Predicting the Unpredictable :
Structure in Randomness
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I. A DREAM
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A dream

4 dream...

| was on the sand, a thousand miles from any human habitation. | was more
isolated than a shipwrecked sailor on a raft in the middle of the ocean.
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A dream

4 dream...

| was on the sand, a thousand miles from any human habitation. | was more
isolated than a shipwrecked sailor on a raft in the middle of the ocean. Thus you
can imagine my amazement, at sunrise, when | heard an odd little voice.
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A dream

4 dream...

| was on the sand, a thousand miles from any human habitation. | was more
isolated than a shipwrecked sailor on a raft in the middle of the ocean. Thus you
can imagine my amazement, at sunrise, when | heard an odd little voice.lt said:
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A dream

4 dream...

| was on the sand, a thousand miles from any human habitation. | was more
isolated than a shipwrecked sailor on a raft in the middle of the ocean. Thus you
can imagine my amazement, at sunrise, when | heard an odd little voice.lt said:

"If you please — draw me a function at random!"
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A dream

4 dream...

| was on the sand, a thousand miles from any human habitation. | was more
isolated than a shipwrecked sailor on a raft in the middle of the ocean. Thus you
can imagine my amazement, at sunrise, when | heard an odd little voice.lt said:

"If you please — draw me a function at random!"

"What!"
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A dream

4 dream...

| was on the sand, a thousand miles from any human habitation. | was more
isolated than a shipwrecked sailor on a raft in the middle of the ocean. Thus you
can imagine my amazement, at sunrise, when | heard an odd little voice.lt said:
"If you please — draw me a function at random!"

"What!"

"Draw me a function at random!"
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A dream

4 dream...

| jumped to my feet, completely thunderstruck. | blinked my eyes hard. | looked
carefully all around me. And | saw a most extraordinary small person, who stood
there examining me with great seriousness.
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A dream

4 dream...

| jumped to my feet, completely thunderstruck. | blinked my eyes hard. | looked
carefully all around me. And | saw a most extraordinary small person, who stood
there examining me with great seriousness.

"But — what are you doing here?"
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A dream

4 dream...

| jumped to my feet, completely thunderstruck. | blinked my eyes hard. | looked
carefully all around me. And | saw a most extraordinary small person, who stood

there examining me with great seriousness.

"But — what are you doing here?"

And in answer he repeated, very slowly, as if he were speaking of a matter of
great consequence:
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A dream

4 dream...

| jumped to my feet, completely thunderstruck. | blinked my eyes hard. | looked
carefully all around me. And | saw a most extraordinary small person, who stood

there examining me with great seriousness.

"But — what are you doing here?"

And in answer he repeated, very slowly, as if he were speaking of a matter of
great consequence:

"If you please — draw me a function at random..."
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A dream

4 dream...

When a mystery is too overpowering, one dare not disobey. Absurd as it might
seem to me, a thousand miles from any human habitation and in danger of death,
| took out of my pocket a sheet of paper and my fountain-pen.
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A dream

4 dream...

When a mystery is too overpowering, one dare not disobey. Absurd as it might
seem to me, a thousand miles from any human habitation and in danger of death,
| took out of my pocket a sheet of paper and my fountain-pen.

But then | remembered how my studies at ETH Ziirich had been concentrated
on geography, history, arithmetic, and grammar,
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A dream

4 dream...

When a mystery is too overpowering, one dare not disobey. Absurd as it might
seem to me, a thousand miles from any human habitation and in danger of death,
| took out of my pocket a sheet of paper and my fountain-pen.

But then | remembered how my studies at ETH Ziirich had been concentrated
on geography, history, arithmetic, and grammar, but not Probability theory,
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A dream

4 dream...

When a mystery is too overpowering, one dare not disobey. Absurd as it might
seem to me, a thousand miles from any human habitation and in danger of death,
| took out of my pocket a sheet of paper and my fountain-pen.

