D-MATH Symplectic Geometry ETH Ziirich
Dr. Patricia Dietzsch Sheet 2 Solutions HS 2023

The most important exercises are marked with an asterisk *.

*2.1. Let (M, w) be a closed symplectic manifold of positive dimension. Show that w
Is not exact.

Solution. Assume M is of dimension 2n. We saw that © := w”\" is a volume form on
M and hence does not vanish anywhere. We equip M with the orientation induced
by Q. It follows that the integral [, w"" is positive.

Assume for contradiction that w is exact and let @ be a 1-form such that w = da. It
follows from Leibniz rule that

d(a A W=Dy = i,

Stokes theorem now implies that

/ W\ = a A w/\(n—l)’
M oM

where OM denotes the boundary of M. Since the left-hand side is positive, it follows
that the boundary 0M is non-empty. This contradicts the assumption that M is a
closed (i.e. compact without boundary) manifold.

*2.2. Let (M,w) be a symplectic manifold, H, K: [0,1] x M — R be two smooth
Hamiltonian functions and x € Symp(M,w).

(a) Show that ¥{T o K is generated by

(H#K): = H, + Ky o ()"

Solution. We compute
d (H#K), = dH, + dK, o d(y) ™!
= —w(Xf,-) —w (X[ o (0f1) i) (0))
= Xt ) —w (ault (XK (u) 7))
= —w (X + () (X).-).
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hence X/ #% = XH + (@D{I ) (XE). In the third inequality we used that {7 is
symplectic. Moreover,

d d d

g (i oul) = (dtw{f) oy +dyf! (dtw5>
= X/ opftopf +dyf! (X[ o pf)
= X" o (i o )

which proves the claim.
-1
Show that (1/{[ ) is generated by
H, = —H, ol
Solution. We proceed as before:
dH, = —dH, o dy
=w(Xfo wf Ly ()

w( - XHo;Dt), )
(
—(

w() h=)

hence X7 = — (¢,)* (X}7). On the other hand

_dt(iﬁqo(qﬁ{{))
= (jtw”) o (wff) " +duf! (jt (wﬁ)‘1>
=t ant (5 () ).
hence
d gyt H\ " (yH 7 H\ !
) () () = 5T )
Show that y 1y is generated by H; o .
Solution. We compute
d(H; o x) =dH, ody

= —w (X" o x, dx(-))
=~ (& (X 0x) ).
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hence X/'°X = y*(X ). Therefore

d, L (d
3 () =t <dt@/}fox>

d
=X (dtwff) = X"(X o) = X o (x'ef'X) .-

(d) Deduce from parts (a), (b) and (c) that Ham(M,w) is a normal subgroup of
Symp(M, w).

Solution. (a) and (b) show that Ham(M,w) C Symp(M) is closed under
composition and inverse. It is therefore a subgroup. (c) shows that Ham (M, w)
is closed under conjugation by an element in Symp(M,w). Ham(M,w) is
therefore normal in Symp(M,w).

2.3. Find an example of a symplectic manifold (M,w) (without boundary) and a
smooth function H: [0,400) X M — R such that the domain Dy of the Hamiltonian
flow ¥ is not equal to [0,+0c) x M. This flow is by definition the flow of the
time-dependent Hamiltonian vector field Xt which is defined by —dH® = w(X ¢ ).

Find an example in which 1/ is not surjective for some ¢.
Solution. Consider
M = (0, +00) xR, W = wo, H:[0,4+00)x M — R, H(t,q,p) = —p.
We show that the domain of the Hamiltonian flow ¢y is
Dy ={(t,q¢.p) [t <4q}.
Indeed, Hamilton’s equations for H are
0OH ) oH
— W =1, p= ~ 3 —
The unique maximal solution of these equations starting at (¢, p)(0) = (qo, po) is
(¢:p): 10,q0) = M, (q,p)(t) = (q0 — t, po)-
Since M is given by M = (0,00) x R we cannot extend this solution beyond ¢ = ¢q.

q 0.

Consider now
M = (0,+00) X R, W = wo, H: [0,4+00) x M — R, H(t,q,p) = p.
Then we have

vt M — M, (g0, po) = (g0 + t, po)-

The map ¢! is not surjective for ¢ > 0.
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*2.4. This problem is intended for students who are not yet familiar with the Lie
derivative and Cartan’s formula. Let I C R be an open interval, M a closed smooth
manifold and f: I x M — M a smooth function such that f; € Diff(M) for all s € I.
Let k> 1 and w € Q%(M) a differential k-form on M.

