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Outline :
Definitions and first properties
2) The Ceub/saper) martingale as . convergence theorem
3) Example : the Bienaymé-Galtor-Watson branching proces

1) Definitions and first properties
We work on a probability space (a, E, 3).

Definition A filtration (Fulaso is an increasing sequence of a-fields in E : ECFCEC ... Ch

Interpretation : n is time and In represents the information accessible at time m

Definition Let (Mn) no be a sequence of real-valued r. v . such that MnELY(M
,
En,)

(we say" (Mn) is adapted and integrable") . It is called :

· a (kn) Martingale if #M n(k) = Mu for every us,o
· a (Fr) supermartingale if ELMn + / En] = Mn for every n,o
· a (Fn) submartingale if #[Mu+ /E] <, Mn for every no

at time n

interpretation : imagine a player belting at a casino ; Mucorresponds to her wealth X and
In the information the player has at timen to place a bet and "win" an amount Max-Mn
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· (Mn) martingale corresponds to a fair "game
· (Mn) supermartingals corresponds to a "defavorable" game ("supermartingales tend to decrease)
· (Mn) submartingale corresponds to a "favorable" game ("submartingales tend to increase")
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