,b] C I. Let
Cy(l) ={f: I > R: feChfllo <00,[Iflc < o0}
This is a Banach space when equipped with the norm

A1 = 11 lloo + 11 lloe-

Let Cp(J) be the space of continuous functions with norm || - ||s. Prove that the restriction
operator

Cy(I) = Cy(J)
is compact.

Hint: Use the Arzela-Ascoli theorem.

4. Let B be a Banach space of infinite dimension. Show that B does not admit a countable
vector space basis.