The goal of this exercise is to prove Cartan’s formula:

d
gf;w = fr(tx,dw + dix,w),

where X is the time-dependent vector field on M defined by
d
7 Js — Xs ER
e of

For s € I consider the linear map
T,: QI x M) — QFY(M),
defined by
(Ts0)a(w1, ... wg—1) = 0(s.2)((1,0), (0,w1), ..., (0, wp—_1))
for x € M and wq,...,wx_1 € T, M. Here we use the decomposition
Ty xM)=TROT,M=R®T,M.

(a) Let f € C®(I x M) and o € Q¥"1(M). Prove that for o = fds A m*a we have

iiza = (T,d + dTy)o,
ds

where ig: M — I x M, ig(z) = (s,x) and 7: [ x M — M, 7(s,x) = z.
Solution. We show that both sides of the equality vanish.
Note that for sy € I, we have 4} (ds) = d(s o is,) = dsg = 0. Therefore

iy, 0 = (f 0is) d(soig) Nigma =0
and thus ifo = 0. It follows that
d

o
—i.0 = 0.

ds

To show the right-hand side vanishes, we note that the form ds doesn’t vanish
only if we feed it vectors spanned by (1,0), whereas 7*« doesn’t vanish at a
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point (s,x) € I x M only on vectors of the form (v, w) for w € T,M, w # 0
(here, v can be any vector in T,1). Therefore:
(Tydo ) (wr, ..., wy)
= do(aw)((1,0), (0,w1),. .., (0,wy))

= (df Ads Am*a — fds Am*da),,) ((1,0),(0,w1), ..., (0,wr))

(g) —(df N W*a)(s,x) ((0, ’LU1), ce (07 wk)) - (f 71—*dO‘)(Sw’v) ((07 wl)? R (O’ wk))

= —(df A7) (5,2)(dis)o (w1, . .., wi) — (f 7da)(s2)(dis)a(wr, ..., wk)
= —(d(fois) Ao+ (foida) (w,... w)
We obtained equality ({) by feeding (1,0) to ds (this also introduced a minus

sign in the first term, because of the 1-form df in front of ds). In the last
equality, we used 7 o1y = id to get rid of 7*.

Before calculating d7To, note that:

(Ts0)(w, ..., w_1)
= gw((wl, . ,wk—l))

= (f ds A7) (o) ((1,0), (0,01), .., (0, wp_1))
E(f 7)o (0, 01), . (0,05 -1))

= (f W*Oé)(s,m) (dz’s)x(wl, Ce ,U)kfl)
Y (foiy) a)ulwr, ... wp ),

where in (#) we fed (1,0) to ds as above, and in (&) we used 7o iy = id. In the
last equality, f became f o1, because in the end we switched from calculating
the form at the point (s,z) € I x M to the point € M (and recall that f is a
function on I x M). Taking the exterior derivative of Tyo and using the above
calculation, we get:

dT.o = d((fois) @) =d(fois) Aa+ (f ois)da = —Tido.
In particular, both sides of the claimed equality are 0.

(b) Let f € C=(I x M) and 8 € QF(M). Prove that for o = f 7*3, we have

d
Lito = (T +dT)o.
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Solution. Firstly, note that since 7 o i, = id, we have i*oc = (i’ f)(7w 0 is)* S =
(f ois)B. Therefore, if we denote f; := f o, we get

On the one hand, § is a form on M and thus Tso = T4(f 7*/) vanishes if we
feed it the vector (1,0). Thus we have Tyo = 0, and consequently d7so = 0.

