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The most important exercises are marked with an asterisk *.

*3.1.

(a)

(b)

Find a symplectic manifold and a symplectomorphism on M that is not isotopic
to the identity. (In particular, such a symplectomorphism is not a Hamiltonian
diffeomorphism.)

Solution. Let T? = R?/Z? be the 2-torus. The standard symplectic form on
T? is the unique 2-form w € Q?(T?) satisfying m*w = wgq for the projection
7: R? — T2 Let

0: T =T,  lx+Zy+7Z)=(—rv+2Z,~y+7Z),

where z,y € R.

First note that the map ¢ is a symplectomorphism:

T p'w = (pom)w
= w(d(pom)(—),dlpom)(-))
= w(—dnr (=), —dn(-))
= w(dm(=),dm(-))
= T'W = W4

hence ¢*w = w.
We claim that the map ¢ is not isotopic to the identity. Indeed, if it were, then
the loops

r+7Z — id(z+Z,0) = (x+Z,0) and  2+Zw— p(z+7Z,0) = (—z+Z,0)

would be homotopic. Here we think of z + Z as as element of the circle R/Z.
The second loop in exactly the reverse of the first loop and these loops are not
homotopic in T?(see Algebraic Topology).

Find a symplectic manifold and a symplectomorphism on M that is isotopic to
the identity through symplectomorphisms, but is not a Hamiltonian diffeomor-
phism.

Hint: Consider translations on a cylinder.
Solution. Let ¥ = T*S' = S! x R be a cylinder with coordinates (¢, p) and let
w =dp N dqg = d\, where A = pdq. We define

0: 10,1 x X = X, ei(q,p) = (¢, p+1).
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(c)

3.2.

We claim that ; is a symplectic isotopy. Indeed,
(PEN) (g (&5 1) = Agpin(§,m) = (P +1)E,

hence @f A4 = (p+t)dg. Thus
pyw=dpA=d(p+t)ANdg=dpAdqg = w.

We now have to show that ¢ = ¢; is not a Hamiltonian diffeomorphism. We do
so by showing that all Hamiltonian diffeomorphisms have to satisfy equation
(1) below, whereas ¢ does not.

Let ¥ be a Hamiltonian diffeomorphism generated by a Hamiltonian H &
C>([0,1] x ¥). Let j: S* — S' x R, j(2) = (2,0). Then

&slj (th) )\:/SIJ&(Q/{I)/\
= |7 (1) (—dH, + duxu))

_ /S dj* (0f) (—He+ 1))
0.

It follows that

Lo @iy a= [ () = [ =0 0

However,

j*go*)\:/ dg =140,
S1 S1
This completes the proof.

Does there exist a non-Hamiltonian symplectomorphism on S? equipped with
the standard symplectic form, that is isotopic to the identity through symplec-
tomorphisms?

Solution. No. Suppose ¢, is a symplectic isotopy. Then dix,w = 0, as we’ve
seen in the lecture. Since H'(S?* R) = 0, it follows that all closed 1-forms (in
particular ¢x,w) are also exact. As shown in the lecture, there exists a smooth
function H;: S? — R, smoothly depending on ¢, such that tx,w = dH;. This
shows that ¢; is a Hamiltonian isotopy.

This exercise covers two useful facts from differential geometry and algebraic

topology.
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(a)

(b)

Let w; € QF(M) be a differential k-form and ¢; a smooth isotopy of diffeomor-
phisms. Prove that

d ., . d
e = @ Lx,wi + R

where X, is the vector field defined by

&@t = Xi 0.

Solution. If f(z,y) is a real function of two variables, then

d

d

d
ot + diyf@’ y)‘

Therefore, we have
d d

* _ *
T, Pt = @S%Wt

d *
q .t CTy@t‘*’y’

‘a}: y=t

=piLx,w ‘ + ¢ iw ‘
e =Xy t dy Yly=t
. d
= ¢y (Ltht + dtWt> .
Let d > 1 and a € Q%R") be a closed d-form, i.e. da = 0. Show that « is exact,

i.e. there exists A € Q971(R") such that o = d\. In other words, H(R";R) = 0.

Hint: Use the retraction f;(x) =tz and the strategy we used in the lecture to
show that “strongly isotopic” implies “isotopic”.

Solution. For t € [0,1] consider the map fi(z) = tx on R*. This is a
diffeomorphism for t # 0. We have fo = 0 and f; = id. For ¢ € (0, 1], let X; be
the smooth vector field associated to f;, i.e.

d
&ft = Xio fi.

