Prof. Igor Kortchemski ETHZ - Probability Theory Autumn 2023

Week 10: Uniformly integrable martingales, stopping times

Submission of solutions. Feedback can be given on Exercise 1 and any other exercise from the Training exercises.
If you want to hand in, do it so by Monday 27/11/2023 17:00 (online) following the instructions on the course
website

https://metaphor.ethz.ch/x/2023/hs/401-3601-00L/
Please pay attention to the quality, the precision and the presentation of your mathematical writing.
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1 Exercise covered during the exercise class

The following exercise will be covered during the exercise class.

Exercise 1. Let (M,,),>o be a (F,),>, martingale and let T be a (F;,),>, Stopping time.
(1) Assume that T is bounded. Show that [E[Mr] = E[M,].

(2) Assume that [E[T] < co and there there exists K > o such that a.s. we have E[|M,,, — M,|| F,] <K for
every n > o. Show that E[Mr7]| =E[M,].

Hint. Justify that [M7,,| < [M,|+ Y 2, IM;y, —M;|175; and use dominated convergence.

(3) Let (X,,);>, be ii.d. integrable real-valued random variables. Set S, =0, S, =X, +--+ X, forn > 1
and F, =0(S;: 0<i<n)forn>o. Finally, let T be a (F,)-§topping time with [E[T] < co. Show that

E[Sr]=E[X,]E[T].

Solution:

(1) Let N > o be such that T < N. We know that (M,,s7),>, is @ martingale, so that E[M,, 1] = E[M,]
for every n > o. It suffices to take n =N, since NAT =T.

(2) Let us prove

|MT/\n|S|Mo|+Z|Mi+1—Mi|ﬂT>i- (1)
i=o
Write
nAT-1 o0
Mrpn=Mo+ ) (Myy = M) SMo+ ) (Mjy = M),
i=o i=o

and we get (1) by triangular inequality.

Since E[T] < oo, it follows that T < co a.s. As a consequence, Mr,, converges almost surely to

M. In addition, by (1), we are in position to use dominated convergence since |[M,|+} 2 |M;,, —
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M;|175; is integrable. Indeed using the fact that 17.; is 7; measurable, write

E[IM,[]+ ) E[Mi,, ~Millrs;] = E[Ml]+) E[E[Mi., - M| F]1rs]
i=0

i=0

IA

E[IM,|] + ZKE[1T>i]

E[|M,|] + KE[T] < oo,

where we have used the fact that [E[Z] = ) 2 P(Z > i) for every non-negative integer valued
random variable Z. We thus get E[Mr,,] = E[Mr] as n — oo. Since E[Mr,,] = E[M,] for every
n > o, we get the desired result.

(3) We use (2) with the martingale M,, = S,, — E[X, | n. We just have to check that there exists K > o
such that a.s. we have E[|M,,,, — M, ||F,] <K for every n > o. To this end write

]E“Mn-H _Mn”]:;z] = ]E[|Xn+1 _IE[Xl] ”-;E;z] < 2]E[|X1|]

2 Training exercises

f?(ercise 2. Let (F,),>o be a filtration and let S, T be two $Stopping times with respe& to (F;),»,- Let
S, T :Q — INU {co} be (F,) Stopping times. Prove or disprove with a counter-example the following

statements:
(1) SV T is a stopping time.
(2) SAT is aStopping time.
(3) S+T is a Stopping time.
(4) S+ 1 is a Stopping time.

(5) S—1isa Stopping time.

Solution:

(1) This is true. Indeed for n > o we have {SVT < n} ={S <n}Nn{T < n} € F, for n > o since
{S<n},{T <n}leF,.

(2) This is true. For n > o we have {S AT > n} ={S > n}N{T > n} which is an element of F, since
F, is Stable under interse&tions and {S > n} = {S < n},{T > n} = {T < n}° € F,. Therefore also
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{SAT <n}={S AT >n} € F, as required.
(3) This is also true. Indeed, we have

(S+T<n)= U S<kin{T <?).
k+l<n
Also{S<kle F,cF,and (T <{l}e Fpc F,fork,{ <n. Thus {S+T <n}eF, forall n>oas
required.

(4) This is true. Indeed, for n > 1 we have {S+1<n}={S<n-1}eF,_, CcF,and {S+1=0}=0.

(5) This is not true. For in§tance, consider a Bernoulli random variable B with parameter 1/2 and
let 7, ={0,Q} and F, = 0(B) for n > 1. Then T := B+ 1 is an (F,) Stopping time but {T —1 = o} =
{B=o}e F.

d

Z:;Cercise 3. Let (F,) be a filtration and F, := 0(U,F,). Let (X,,) be a sequence of integrable random
variables such that X, — X as n — oo both a.s. and in L', where X is an integrable random variable.

Assume that for all n > o, |X,| <Y a.s., where Y is a non-negative integrable random variable.
(1) Define Z, = sup,,,.,,|X,, — X|. Show that Z,, - oasn — coa.s. andin L".
(2) Show that E[X,, | F,] > E[X | o] as n — oo a.s.

