D-MATH Symplectic Geometry ETH Ziirich
Dr. Patricia Dietzsch Exercise Sheet 2 HS 2023

The most important exercises are marked with an asterisk *.

*2.1. Let (M,w) be a closed symplectic manifold of positive dimension. Show that w
is not exact.

*2.2. Let (M,w) be a symplectic manifold, H, K: [0,1] x M — R be two smooth
Hamiltonian functions and x € Symp(M,w).

(a) Show that ¢! o K is generated by

(H#K); = H, + K; o (¢ﬁ)_1-

(b) Show that <1/)tH )_1 is generated by

H, = —H, ol

(c) Show that x !¢y is generated by H; o .

(d) Deduce from parts (a), (b) and (c) that Ham(M,w) is a normal subgroup of
Symp (M, w).

2.3. Find an example of a symplectic manifold (M,w) (without boundary) and a
smooth function H: [0,400) x M — R such that the domain Dy of the Hamiltonian
flow ¥ is not equal to [0,+0c) x M. This flow is by definition the flow of the
time-dependent Hamiltonian vector field X#t which is defined by —dH® = w(X ¢ ).

Find an example in which 1 is not surjective for some ¢.

*2.4. This problem is intended for students who are not yet familiar with the Lie
derivative and Cartan’s formula. Let I C R be an open interval, M a closed smooth
manifold and f: I x M — M a smooth function such that f; € Diff (M) for all s € [.
Let k > 1 and w € Q%(M) a differential k-form on M.

The goal of this exercise is to prove Cartan’s formula:

d
&fjw = fr(ix.dw + dix,w),

where X is the time-dependent vector field on M defined by

d
N s:Xs s-
dsf o f
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For s € I consider the linear map
T,: Q"I x M) — QF1(M),
defined by
(Ts0)z (w1, ... wp—1) = 0(s.2)((1,0), (0,w1), ..., (0, wp—1))
for x € M and wy,...,wx_1 € T, M. Here we use the decomposition
Ty x M) 2TROT,M =R T, M.
(a) Let f € C®(I x M) and o € Q*"*(M). Prove that for 0 = fds A m*a we have

(iiza = (T,d + dTy)o,

where ig: M — I x M, ig(z) = (s,x) and 7: [ x M — M, 7(s,z) = z.
(b) Let f € C(I x M) and 8 € Q¥(M). Prove that for ¢ = f 7*3, we have

d
&ZZO’ = (Tsd -+ dTS)O'.

(c) Deduce from parts (a) and (b) that

(ii;‘a = (Ted + dTs)o

for every o € QF(I x M).

(d) Prove Cartan’s formula.

(e) Let X € I'(T'M) be a smooth vector field on M and let ¢, be its flow. The Lie
derivative Lxw € QF(M) is defined by

d
Lxw=—| 9jw.
dt|,_, "

Show that

Lxw = t1xdw + dexw.