Then, as we show below, for all 0 <ty < t; < 1, we have
fra— fra=dQa+ Qda

where

Q: QIR — Q4URY), Qo = /tl fi(ex,a)dt.

to
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Indeed,
t1 t1
dQa+Qda =d [ fxa)dt+ [ f;(ix,(da))at
0 0
t1
= [ £ (ixa+ ix,(da)) dt
0

t1

= / ft* (‘CXta) dt
to

) (M

d
= &ftOédt

to
= ft*l@ - ftt)a'

In equality (), we used Cartan’s formula from Exercise 2.4; in the last equality,
we used the Fundamental Theorem of Analysis. Using closedness of o and
taking limits t; — 0,¢; — 1, we conclude that

1
a=fia—fa=d | fixa).

is exact.

*3.3. In this exercise, we prove Moser stability for volume forms. Let M be a closed
smooth manifold of dimension m.

(a) Suppose p; € Q™(M), t € [0,1], is a smooth family of volume forms on M such

that
(i) g is a volume form for each ¢,
(ii) $p is exact for all ¢ € [0, 1].

Prove that there exists a smooth isotopy ¢;: M — M of diffeomorphisms on
M satistying ¢} s = po for all ¢ € [0, 1].

Solution. Let 8; € Q"}(M) be an (n — 1)-form depending smoothly on ¢ and
satisfying
iy = —dﬁt-

The fact that §; can chosen to depend smoothly on t is again non-trivial,
similarly to what we’ve seen in Moser stability of symplectic forms.

The assumption that all u; are volume forms allows us to define a vector field
Xt by

Lx e = ﬁt-
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Let ¢, be its flow (which exists because M is closed). Then

dts@?ut = ) (Lx,pue + f1e)

= o1 (ex,dp + dex, pe — dfy)
= 0.
Hence ¢} s = po for all ¢.
(b) Let ug, pn € Q™(M) be two volume forms on M such that

ffm
M M

Prove that there exists a diffeomorphism ¢: M — M, isotopic to id, satisfying
¥ = Lo

Solution. Consider p; = (1 — t)uo + tpg. Then gy is a volume form for all ¢
and [u,] is constant. Therefore part (a) applies.

3.4. Let (X,0) and (X, 0’) be two closed connected symplectic surfaces. Suppose ¥
has total area 1 and ¥’ has total area c. Let a € R\0. Endow the product manifold
¥ x ¥/ with the symplectic form w, = ac @ a~to’.

(a) Show that (M,w,) all have the same volume.

Solution. By definition, w, = ac ® a~lo’ = m*c + 7o', where 7: L O Y — X
and 7': ¥ @& X' — Y/ are the projections. Hence
2
wh? = (w*(aa) + ﬂ'*(a‘la’)>A
= 1*(a*0™?) + 27*(ac) A 7 (a "t o’) + 7 (a"20"?)

=21*0 A0’ = w)?

is independent of a. In particular,

1 1
vol(M,w,) = / wh?
M

50 @ =g /M w)? = vol (M, w)

(b) Show that there exist a such that (M, w;) and (M, w,) are not symplectomorphic.

Hint: The Degree Theorem from Algebraic Topology tells us the following. Let
X and Y be compact oriented manifolds of same dimension and let f: X — Y
be a smooth map. Then every top degree form ) satisfies

/Xf*Q:degf/YQ
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Since in Exercise 3.4 (a) we saw that all (M,w,) have the same volume, try
instead using the Degree Theorem to compare volumes of the projections on X
of w, calculated directly and as ¢*w; for ¢ a symplectomorphism.

Solution. Suppose (M,w;) and (M,w,) are symplectomorphic. Choose a
diffeomorphism ¢: M — M such that w, = ¢*w;. Fix 2| € ¥’ and consider
J:X—= M,z (z,2).

Note that if w, = ¢*wy, then also j*w, = 7*¢*w; and in particular it must hold
that:

Litwa=[i¢wr 2)
2 %

We now calculate the integrals. For the first one, we first note

Jrwe = j* (71'*(0,(7) + w’*(a’la'))
= (70 j)*(ac) + (7" 0 j)*(a""0)
= id*(ao) + (cz(f))*(a_la)

= ao

and hence

/j*wa:/aa:a/aza.
) b )

On the other hand, using the Degree Theorem, for the second integral we get:
/j*SO*Wl = / Jet (o o)
) )
= [(ropoiyot ooy
)
= deg(mog o) [ o +deax o po)) [ o
X X/

=deg(mropoj)+deg(n opoj)ce€Z+ L.

Substituting these back into equation (2), we see that a € Z + ¢Z. In particular,
for a ¢ Z + cZ the two symplectic manifolds (M,w;) and (M,w,) are not
symplectomorphic.



