Differential Geometry 1 Tom Ilmanen
D-MATH Fall 2023

Exercise Sheet 5
To be handed in until October 25

1. Two Atlases on the Sphere

(a) Give an atlas of 2n + 2 charts on S™ that are graphs.

(b) Give an atlas of 2 charts on S™ that are given by stereographic projections.

Solution:
Recall $" = {z = (2°,...,2") e R""! | |z] = 1}.

(a) For j =0,...,n, denote by
—+ n ] - n j
Ui ={ze€S" |z’ >0}, Ui ={ze€S"|2) <0}

the hemispheres with respect to the coordinate j. The sets U ji are open
subsets of S™: For example

T+ n+ly,.J _ n+1 .j
U ={z eR"" |2/ >0} ={z e R""" |2/ > 0}

is open in R”*! as the preimage of the open set (0, c0) under the continu-
ous map R"*! — R sending z ~— 27. As we have that U} = ﬁ;“ N S? the
set U; is open in S™ in the subspace topology on S™ induced by R"*!.
Similarly for U;".

We claim that the maps %i U ji — R” sending

define an atlas on S™.

The image wjj-[(U Ji) = B™ C R" is the open unit ball for all j, in particular
an open set. The map 1/)?-[ is continuous since preimages of small balls in
B™ get mapped to small balls on the hemisphere which are open in the
subspace topology of S™ C R". Let f : B®™ — R be the smooth map
y+— /1 —y2. Then for z € Ujle by definition of the sphere:

x’ :if(xo,...,&,...,x").

(Hence UjjE is the graph of the map +f after appropriately switching the

™. Let us give the rest of the argument here not

coordinates 29,...,z".
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(b)

relying on the fact seen in the lecture that being locally a graph is enough
to have an atlas.)

The inverse of wji (when we restrict the target space of the map w;—L to
B™) is the map B"™ — Uji given by

y=(" .y = Wy L W) Y.

This map is continuous, in particular, wj»i : Uji — B" is a homeomor-
phism. This concludes the argument that (’(/)Ji, U,) is a system of charts
on S™.

Let us now prove that this system of charts is an atlas. First, the sets U ji

cover S™ (otherwise z7 = 0 for all j but this cannot happen for a point
on the sphere). Second, we need to prove that all transition maps are
smooth. Let €, € {£1} be variables for the signs. Then overlaps look
like ,

U;OU,‘E ={x € S"|ex! >0,02" > 0}.

In particular, the overlap is empty for (k = j and € = —¢), so nothing to
prove in this case. For j < k, the transition functions are

U5 o ()7 i {y € B"|ey! >0} - Us NUR = {y € B"|dy* >0}
given by
R T B (TS Ay (1) N T Vi
— (yl,...,g;j...,yk_l,éf(y),yk,...,y")

(y

which is smooth.

Define U+ = S™ \ {N+} where Ny = (0,...,0,41) is the north pole pole
N, and the south pole N_ with respect to the last coordinate z™. Clearly,
the two charts U* cover S™. The stereographic projections ¥4 : U+ — R
are given by continuous functions

It has inverse 1/1;1 :R™ — U* given by

(2y15 RN 2?}m i(‘y|2 - 1))
lyl? +1
The overlap of the two charts is Ut NU~ = S™\{N,, N_}. The transition
function ¢_ o' : R™\ {0} — R™\ {0} is given by
Y

(Y1, -3 Yn) — =
T P

(y17"'ayn)'_>

which is smooth. Similarly for ¢, o ¢~'. So the charts are compatible
and we have an atlas on S2.
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2. An atlas on the real projective space

Let RP" := {lines through the origin in R"*!}. For 0 # z € R"! let L = [x]
be the line through x and 0.

(a) Define a suitable topology on RP™. (Hint: Define a metric on RP™.)
(b) For any j € {0,...n} define

n .__ _ 0 n n+1 | ~ PN
R} :={z = (z",...,2") e R"""" |2/ =0} = R",

Z;={L € RP"|L C R7},
Uj = RP”\ZJ

Show that U; = {[z] € RP" |27 # 0} and that U, is open in RP".
(c) Define homogeneous coordinates on U; by ¢, : U; — R” byE|

-~

(2 ... 29, .. .2")

¥;([2]) =

xJ

Prove that the maps v; are well-defined and that the coordinate systems
(Uj, ;) give an atlas on RP".

Solution:

(a) Let L, K € RP" be two lines through the origin in R**!. Then define

drpn (L, K) = angle(L, K) € [O, g] .

If the lines are L = [z] and K = [y], and 6 the angle between L and K we

have
‘ <$» y>R“+1 |

|z[lyl

Note that the formula works for any choice of x € L and y € K, as for
another point Z = Az € L with 0 # X\ € R the A cancels out in the formula.
Similarly for K. From another point of view: Suppose x4+ € Land y+ € K
are the intersection of the lines with the unit sphere S™ C R"*!. Then

depn (L, K) = min{d}(a_,y-). d%(z—,y;)}.