But then | remembered how my studies at ETH Ziirich had been concentrated
on geography, history, arithmetic, and grammar, but not Probability theory,and
| told the little chap (a little crossly, too) that | did not know how to draw at
random.
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A dream

4 dream...

When a mystery is too overpowering, one dare not disobey. Absurd as it might
seem to me, a thousand miles from any human habitation and in danger of death,
| took out of my pocket a sheet of paper and my fountain-pen.

But then | remembered how my studies at ETH Ziirich had been concentrated
on geography, history, arithmetic, and grammar, but not Probability theory,and
| told the little chap (a little crossly, too) that | did not know how to draw at
random. He answered me:
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A dream

4 dream...

When a mystery is too overpowering, one dare not disobey. Absurd as it might
seem to me, a thousand miles from any human habitation and in danger of death,
| took out of my pocket a sheet of paper and my fountain-pen.

But then | remembered how my studies at ETH Ziirich had been concentrated
on geography, history, arithmetic, and grammar, but not Probability theory,and

| told the little chap (a little crossly, too) that | did not know how to draw at
random. He answered me:

"That doesn't matter.
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A dream

4 dream...

When a mystery is too overpowering, one dare not disobey. Absurd as it might
seem to me, a thousand miles from any human habitation and in danger of death,
| took out of my pocket a sheet of paper and my fountain-pen.

But then | remembered how my studies at ETH Ziirich had been concentrated
on geography, history, arithmetic, and grammar, but not Probability theory,and

| told the little chap (a little crossly, too) that | did not know how to draw at
random. He answered me:

"That doesn't matter. Draw me a function at random..."
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A dream

4 dream...

But | had never drawn a random. So | drew for him one of the two pictures | had
drawn so often.
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A dream

4 dream...

But | had never drawn a random. So | drew for him one of the two pictures | had
drawn so often. The constant zero function:
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A dream

4 dream...

But | had never drawn a random. So | drew for him one of the two pictures | had
drawn so often. The constant zero function:

1.0

0.5~

. . . . . . . . . . . |
20 40 60 80 100

-0.5+
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A dream

4 dream...

But | had never drawn a random. So | drew for him one of the two pictures | had
drawn so often. The constant zero function:

1.0

0.5~

. . . . . . . . . . . |
20 40 60 80 100

-0.5+

"No, no, no! | do not want a function that doesn’'t wiggle.
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A dream

4 dream...

But | had never drawn a random. So | drew for him one of the two pictures | had
drawn so often. The constant zero function:

1.0

0.5~

. . . . . . . . . . . |
20 40 60 80 100

-0.5+

"No, no, no! | do not want a function that doesn’'t wiggle. | need a random
function.
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A dream

4 dream...

But | had never drawn a random. So | drew for him one of the two pictures | had
drawn so often. The constant zero function:

1.0

0.5~

. . . . . . . . . . . |
20 40 60 80 100

-1.0-

"No, no, no! | do not want a function that doesn’'t wiggle. | need a random
function. Draw me a function at random."
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A dream

4 dream...

So then | made a drawing.
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A dream

So then | made a drawing.

il




A dream

So then | made a drawing.

il

He looked at it carefully, then he said:




A dream

So then | made a drawing.

il

He looked at it carefully, then he said:
"No. This one is predictable.




A dream

So then | made a drawing.

il

He looked at it carefully, then he said:
"No. This one is predictable. Make me another"




By this time my patience was exhausted, so | tossed off this definition:
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By this time my patience was exhausted, so | tossed off this definition:

For an integer n > 1, define
X, ={(co,c1,...,cn)€Z™ 1 co=0and |ciz1—ci/=1for0< i< n—1L

2 —

2L

Figure: The path (0,1,0,—1,—-2,—1,—2).
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By this time my patience was exhausted, so | tossed off this definition:

For an integer n > 1, define

X, ={(co,c1,...,cn)€Z™ 1 co=0and |ciz1—ci/=1for0< i< n—1L

And | threw out an explanation with it:

