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1) Measurable functions

Mition ht (E,E) and (F, F) be measurable spaces .
A function f : (E

,
E) + (F

,
) is

weasuable if KBCI, B) -E .

Remacks : · Since (fogl (B)= (f(B))
,

a composition of measonable functions is measurable

· If E is a afield with ECE'
, if 8 :(E

,
2) -> (F/ E) is meannable

,
then 8 : (E

,
E)-> (F

,
# ) is measurable

EnionTo check that file) + (F,) in measmable
,

one often find
a dans ACC such that ( = -(b) and VBEb

, f(B) EE .

Indeed
,
& BEF :J'(B) EEZ is then a o field exercises containingI

b and thus containing o D FI

- I

Interpretation in probability. A measurable function X : (R
,
t)-> (F, F) is called

a

random variable (r.v. in short). Intentively, this means that X(w) is "observable" in the sense one can

"obsave" whether X(W) EB with BEE or not.

④











Poposition If #IIn, 0 (A
,
X ... x AniMitde for siae

Rof: StGolaxxAniAinsiforilenen en
π . (Bi) = E

,
X ... x Ei

,
X Bi X Fil

,

x ...
+ EnGE

2↳ - I

· if Iti is measurable Ki
, then AIX

. XANFITCAN - MTI (An)
Hence E is the smallet o-algebra s. Ki

,Mis
measurable

END OF LECTURE5
MANING : It is nottrue in general thatE = G)#Ai : AiEEi) (it is true whenI is countable

,
butnot in generale

Remark 18 bi is a generating it-system ofEi, then
& A1X - --XAn : Aitbi3 is a generating -system of E... *En

tion tDefini · Bi is a probability measure on (Ei
,
Ei)

,
the product probabilitymeasure Bi is the unique probability

measure on 1TEi, Ei) euch thatQPi)+T (A) n ... MTTYRARI) = Bi(A1) x ... + (im(AR) for all cylindeset

· When #FIV)BIQ - - .. I is the
unique probability measons on SxxE, Q Ex

such that RO ...* Pr (A, x ... x An) = P 1 (A) 12 (An) - -

- IPCAn) for Ar ESi

Luniqueness comes from the fact that2 probabilitymeasures that coincide on a generatingi-system on equal
existence is admitted : it involves additional hools from measure theory
The definition extends to o finite measures suchos the lebes gue measure (miso-finite on Eif ove can

Write E= En with M(EN)<b) .

Example The Lebesgue measure on R" is the product -Q ... with t the Lebesque meanue on R.

Rent When one considers a family of randon variable,
their law is a

prebability measure on a product space. For example,
B(xy = ) = P(x

,y)(2( ,y)t 1 : my = 13) = Oxy (3 - 0
, (1) .

More generally, if (X...., Xu) in a random variable with values in CE - , En) its lau

Pix
...., x)

is characterized by 1 <x
...., xw

(A
,
x ... x An) = 14 ((X+ .., Xn) G A

, X .. - xAn)

= B(X
, A

,
.

--

. , Xu - An)
⑥

-














