IThe hat is a useful notation that means that this variable is omitted, i.e.

cosf = € [0,1].

(... 2, .., z") = (20, ..., 87 I 2.
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So in particular, if the distance (i.e. the angle) between two points z,y €
S™ is smaller than 7 then dgn(x,y) = drp~ (2], [y]). (So S™ and RP" are
actually locally isometric).

(b) The lines L = [z] in Z; have are represented by points with 27 = 0, i.e. are
orthogonal to the line L; = j-axis, or equivalently, L; = [(0,...,0,1,0,...,0)]
where the 1 is in the j-th entry. So lines in U; are represented by points
with 27 # 0, so have an angle strictly smaller than 5+ In the metric given

s

above, Uj is the open ball of radius 5 with center Lj;.

(¢) Suppose L = [z] = [Z]. Then & = Az € L with 0 # A € R. But

i A0, Az, A N
() = Qe Ao AT (s ¥ (1),

Hence 1; is well-defined.

The map U; is a bijection: As 27 # 0 for L = [z] € Uj, every line can
uniquely be represented by some z of the form (20, ..., 2971 1,29+ . ™).
So v is invertible with inverse w;l :R™ — U; given by

(yla"'ayn) = (y17'"7yj7171ayj7"'7yn)'

Moreover, 1; is a homeomorphism: As 27 # 0 for L = [z] € Uj, every
line can uniquely be represented by some z € S™ with 27 > 0, i.e. in the
upper hemisphere of S™ with respect to the coordinate j. The map

(:z:o,...,xAj,...x")

T — -
xJ

from U ]Jr C S™ to R” for Uj+ as defined in exercise 1(a) is clearly a local
homeomorphism. As S™ and RP" are locally homeomorphic ( as estab-
lished in (a)) the map 9, : U; — R™ is a local homeomorphism. As the
map 1, is also bijective it is a (global) homeomorphism.

Let us now prove that this system of charts is an atlas. First, the sets U;
cover RP" (otherwise 27 = 0 for all j but this cannot happen as z # 0).
Second, we need to prove that all transition maps are smooth. Then
overlaps look like

Uj NUg = {[z] € RP" |27 # 0,2" # 0}.

Let us check now that the charts are compatible. For j < k, the transition
functions are

Yo (W) i {yeR" |y £0} - U;NU, — {y € R" |y* # 0}

given by

1

(y= ... ! =1

R e (TR T IS VLA T

— (yl’.'.’yj7..'7yk7171’yk7..',yn)
yd

which is smooth.
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3. Two diffeomorphic but not equal structures on the real line

Consider R with its usual differentiable structure, induced by the chart ¢ : R —
R, o(z) = z. Also consider the differentiable structure induced by the chart
Y :R =R, ¢(x) =23

Show that the two differentiable structures are not equal, but that neverthe-
less, the two differentiable manifolds are diffeomorphic.

Solution:

Both are global charts. The transition function 1o ¢~ : R — R is given by
x +— 2 which is smooth, bijective with continuous but not smooth inverse, so
the two charts are not compatible. However, to see that the both structures on
R are diffeomorphic, we need to find a map f : R — R which is a diffeomorphism
when we equip the first R with the atlas induced by ¢ and we equip the second
R with the atlas induced by 1. More concretely, we want to have an f such
that the composition from left to right in

RAR-ILR DR

is a diffeomorphism. Set f(x) = ¢ ~!(x) then the above composition is the
identity.

4. Quaternions

Let @ denote the vector space R* with basis {1,4, j, k} and multiplication subject
to the laws i = j2 = k2 = —1,ij = —ji = k, jk = —kj =i, ki = —ik = j.
(These make @ into an algebra.)

(a) Show that every non—zero element u € @ is invertible.

Hint: Set u = a+ bi+ ¢j + dk. It is useful to define the conjugate @ := a —bi — cj — dk

and to prove du = |u|? = ua.
(b) Show that |uv| = |u||v]| for u,v € Q.

(c) Show that S? := {u € Q||u| = 1} has the structure of a group.

Solution:
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(a) Let us prove the hint:

au = (a+bi + ¢j + dk)(a — bi — ¢j — dk)
= a®—abi — acj — adk + abi — bi® — beij — bdik
+ acj — beji — 252 — edjk + adk — bdki — cdkj — d*k?

:a2+b2+c2+c2 _ |u|2
Similarly, uu = |u|?>. We see immediately that v = ﬁ is an inverse for a
given non-zero u € Q.