"This is a finite set, with 2™ elements. Choose a function uniformly at random
inside. This is the function you asked for."
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By this time my patience was exhausted, so | tossed off this definition:

For an integer n > 1, define

X, ={(co,c1,...,cn)€Z™ 1 co=0and |ciz1—ci/=1for0< i< n—1L

And | threw out an explanation with it:

"This is a finite set, with 2™ elements. Choose a function uniformly at random
inside. This is the function you asked for."

| was very surprised to see a light break over the face of my young judge:

"That is exactly the way | wanted it!"
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For n = 1000, | chose a path uniformy at random in the set X990 and | drew it.
What did | get?
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For n = 1000, | chose a path uniformy at random in the set X990 and | drew it.
What did | get?

5L

200 400 600 800 1000

Figure: Drawing 1.
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For n = 1000, | chose a path uniformy at random in the set X990 and | drew it.
What did | get?

200 200 500 500 1000 7 o "200\,“,\4,." 200 800 80 1000
Figure: Drawing 1. Figure: Drawing 2.
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For n = 1000, | chose a path uniformy at random in the set X990 and | drew it.
What did | get?
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Figure: Drawing 1. Figure: Drawing 2.
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Figure: Drawing 3.
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For n = 1000, | chose a path uniformy at random in the set X990 and | drew it.
What did | get?
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Figure: Drawing 1. Figure: Drawing 2.
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Figure: Drawing 3. Figure: Drawing 4.
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For n = 1000, | chose a path uniformy at random in the set X990 and | drew it.
What did | get?
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A\ wooclap.com | ; code probability.
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For n = 1000, | chose a path uniformy at random in the set X990 and | drew it.
What did | get?
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Figure: Drawing 1. Figure: Drawing 2.

3000 2000 -
2000} I
[ 1000 -
1000|- [

L Il L L L Il L L L | 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

200 400 200 400 600 800 1000
-1000|- I
[ -1000 -
-2000|- [
-3000LC -2000L

Figure: Drawing 3. Figure: Drawing 4.

A\ wooclap.com | ; code probability.

Igor Kortchemski Predicting the Unpredictable



For n = 1000, | chose a path uniformy at random in the set X990 and | drew it.
What did | get?

200 200 500 500 1000 7 o "200\,“,\4,." 200 800 80 1000
Figure: Drawing 1. Figure: Drawing 2.
Figure: Drawing 3. Figure: Drawing 4.

Probability theory is more concerned with the realm of the probable,
rather than the realm of the possible.
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Then, abruptly, without anything to lead up to it, and as if the question had
been born of long and silent meditation on his problem, he demanded:
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Then, abruptly, without anything to lead up to it, and as if the question had
been born of long and silent meditation on his problem, he demanded:

"What happens when n — oco?"
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So, | told him:
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So, | told him:

Let E be a Polish space and denote by Mj(E) the space of all probability
measures on E equipped with its Borel o-field.

Consider the weak-x topology M (E) for which the convergence u,, — W is
given by

Vf € Cy(E), wn (f) — p(f).
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So, | told

Let E be a
measures o

Consider t
given by
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A dream

Probability Theory Autumn 2023
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A dream

Probability Theory Autumn 2023

Goal of the course:

A Study stochastic processes in discrete time, that is finite sequences
Xo, ..., X of random variables, from a mathematical point of view (with

measure theory).
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A dream

Probability Theory Autumn 2023

Goal of the course:

A Study stochastic processes in discrete time, that is finite sequences
Xo, ..., X of random variables, from a mathematical point of view (with
measure theory). Main focus of interest: as n — 0o, asymptotic behavior of

X, or functions of (X1, ..., X,).
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A Study stochastic processes in discrete time, that is finite sequences

Xo, ..., X of random variables, from a mathematical point of view (with
measure theory). Main focus of interest: as n — 0o, asymptotic behavior of
X, or functions of (X1,..., X,).