(3) Let(Y,)and (Z,)be two independent sequences of independent random variables such that P(Y,, = n)
n?=1-P(Y,=o)and P(Z,=n)=n""'=1-P(Z,=0).Set X,, =Y, Z,and A=0(Z, :n> o).

Show that X,, — o0 as n — oo both a.s. and in L', but E[X,, | A] does not converge to o almost surely.

Solution:

(1) Since X,, — X a.s. it is clear that Z,, — o a.s. as n — oo. To see that this convergence is also in L'
it suffices to prove that (Z,)) is uniformly integrable. This follows from the fat that Z, <2Y for
all n> 1 a.s. with Y is integrable.

(2) Form<mna.s.

[E[X, | Fu] - E[X | FG ]I < E[IX = X, | By ] + [B[X | F] - E[X | ]
<E[Zy | F]+|E[X | F] - E[X | 7]l

As seen in the leCture, the right hand side converges to E[Z,, | F,] a.s. and in L" as n — oo for
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fixed m. Therefore

limsup|E[X, | F,] - E[X | Foo]l| < igflE[Zm | Foo]  a.s.
m=1

n—-o0

The claim follows since [E[Z,, | F,] = 0 as m — o a.s. by dominated convergence for conditional
expecltations.

(3) We have
E(X,) = % and E[X,|A]=E[Y,]Z, = %Zn a.s.
As a consequence X,, — oin L'. Also, since P(X,, >0) <PP(Y,,Z, >0) = — and since } 5, -5 <o,
it follows that a.s. X,, = o for n sufficiently large, so that X,, — o a.s.
Finally

Y Pz 21)2 ) P(Z,=n)= Z% = o

n>1 n>1 n>1

and so by Borel-Cantelli we have E[X,, | A] /> o almost surely.

O

‘Fxercise 4. Let T be a stopping time for a filtration (F,),s,. Assume that there exit ¢ > o and n, > 1 such
that for every n > o, almo$t surely
P(T <n+ny|F,)>e

(1) Show that for every k > o we have IP(T > kn,) < <(1-¢)

(2) Show that T is almo$t surely finite and that [E[T] < co.

Solution:

(1) We argue by induction on k. For k = o, the result is true. Assume that P(T > kn,) < (1 —e)k. Then
write, using the fact that 11y, is measurable with respect to 7, ,

IP(T > (k + 1)”0) = IE[ILTanO,TZ(k+1)nO] = ]E[szknOIP(T 2 kno + nolﬁmo)] < ]E[szkno(l - ‘5)]

which is at mo$t (1 — &)+ by induction hypothesis.

(2) Write
E[T]= ) E[Tlpm<repenn,]< ) (k+1)noP(kng <T)< ) (k+1)ng(1—e)f < oo,
k=0 k=o k=o




Prof. Igor Kortchemski ETHZ - Probability Theory Autumn 2023

A fortiori, this shows that T < oo a.s.

Z:xercise 5. Let (M,,),;>, be a uniformly integrable martingale with respect to a filtration (F,),>o-

(1) Is it true that the colle&tion {My : T Stopping time with respect to (F,),so} is uniformly integrable?

(2) Let T be a Stopping time. Is it true that (M,,1),>o is @ uniformly integrable martingale? Justify your

answer.

Solution:

(1) Yes it is true. It follows from the following two facts seen in the le&ture : M7 = [E[Z|Fr] and for
any collection of o-fields (.A;);cr the colleétion (E[Z|A;]);¢; is uniformly integrable.

(2) Yes it is true, as a consequence of (1) since n A T is a Stopping time for every n > o.

3 More involved exercises (optional, will not be covered in the exercise class)

‘Fxercise 6. Let T be a stopping time with respect to a filtration (F,),», with 7, C F, C --- C F. Recall that
the o-field Fr is defined by
Fr={AeF: An{T =n}e F,Vn=>o}.

(1) Let S be a §topping time with respeét to the filtration (F,),>, such that S < T. Show that Fg C Fr.
(2) Show that T is F; measurable.

(3) Here we assume that (X,,),>, is a sequence of random variables and that 7, = 0(X,,...,X;). Show
that Fr = 0(X7pu: 12> 0).

Solution:

(1) Take A € F5 and n > o. We show that AN{T = n} € F,. To this end, using S < T write
Am{T:n}:(UAﬂ{T:s}]m{T:n}efn.
5=0

(2) It is enough to show that for every k > o, {T = k} € F;. To this end, take n > o and write
{T=kin{T =n}=0¢€F, forn=kand {T =k}N{T =k} € F, for n = k by definition of a §topping
time.
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(3) We argue by double inclusion.

+ First, we have seen in the letture that X, 7 is F,or measurable. Since T An < T, we have
Fuar C F7 by (1), so X7 is Fr measurable. Thus

o(XyaT :n>0) C Fr.