On the other hand, we have
do=df A" B+ fr*dB
and applying T} to do, we get:
(Tydo )y (wy, ..., wg)
= (dfm*ﬁww*dﬁ)(w)((LO), (0,w1),..., (0,wy))
= dfe ((1.0)) (7°8) . ((Ow1)..., (0w0)
+ (7" dB) ) ((1,0), (0,w1), -, (0, wy))
—df<m><< 0) (78),,, (0.0, 0.0)
e ((1,0)) Bulws, .. wy)
dfsx< ) Bt

&f(s I) ﬁx(wly s 7wk)

::ag(foig(x)ﬁx@ub.u,u%)

d
= &fs@) Ba(wy, ... wy)

({25) ) oo

where, in (©) we fed the vector (1,0) to df because, after writing out the
definition of the wedge product and applying it to the given vectors, in all the
other terms we would be feeding (1,0) to 7*5 and in that case:

WW«LMV”):B@ﬂmeu)zﬁww”):0
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The second term in equality (©) vanishes for the same reason, i.e. since
dm((1,0)) = 0. In equality (A), we rewrote the vector (1,0) as - and then used

the definition of the differential:

0 d
df(s,z) (83) = &f(s,.’lf)
The result follows.

Deduce from parts (a) and (b) that

d
it = (Td+dT)o

for every o € QF(I x M).

Solution. Every k-form o on I x M is a linear combination of forms of the
type fds A m*a as in (a) and forms of the type f7*3 as in (b). The formula
follows from the previous steps and linearity.

Prove Cartan’s formula.

Solution. Note that now f: I x M — M denotes a smooth function such that
fs = fois € Diff(M) for all s € I. We still denote by is: M — [ x M the map

given by is(z) = (s, 7).

Using the previous part of the exercise, we get:

- ((Tsd + de)f*w)x(wl, .

For the first term in line (1), using the definition of T}, rewriting (1,0) as -

7wk’)

o)
Js
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and using the definition of a differential as in the previous part, we get:

(Tedf*w) e (wy, . .., wg)
= (£*dw) (o) ((1,0), (0, 1), ... (0,wy))
= (dw) o) (AF((1,0)), dF((0,w1)), ..., dF((0, wy)))

= (@l (5. A0 (0,000

= (dw>fs(l’) (isf& df5<w1)a e 7dfs(wk)>
(dw)g, () (X 0 for df(wi), ..., df (wy)
= (xdw), (df (), df(wy))
(fS*(LXde))x(wl, e, W)

In the following calculation of second term in line (1), by the notation @;, we
mean that the vector field w; is omitted. Using the definition of the exterior
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derivative and same steps in the above calculations, we obtain:

(def*w)x(wl, Ce, W)

+ Z (—1)i+j(Tsf*w)x([wi, wjl, wy, .. W, . ,wk)

~

D) (100, 0, i ws]), (0,100), -, (0, (0,10n)

~

= S (s (A (10,0, wa), o df O w1) SO, ) )

=1
+ (=)™ wp(aa (dF(1,0), dF(0, [wi, w;]), df(0,w1), ..., df(0,wi), ..., df(0, wy))
1<i<j<k
k A
= > (=D'w; (wmx) < fo:dfs(wa), .. dfs(wi), ... 7dfs<wk)> )
=1
+ (_1)i+jwfs (z) ( fS? de([wzv w]]) dfs(w1)> cee adfszwi% s adfs(wk>>
1<i<j<k
k A
=2 (=D (wm (Koo for dfslwr),.. . dfilwy), ... ,dfs<wk)))
=1
+ (—1)"™wp @) (Xeo for dfu(fw,wyl), dfs(wr), .. dflws), .., dfu(wr))
1<i<j<k
k A
=3 (1) 'wi | ex, Wy, (dfs(wl), o dfs(wy), . ,dfs(wk)) )
=1
+ (=1 ox wp, @) (dfs(fwiwy]), dfs(wr), . df(w), .., dfu(wy))
1<i<j<k
k
=) (- )wz<(f Lx,W)z (wl,...,wi,...,wk))
=1
+ (=)™ (frx,w)e ([wi, wy],wiy ..oy, .. w)
1<i<j<k
= (dflix,w)e(wr, ..., w).

Finally, putting everything together and using commutativity of exterior deriva-
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tive with pullbacks, we get:

(ff;w = (T d+dTs) ffw = fi(tx,dw) + dfiix.w = fI(ix.dw + dix,w).
S

This completes the proof.

(e) Let X € I'(T'M) be a smooth vector field on M and let ¢ be its flow. The Lie
derivative Lxw € QF(M) is defined by

d
Lxw=—| 9jw.
dt|,_, "

Show that

Lxw = 1xdw + dexw.

Solution. This follows directly from Cartan’s formula for f, = ¥y, X, = X
and s = 0.
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