This course is designed for an audience with a variety of interests:
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Goal of the course:

A Study stochastic processes in discrete time, that is finite sequences

Xo, ..., X of random variables, from a mathematical point of view (with
measure theory). Main focus of interest: as n — 0o, asymptotic behavior of
X, or functions of (X1,..., X,).

This course is designed for an audience with a variety of interests:

A for students wishing to deepen their mathematical knowledge of probability
theory;
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A dream

Probability Theory Autumn 2023

Goal of the course:

A Study stochastic processes in discrete time, that is finite sequences

Xo, ..., X of random variables, from a mathematical point of view (with
measure theory). Main focus of interest: as n — 0o, asymptotic behavior of
X, or functions of (X1,..., X,).

This course is designed for an audience with a variety of interests:

A for students wishing to deepen their mathematical knowledge of probability
theory;

A for students who intend to use it in business applications (a good
understanding of probability theory is essential in order to be able to orient
oneself in the world of applications and to innovate there).
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Law of large numbers

I. A DREAM

1I. LAW OF LARGE NUMBERS
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Law of large numbers

The law of large numbers

Imagine that you are given a coin. How can you find out if it is rigged or not?
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Law of large numbers

The law of large numbers

Imagine that you are given a coin. How can you find out if it is rigged or not?

Throw n times in a row the coin.
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Law of large numbers

The law of large numbers

A bit more formally, for i > 1 set X; = 1 if the i-th throw is heads (happens

with a certain probability p) and 0 if it is tails (happens with probability 1 —p).
Set S;, = X{ + -+ + X,.
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Law of large numbers

The law of large numbers

A bit more formally, for i > 1 set X; = 1 if the i-th throw is heads (happens

with a certain probability p) and 0 if it is tails (happens with probability 1 —p).
Set S;, = X{ + -+ + X,.

A~ What is the behavior of 57“ as N — oo?
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Law of large numbers

The law of large numbers

A bit more formally, for i > 1 set X; = 1 if the i-th throw is heads (happens
with a certain probability p) and 0 if it is tails (happens with probability 1 —p).
Set S;, = X{ + -+ + X,.

A~ What is the behavior of 57“ as N — oo?

10
0.8
0.6
0.4

0.2

I - I | I I I | I I I | I I I | I I I |
0 2 4 6 8 10

Figure: Simulation of (ST“ 1< nK 10).
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Law of large numbers

The law of large numbers

A bit more formally, for i > 1 set X; = 1 if the i-th throw is heads (happens
with a certain probability p) and 0 if it is tails (happens with probability 1 —p).
Set S;, = X{ + -+ + X,.

A~ What is the behavior of 57“ as N — oo?

1.0
0.8;
0.6 o 0. ...'.00.00 .0.¢00.Oo.-m°.o¢omv"n.o-o°’a’0‘oooo
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Figure: Simulation of (ST“ 1< ng 100).
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Law of large numbers

The law of large numbers

A bit more formally, for i > 1 set X; = 1 if the i-th throw is heads (happens
with a certain probability p) and 0 if it is tails (happens with probability 1 —p).
Set S;, = X{ + -+ + X,.

A~ What is the behavior of 57“ as N — oo?
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Law of large numbers

The law of large numbers

A bit more formally, for i > 1 set X; = 1 if the i-th throw is heads (happens
with a certain probability p) and 0 if it is tails (happens with probability 1 —p).
Set S;, = X{ + -+ + X,.

A~ What is the behavior of 57“ as N — 0o0?

1.05
0.8
Oﬁ?fwm""- - B
0.4}

0.2+

I I I | I I I | I I I | I I I | I I I |
0 2000 4000 6000 8000 10000

Figure: Simulation of (2 :1 < n < 10000)
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Law of large numbers

The law of large numbers

A bit more formally, for i > 1 set X; = 1 if the i-th throw is heads (happens

with a certain probability p) and 0 if it is tails (happens with probability 1 —p).
Set S;, = Xy + -+ X,

A~ What is the behavior of 57“ as N — oo?

