D-MATH Symplectic Geometry ETH Ziirich
Dr. Patricia Dietzsch Exercise Sheet 10 HS 2023

The most important exercises are marked with an asterisk *.

*10.1. Let (M,w) and (M’',w') be a symplectic manifolds of the same dimension. Let
: M — M’ be a smooth map and consider its graph

Ly ={(z,¥(x))|r e M} C (M x M'|wd (—w')).

Show that ¢ is symplectic (i.e. ¥*w’ = w) if and only if I';, is a Lagrangian submanifold.

*10.2. Let @ be a smooth manifold and S C @ a submanifold. Prove that the
annihilator

75" ={(x,€) € T"Q|x € §,&|r,s =0}

is a Lagrangian submanifold of 7*() with respect to the canonical symplectic form.

10.3.

(a) Let X be a smooth manifold. Show that any diffeomorphism ¢: X — X lifts
to a symplectomorphism

U: T°X - T°X
by the formula

U(z,¢) = ((x),§ o (dea) ).

(b) Consider (C? = R* wyq) and the submanifold

Loy m { ((es +iest) cos(9)>

(e® 4 ie~"t) sin(0)

Q,S,tER,52+t2:1}.

Show that this is a Lagrangian submanifold. It is called Chekanov torus.

Hint: Write L¢y, as the image of a Lagrangian in 7%S! x T*R under a symplec-
tomorphism.
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