(b) Direct proof:

Let u = a+bi+cj+dk and v = e + fi+ gj + hk. Then |uv|? is equal to

|(a+bi + cj + dk)(e + fi + gj + hk)|* =
= |laetafi+ agj + ahk + bei — bf + bgk — bhj
+ cej — cfk — cg + chi + dek + df j — dgi — dh|?
= |ae —bf —cg — dh + (af + be + ch — dg)i
+ (ag — bh + ce + df)j + (ah + bg — cf + de)k|?
= (ae — bf — cg — dh)* + (af + be + ch — dg)*
+ (ag — bh + ce + df)? + (ah + bg — cf + de)?
= (@2 + 0+ A+ )P+ P2+ h?)
which is |u|?|v|?.
Alternative proof:

Show that wv = vu by direct computation. Then we get
luv|? = waw = wvu = u|v*a = vilv]? = |ul|*|v]?.
(c) The identity element is 1. As multiplication preserves the norm by (b) we

have uv € S2 for u,v € S3. Moreover, if u € S then its inverse is @ which
is also in S3.

5. For those new to topology

(a) Prove that the subspace topology is a topology.
(b) Prove that the quotient topology is a topology.

(c) Show that the subspace topology for S* in R? coincides with the quotient
topology R — S1.
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(d) Recall that a topological space X is not connected if there are non-empty,
open, disjoint subsets U,V C X such that U UV = X. Any U that arises
this way (and X itself) is called a component of X. Show that if X is a
manifold there is a unique decomposition

X =Ju.,

where U, are disjoint connected components of X.

(e) What happens if we want to decompose the Cantor set X as in @7

Solution:

(a) Let (X, ) be a topological space and A C X a subset. Then the subspace
topology on A induced by (X, A) is given by

TAa={UNA|U € 7}.
To check that this defines a topology, let us check the axioms:

e =PnNActpandA=XNAcTqas0 X er.

 Suppose U,V era, i.e. there are U,V € 7 such that U=UnNA and
V=VNA Then UNV =UNV)NA€TyasUNV € 7 using
that 7 is a topology and thus UNV € 7.

e Suppose U’g € 74 for all B in some index set B, then for each 3 € B
there is Ug € 74 such that Ug = ug N A. Then

UUBZU(UgﬁA)Z (UUﬁ)ﬂAGTA

using that 7 is a topology and thus | JUp € 7.

(b) Let (X,7) be a topological space and ~ an equivalence relation on X.
Denote X/, the space of equivalence classes and 7 : X — X/ given by
p +— [p] the canonical surjection, sending p to its equivalence class. Then
the quotient topology on X/ is given by

r.={UcCc X/ |7 Y U) e}

Note that by definition preimages of open sets are open, so 7 is continuous.
To check that this defines a topology, let us check again the axioms:

e 71 0)=0€7and 77 }(X/) =X € 7. Hence 0, X € 7.

e Suppose U,V € 7, i.e. 7Y U), 77 (V) € 7. Then =2 (UNV) =
7 Y U)N7~Y(V) € 7 as 7 is a topology and hence unions of elements
in 7 are again in 7.
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(c)

(d)

(e)

o Suppose Ug € 7. for all 8 in some index set B, then for each 5 € B
7n~1(Ug) € 7 by definition of the subspace topology. But then

! (U Ug) = U (r'Us) e

using that 7 is a topology and infinite unions of elements in 7 are
again in 7.

Let 75 be the subspace topology on S' coming from S' C R? and ¢ be
the quotient topology coming from R — R/, .z tomz. Let Ue Tg, i.e there
is a U € g2 such that U NS* = U. So for any p € U there is an open
disk D C U with p as the center. Note that D N S is open in S'. For D
small enough D N S! is just an open circular arc I. If we look at S! as a
quotient of R then the circular segment corresponds to an open interval 1.
This is open in the quotient topology ¢ as W_l(f) = 1+42nZ is open in R
for I an interval that projects to I. The converse follows by the argument
backwards. For a point in an open set in the quotient topology, there is
an interval I, which corresponds to a circular arc in S* C R2.

First note that two distinct connected components must be disjoint, be-
cause if U, V are connected components and the intersection U NV is non-
empty, then U UV is open and connected (U UV not connected would
imply that either U or V is not connected by using a disjoint nontrivial
decomposition of U UV into disjoint sets.).

Let now z € X we need to show that x is contained in some connected
component U,. For that let

U ={U C X |U open, connected andx € U}.

Then U, = |JU € UU. Here we used that X is a manifold: U/ is not
empty, as for any point z in X there is an open set V C X containing =
which is homeomorphic by a map v to a nonempty open subset V C R™.
But taking the preimage of an open ball B C V that contains Y(x),
produces a connected open subset ¢~ (B) which contains z. Actually, the
claimed decomposition statement is true for any locally connected space
and manifolds are locally connected.

The Cantor set is not locally connected. Any nonempty open subset of the
Cantor set C is disconnected, hence C' cannot be the union of connected
open subsets.