* We now show that
Fr Co(X,ar i n>0).

We show by $trong induction that

Vk>o,YAeFr, AN{T =k}eo(X,oT:n>0).

—k =o. For A € Fr,

AN{T =o} € 7, = 0(X,) = 0(Xont) C 0(XypT i 11 2 0)

— Assume that for every o <i <k —1 and for every A € FJr we have AN{T =i} € 0(X,s7 : 1 >0).
Take A € Fr. We have
AN{T =k} e Fr=0(X,,..., Xp),

s0 by the Doob-Dynkin lemma applied with the R¥**-valued random variable (X,, ..., X}), there
exi§ts a measurable fun&ion f : R¥*' — IR such that

Lanr=k) = f (X0, Xy, X)-
As Tyr—ky = Lyr=x) LTk} we get
Lanir=k) = f (Xp, oo, Xi) Liok) = f(XoaT XaaTs - XknT) LTk
Because of the induétion hypothesis (applied with A = ()), we have
{T>k}={T <k-1}€o(X,p7:n>0),

and therefore it follows that 1 47—t} is 0(X,A7 : 7 > 0)-measurable; this is equivalent to AN{T =
k}e o(X, AT :n>0).

O

Z?(ercise 7. Let (M,,) be a martingale with respect to a filtration () and let S and T be §topping times.

Show that for every n > o we almost surely have

E(Myas | Fr) = MyasaT
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Solution:
First of all, for n > 0, MgaT A, is measurable with respect to Fs 1y, SO is is measurable with respect to
Fr (Exercise 6 (1))

We now fix A € Fr and show that

E [Mn/\S ILA] =E [Mn/\S/\TILA]

which will imply the result.
To this end $tart with wriing

n
E[Myas1a] = ZIE [Mms ILAm{T:k}] +E [Mn/\S 1An{T>n}]
k=0

We know that (M,,,s),>, is @ martingale and since AN {T = k} € F (by definition) we have for k <n,

E[MonsLanir=k)| = E[E[Ms | Bl Lanir=k) | = B [Mins Lanir=r|-

Therefore
n
E[Mypslal = ZIE [Mins Lanir=ig] + E[Muns Langrsn| = E[Myasarla]
k=0
which completes the argument. O

Z?(ercise 8. Let f: [0,1] — R be a Lipschitz funttion, i.e. there exi$ts K > o such that |f (x)— f (y)| < K|x—7y]
for all x,p € [0,1]. Let f,: [0,1] — R be defined by

2M(f(SH)-F (&) :xelif2" (i+1)/2"),

(6] X=1.

fulx) =

Note that f, is the derivative of the piecewise linear extension of flez)n0,1] to [0, 1].

(1) Show that f,, — f” almo$t everywhere and in L' (with respect to the Lebesgue measure) as n — oo for

some integrable fun&ion f’: [0,1] > R.

Hint. Use the martingale convergence theorem after defining a suitable probability space together

with a martingale on it.

(2) Deduce that

f(x)—f(o) :J f'(y)dy forallxe€[o,1].



Prof. Igor Kortchemski ETHZ - Probability Theory Autumn 2023

Solution:

(1) Let Q = [o,1], F = B([o,1)) and let [P be the Lebesgue measure on [0,1]. We also define the
filtration

Fo=o([i27"(i+1)27"):i=o0,...,2"—1).

Clearly the sequence (f,) is adapted with respet to (F,). Moreover, |f,| < K by the Lipschitz
property, so (f,,) is bounded in L* and in particular uniformly integrable. La$tly, let us verify
the martingale property for (f,). We have

n+1
2 —

Bl | Bl= ) 2" (f () £ o )Ptz 21/27) | )

2

i=o0
almost surely. They key is now that if a = j/2" and b = (j + 1)/2" then
P([a,a+(b-a)/2)| F,) = P(a+(b-a)/2,b)| F,) = él[a,b) as.

This follows since F, is a o-algebra which is generated by a colletion of disjoint sets and hence
the conditional expecltation is explicit. Using this observation, the terms in the expression
E[f,., | 5] with i = 2j and with i = 2j + 1 combine and we see that

E[fud | Fal=fa as.

Hence (f,)) is a uniformly integrable martingale and hence converges to an integrable limit f’

almost surely and in L".

(2) Forn>m>oandie€{o,...,2" — 1} we have by definition that

i/2™ i/2™m
f<i/zM>—f<o>=f fn'(y)dwf () dy asn—co.

Therefore the result holds for all x of the form x = i/2" and the full result follows by continuity
of f and integrability of f’ (using dominated convergence).

4 Fun exercise (optional, will not be covered in the exercise class)

‘Exercise 9. You throw a fair six-sided die until you get 6. What is the expected number of throws (in-
cluding the throw giving 6) conditioned on the event that all throws gave even numbers?
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Solution:
See https://www.yichijin.com//files/elchanan.pdf O



https://www.yichijin.com//files/elchanan.pdf
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