I I I | I I I | I I I | I I I | I I I |
0 200 400 600 800 1000

Figure: 10 simulations of (ST“ 1< nK 1000).
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The Central Limit Theorem

I. A DREAM

I1I. LAW OF LARGE NUMBERS

I1I11. CENTRAL LIMIT THEOREM
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Law of large numbers

The law of large numbers

A bit more formally, for i > 1 set X; = 1 if the i-th throw is heads (happens

with a certain probability p) and 0 if it is tails (happens with probability 1 —p).
Set S;, = Xy + -+ X,

A~ What is the behavior of 57“ as N — oo?

0 - 260 - 460 - 660 - 860 o ‘10‘00
Figure: 10 simulations of (ST“ 1< nK 1000).

AN~ Law of large numbers: 2=
n

converges almost surely towards p as n — oo.
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The Central Limit Theorem

The Central Limit Theorem

Figure: 10 simulations of (2= —p:1 < n < 1000) for p = 0.6.
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The Central Limit Theorem

The Central Limit Theorem

Figure: 10 simulations of (2= —p:1 < n < 1000) for p = 0.6.

A~ Can we “zoom in"?
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The Central Limit Theorem

The Central Limit Theorem

Figure: 10 simulations of (2= —p:1 < n < 1000) for p = 0.6.

A~ Can we “zoom in"?

A, Is there a function f(n) such that f(n) (ST“ —p) has a nice behavior for n

large?
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The Central Limit Theorem

The Central Limit Theorem

The speed of convergence is % This means that \/ﬂ(ST“ —p) has

a non-degenerate behavior as n — oo.
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The Central Limit Theorem

The Central Limit Theorem

The speed of convergence is % This means that \/ﬂ(ST“ —p) has

a non-degenerate behavior as n — oo.

2

I | I
8000 10000

Figure: Simulation of (\/ﬁ (ST“ —p) 1< n< 10000) for p = 0.6.
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The Central Limit Theorem

The Central Limit Theorem

The speed of convergence is % This means that \/ﬂ(ST“ —p) has

a non-degenerate behavior as n — oo.

2

-2

Figure: Another simulation of (\/ﬁ (ST“ —p) 1< n< 10000) for p = 0.6.
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The Central Limit Theorem

The Central Limit Theorem

The speed of convergence is % This means that \/ﬂ(ST“ —p) has

a non-degenerate behavior as n — oo.

2

Figure: Another simulation of (\/ﬁ (ST“ —p) 1< n< 10000) for p = 0.6.
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The Central Limit Theorem

The Central Limit Theorem

The speed of convergence is % This means that \/ﬂ(ST“ —p) has
a non-degenerate behavior as n — oo.

2

ok & &

i Juh g .*,5%* ke .

e, . s .:‘i? H 5- ® 4 . 4 e 25

1L Bodn Bak : ';‘3' %4* "t

e o N N e E .’f- -:h : i le :}‘

o L ';f;fi r _t:ifii?giiiﬁa; i5! s*ﬁ: F;L
$ s o
. : *

[] &
L Sdme .x‘:.*;x’ih?'i :,i**f ?gﬂ‘i jlﬁ;i"ﬂ;"ﬂ%;"*“ e qﬁ‘**ﬁ*‘"ﬁ“” e “i"”‘*‘*‘ hﬂwit””‘? 8
B PR 3, Y § x}l” } " ‘r!qr* 3 e, 'u,,;,,xd,q’xh

':*.zfé;:i' ‘;; ‘l’g!"isi;;‘s? ’;,,1;: rgx" B b o g#;iﬂi!,&; :;,‘li f‘;’ x%*i X ”z,;i;‘x

