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The most important exercises are marked with an asterisk *.

*9.1. Let H: [0,1] x R*™ — R*" be a smooth compactly supported Hamiltonian
function on R?". Let x(t) be a 1-periodic solution to #(t) = X*(z(¢)). The goal of
this exercise is to show that the action

Aw) = [ =02} — [ Hilale)) d

only depends on x(0) and ¥ and not on H.

(a) Let H and K be Hamiltonians as above and assume f/ = . Consider the
piecewise smooth path t +— ¢, defined by

_fwr o tepo
T, el

Let 7o € R?*" and define A(z) to be the action of the loop z(t) = ¢;(0):
Alzy) = /02 ;< Joi (1), 2()) dt — /O1 Hy(x(t)) dt + /12 Ko o(x(t)) dt.
Show that
A(wo) = A (¢f (20)) — Ak (¢ (0))

lf Q/J{{(.To) = Xg-

Solution. This is a direct computation:
Alzo) = /21< Joi (1), ()>dt—/ Hy( dt+/ Ko y(x(t)) dt
11 21 d
—/ <—Jgdt wt To > dt+/ < Jodt (¢§—t($0)> ,¢§—t($0)> dt
—/1Ht (%" (o) dt+/ Ky (9554 (x ))
0

11
-] 2<_ B (a0 x0>dt [ Hwt o)) i

[ <—Jod8 (95 a0) 05 s+ [ K0 o)
= Ay (¥ (z0)) — Ax (¥f (z0)),

where we used the substitution s = 2 — ¢ in the third equality.
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(b) Show that A is differentiable and dA, = 0.

Solution. For zy € R?*" we write as before x(t) = ¢;(zg). Let h € R?*". Using
the Leibniz rule we compute the derivative of the first part:

/02 ; <—J0d (i@t(ﬁo)) (h), ¢ > dt+/ < i (z0), (dgpt)$0(h)> dt

- [ 3 (a0, Josot<x>> s [ <—Jojsot<xo>, (@6 (h))

-- /”<<dsot>m< ) o)) s [ 3 (=t (o)) a
= [ (= aogertenn @0 )
- / — o (1), (dipy)ag () dt.

Here, in the first equation we exchanged the order of differentiation in the first
integral and moved Jy to the other side (JI = —Jy). Then we use integration
by parts and the fact that

[ @0 () o)) e = (A, o) = 0
We now compute the derivative of A:
Ay (1) = [ (= (0), (edag (1))t = [ (T HL((2), (i) (1))
+ [ (T a0, (@)
= [ ibe) = TH(0), (@)
+ [ (o (1) + VE (1)), (dpe)o (1)) dt
The first term vanishes because for ¢ € [0, 1], we have z(t) = ¥ (o), hence

— Jyi(t) = VH,(x(t)).

For the second term, note that z(t) = & ,(z) for ¢t € [1,2]. Therefore, by the
chain rule,

o (1) = — Iy (o) = ~VEo (0 (r0)) = ~VEo i (a(t).

In particular, the second integral vanishes as well. All together we conclude
dA,,(h) = 0.
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(c) Conclude that
A (z0)) = Ax (¢ (20))
lf 1/}{{(370) = Xy.

Solution. Since H and K are compactly supported, there exists a compact
subset V' C R?" such that H; = K; = 0 outside of V. Then for zy ¢ V,
we have ¥ (zy) = ¥ (zy) = w9 and hence ¢;(zy) = o for all t. It follows
that A(zg) = 0. By part (b) we know that A is constant. We conclude that
A(zg) = 0 for each x5 € R?". The result now follows from A being the difference
of the two action functionals as stated in part (a).

We can therefore define

Az, ) = Au (i (x))

for p = ¢ € Ham(R?") and any fixed point z of .

*9.2. Let ¥ € Symp(R?"), » € Ham.(R?*") a Hamiltonian diffeomorphism generated
by a compactly supported Hamiltonian and z € R?" a fixed point of ¢. Show that

A((x), 9p0™") = Alw, ).
Hint: The following exercises are useful: Exercises 2.2., 3.2(b) and 7.4.

Solution. First note that z € R*" is a fixed point of ¢ if and only if J(z) is a fixed
point of Y1,

Let H be a compactly supported Hamiltonian such that ¥ = ¢. We set z(t) = ¥{ (z).
By Exercise 2.2.(c), 997! is a Hamiltonian diffeomorphism generated by K; = Hyo9™!
and we have y(t) = X (9(x)) = 9l (z) = I(z(t)).

Denote by A := 37", y;dz; the canoncial 1-form. Then the 1-form 9"\ — A is closed
because

AN — A) = 0"d\ — d\ = P wyq — wea = 0.

Since any closed 1-form on R?" is exact (Exercise 3.2.(b)) we deduce that 9*A—\ = dF
for a function F: R*" — R.
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We now use the alternative formula for the action functional from Exercise 7.4 to
compute

g1
= /. g;*)\—{—/SI d(z*F) — /01 Hy(x(t))dt

-/ x*A_/O Hy(z(t))dt
= Az, 9),

where in the second last identity we used Stokes.



