Differential Geometry 1 Tom Ilmanen
D-MATH Fall 2023

Exercise Sheet 13
To be handed in until December 20

1. Pushforward and pullback of vector fields

Let ¢ : M — N be smooth, X a smooth vector field on M and Y a smooth
vector field on V.
Define the pushforward of X by ¢ via

$(X)(@) := Dy-1((X (67()))-
Define the pullback of Y by ¢ via
¢*(Y)(p) = (Dpg) " (Y (6(p)))-
(a) Show that if ¢ is bijective, ¢, (X) is defined.
(b) Show that if ¢ is a diffeomorphism, ¢.(X) € C*°(TN).
(c) Give an example where ¢ is bijective but ¢.(X) not smooth.

(d) Show that if ¢ is a local diffeomorphism, ¢*(Y) is defined and is in
C>(TM).

(e) Suppose ¢ : M — N and ¢ : N — P are diffeomorphisms. Show
P = (W o9)", b= (Vo)

¢* ¢ = idooe(rrry, (071" = bu.

Solution:
(a) By definition.
(b) ¢.(X) is the composition of the smooth maps

—1
N X v P4 .

(c) Let ¢ : R — R be given by x ~— 2%. This map is bijective but its inverse
¢~ :R — R given by

—1 _ \3/57 .’EZO
¢ (x)_{—\yjm, <0




Differential Geometry 1 Tom Ilmanen
D-MATH Fall 2023

is not smooth at 0. The pushforward of the vector field X (y) =1 is

$+(X)(2) = D1y p(X (¢ () = ¢/ (¢~ ' (2)) = {g% i i 8

which is not smooth at x = 0.

(d) The definition is well-defined because d¢, is invertible if ¢ is a local dif-
feomorphism. Moreover, the pushforward is smooth if Y is smooth as the
composition of the smooth maps

-1
ML NS TN 2 T
(e) Let Z be a vector field on P and p € M. Then the double pullback is

¢* V™ (Z)(p) = (Dpd) %" (2)(8(p))
= (Dp¢) " (Dy(p¥) " (Z(4 0 6(p)))
Dy Dy) ™ (Z(3 0 6(p)))
Dy(¥0¢) " (Z(% 0 é(p)))
= (0 9)"(Z2)(p)-
Let X be a vector field on M and r € P. The double pushforward is

udu(X)(r) = Dy1(m (0 (X) (7 (r)))
= (Dy=1 (¥ D=1 (p=1(r) ) (X (67971 (1))
= D(gog)—1(r) (¥ 0 ) (X ((¥ 0 )7} (r)))
= (0 ¢)u(X)(r).
Let X be a vector field on M and p € M. Then

0" (X)) (p) = (Dpo) ' (0+(X)(¢(p)))
= (Dp9) "' Dy-1(4) (X (0~ (6(p))))
= X(p).

P

The last property follows from the previous ones

@) = (@) (@ ) = (07) 0 ) = (90 ¢71) ¢u = id" s = ¢u.

2. Another flow example

Let M = R?\ {0} and consider the vector field X (p) = 22 for all p € M. Define
b(p) to be the maximal (positive) time of existence for the flow of X starting at
peM.
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(a) Compute b(p) for all p € M.
(b) Verify that
b(p) = lim inf b(q)
for all p € M.
(c) Find the points where lim,_,, b(q) does not exist.
(d) Verify directly that the maximal domain of existence

U={(p,t)|z e Mualp) <t<b(p)}

is open.

Solution:
The flow is ¢% ((z,y)) = (z + t,y).

(a) Only points on I = {(z,0)|z < 0} C M cannot be flowed for infinite

positive time. We have
o0, pél,
b(p) = {
—x, pel.

(b) If p & I then lim,,, b(q) as the set R\I is open and b is infinity on this
set. On I the function b is not continuous as there are arbitrarily close
points with where b is co. Still b(p) = liminf,_,, b(¢) holds.

(c) U is the union of open sets and thus open:
U= (M\RX{O}) XR)U{(x,y,t)|x>O,y€R,—x<t<oo}
U{(z,y,t) |z <0,y e R, —c0o <t < —x}

3. Left-invariant and right-invariant vector fields on matrix groups

Let G = Gl(n,R) C R™™™ be the (Lie) group of invertible matrices. For A in
R™ ™ define vector fields X 4,Y4 € C*(T'G) by

Xa(B):=AB, Y4(B):=BA

for BeG@.
For C € G define maps L¢, Re : G — G by

Lo(B):=CB,  Re(B):=BC™!

for B € G. These maps are called left and right translation by C.
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(a) Verify
LcoLp = Lep, RcoRp = Rep.-

(b) Conclude that L, R are injective homomorphisms L, R : G — Diff (G).
(c) We call a vector field Z € C>*(T'G)

o left-invariant it LE(Z) = Z for all C € G,
o right-invariant if RE(Z) = Z for all C € G.

Which of X 4,Y} is left /right-invariant?

(d) Show that any left-invariant or right-invariant vector field on G is either
of the form X 4 or Yjy.

Solution:
(a)
LeoLp(B) = Le(DB) = CDB = Lep(B)
RcoRp(B)=Ro(BD™')=BD'C™' = B(CD)™! = Rep(B)
(b) Direct consequence
(c) Ya is left-invariant:

L&(Ya)(B) = (DpLe) ' (Ya(Le(B)))
=C~ 1 (Y4(CB))
=C~'CBA
= BA
— Y.(B).

X 4 is left-invariant:

RE(X4)(B) = (DpRe) ' (Xa(Re(B)))
= (Xa(BC™H)C
= ABC™'C
= AB
— XA(B).

(d) Denote I € G the identity matrix and let Z be a vector field with X (I) =
A. If Z is left-invariant then left-invariance for C = B! ensures

Z(B) = Lp-1(Z)(B)
= (DpLp-1)"'(Z(Lp-1(B)))
= BZ(I) = BA=Y(B).
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Similarly, if Z is right-invariant then right-invariance for C = B ensures

Z(B) = Rp(2)(B)
= (DgRg)"'(Z(Rp(B)))
— Z(I)B = AB = XA(B).

4. The Lie bracket and the matrix commutator
In this exercise we will show that
[Ya,YB] = Y{a,n

where [Yy, Yp] is calculated as the Lie bracket of vector fields and [A, B] is the
matrix commutator in R™*", In other words, the map A — Y}, from matrices
to vector fields, is a Lie algebra homomorphism.

(a) Show that the flow of Yy is ¢}, (C) = Ce'# for C € G = GI(n,R).
(b) Show that the derivative of ¢}, at C'is Do¢h., (E) = Ee'4 for E € R™*".

(c) We will see next week that the Lie derivative agrees with the Lie bracket.
Compute [Ya, Yp] using that [Ya,Y5s](C) = Ly, Ys(C) for all C € G.

Solution:

(a) Indeed, ¢9 (C) = C and

£ 04,(0) = O A = Vi (94, (O).
(b)
Dedh (B) = | 64, (0 +5B)
= % N(cEs sE)et4
= Eet4
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(©)
[Ya,YB](C) = Ly, YB(C)
=] @ ()
(Dodk, ) (Vi (64, (C)

B d
T dtli=o
(Dedly,) M (YB(Ce't))

_4a
T dtli=0

d
= 2| (Desy ) e B))

_4 Ce'*Be™t4
dt lt=0

_ d tA d —tA
=C (dt‘t—oe > Breb <dt‘t—oe

— C(AB - BA)
— C[A, B]
= Ya,5/(C)




