D-MATH Functional Analysis I HS 2023
Prof. Marc Burger

Exercise Sheet 5 - Solutions

1. Let 4% be a Hilbert space and T' € B(#). Show that
|77 = ||T*T|| = [|7*.

Solution: Note that we have |(T*Twv,v)| = [(Tv,Tv)| = |[Tv||? for all v € . Moreover,
the operator T*T is self-adjoint, so Lemma III. 16 implies

17T = sup{[|Tv[[* : [[v]| = 1} = (sup{||Tv]| - [Jv]| = 1})* = [|T]*.

We find [(TT*v,v)| = [(T*v, T*v)| = ||T*v||? for all v € . Now, the same argument as
above shows ||TT*|| = ||T*||®. Corollary II. 11 says that we have ||T|| = ||T*||, so we can
chain the above equalities to get

17T = |T*|* = |T|* = [|7*T|I.

2. Let # be a Hilbert space. An operator T € B(H) is called normal if TT* = T*T. Show
that if T" is a compact normal operator, then 7 has an orthonormal basis of eigenvectors of
T. Show that the eigenspaces satisfy dimg(3) < oo for all A # 0, and for all € > 0

XA =6, A 0} < .

Solution: Define the operators Sy := 2(T'+7T*) and Sy := 1(T —T*). Note that the adjoint
of a compact operator is compact, so S; (and S3) are compact.

Let 4! be the eigenspace of S; to the eigenvalue A € R. Note that this space is finite-
dimensional because S; is compact. Because T is normal (and this is the crucial point!) we
have 5152 = 5251. Let v € 4!, then

Sl(SQU) = SQ(Sl'U) = )\(SQU)

This implies Sov € 4. Thus S2 descends to an operator on J#!. The operator satisfies
(iS2)* = iSa, so the spectral theorem can be applied to Sg|j@1 to give an orthonormal basis

for 74! consisting of eigenvectors of Sy. Pick such a basis By for each .

The operator Sy is self-adjoint, so by the spectral theorem the union of all the By is an
orthonormal basis of 7. Each vector in this basis is an eigenvector of S; and Ss, so this is
an orthonormal basis of eigenvectors for T'= 57 + Ss.

Let %‘ﬁ be the eigenspace of Sy of eigenvalue in for some 1 € R. Consider an eigenvector
v € Hyyiy to T with eigenvalue x + 14y with z,y € R. Then v is orthogonal to the eigenspaces
JA with A # x + iy, so v can be written in our basis as the sum of eigenvectors to the
cigenvalues x + iy. Therefore v € ¢ N ;. This proves i, = H," N A, so the space
Htiy is finite-dimensional.

Let € > 0 and suppose there exist infinitely many non-zero eigenvalues A € K with |A| > e.
Let v,, € 22 be an orthonormal sequence of eigenvectors, whose eigenvalues \,, are pair-wise
distinct and |A,| > e. Then the sequence (T'w,), can not have a converging subsequence.
However, this contradicts the compactness of T'.
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3. Let a>b>0. Set I :=(—a,a) CRand J:=[-b,b] CI. Let
Cy(l)={f: I > R: feC[|fllo <00,[If |l < o0}
This is a Banach space when equipped with the norm

AL = [1flloo + I1fl1oo-

Let Cp(J) be the space of continuous functions with norm || - ||«. Prove that the restriction
operator
Cy(I) = Cy(J)

is compact.
Hint: Use the Arzela-Ascoli theorem.

Solution: Let (fn)n be sequence in C}(I) with ||f,|| < 1 for all n > 0. We need to prove
that the sequence (f,|s)» has a convergent subsequence. By the Arzela-Ascoli theorem, we
need to show that the sequence is bounded from above and that for every € > 0 there exists
d > 0 such that for all z,y € J with |z — y| < 6 we have |f,(z) — fn(y)| < € for all n € N.
We have ||f,]| < 1so |fn(z)] <1 foralln €N andz € J. This proves that the sequence is
bounded above.

The same argument proves |f/ (z)| < 1 for all z € J and n € N. Let x,y € J, then the mean
value theorem implies that for each n € N there exists a £ € J such that

[fn(@) = fa@)] = If" (Ollz =yl < |z —yl.
So we can take § = € to achieve equicontinuity.

4. Let B be a Banach space of infinite dimension. Show that B does not admit a countable
vector space basis.

Solution: Suppose {v; : i > 0} is a countable basis of B. Consider the subspaces B,, which
are spanned by the vectors vy, ...,v,. We have |J, B, = B because {v; : i > 0} is a basis.
On the other hand, the spaces B, are closed subspaces because they are complete by the
uniqueness of norms on finite-dimensional vector spaces. By the Baire category theorem,
there exists n > 0 such that B,, has a non-empty interior. But this is impossible because any
subspace with a non-empty interior is the entire space.