It R Lk S e A P
20077 TR0 L ™ 6@0 % ﬁn*?B’QQ?,% ippe 171000
“Het .:: ::5_ Hfs;, 2l 21' T Jugté

1"* t}‘;‘yiﬁ;‘};’,

:
3 ;Iix!x
e
3 :ia E
4 i & B
;, N #
T ‘8 3. : ’l‘ix u-i
o Ox) J
[ ook b 3 3 S
A L B
p "ot
15"-

-2

Igor Kortchemski Predicting the Unpredictable 17 /672



The Central Limit Theorem

The Central Limit Theorem

\61_ The speed of convergence is % This means that \/ﬂ(ST“ —p) has
7" a non-degenerate behavior as n — oo.
2
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Figure: 100 simulations of (\/ﬂ (ST“ —p) :1<n< 1000) for p = 0.6.
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The Central Limit Theorem

Structure in randomness
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Figure: 100 simulations of (\/ﬁ (ST“ —p) 1< n< 1000) for p = 0.6.
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The Central Limit Theorem

Structure in randomness

- n

~©z There is structure in randomness! Look at the “endpoints” y/n( >n
V4 = \ p)

Figure: 100 simulations of (\/ﬁ (ST“ —p) 1< n< 1000) for p = 0.6.
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The Central Limit Theorem

Structure in randomness

- n

~©z There is structure in randomness! Look at the “endpoints” y/n( n
< p) and draw the empirical histogram.

Figure: 100 simulations of (\/ﬁ (ST“ —p) 1< n< 1000) for p = 0.6.
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The Central Limit Theorem

Structure in randomness

- n

\61 There is structure in randomness! Look at the “endpoints” y/n( n
< p) and draw the empirical histogram.

Figure: 100 simulations of (\/ﬁ (ST“ —p) 1< n< 1000) for p = 0.6.
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The Central Limit Theorem

Structure in randommness
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Figure: Empirical histograms of 10000 simulations of /1 - (2 — p) for n = 10000.
Left: p = 0.6; Right:p = 0.4.
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Figure: Empirical histograms of 10000 simulations of /1 - (2 — p) for n = 10000.
Left: p = 0.6; Right:p = 0.4.
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The Central Limit Theorem
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Figure: Plot of the function x =€
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The Central Limit Theorem
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Figure: Plot of the function x =€

Théoréme (Central limit theorem — De Moivre Laplace theorem).]

Let S,, be the sum of n independent Bernoulli random variables of pa-
rameter p € (0,1). Then, for every a < b:

b
g “gﬂf ><S$ P)“ e Jie"”d"-
p(l—p
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Figure: Plot of the function x =€

Théoréme (Central limit theorem — De Moivre Laplace theorem).]

Let S,, be the sum of n independent Bernoulli random variables of pa-
rameter p € (0,1). Then, for every a < b:

b
g “gﬂf ><S$ P)“ e Jie"”d"-
p(l—p

We say that 7 \(/f ) (Sﬁ* p) converges in distribution to a Gaussian random
p(1-p

variable.
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The Central Limit Theorem

‘The central [imit theorem

_\<'>,_ We cannot predict where the endpoint will be, but we know the
~~  probability that it belongs to a given region.
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Practical organization

I. A DREAM
II. LAW OF LARGE NUMBERS

I1I. CENTRAL LIMIT THEOREM

1V. PRACTICAL ORGANIZATION
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Practical organization

Probability Theory Autumn 2023 — practical organization
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Practical organization

Probability Theory Autumn 2023 — practical organization

Lecturer:

AN lgor Kortchemski, igor.kortchemski@math.ethz.ch

A Lectures on Thursdays and Fridays, 8:15-10:00 am (14 weeks, last lecture:
Friday 22nd December)

Course website:
AN~ Metaphor website (coordinator: Robert Crowell)

Material:
AN, Lectures will be recorded, lecture notes available.

Exercise classes :

A Tuesdays (14:00-15:00 or 15:00-16:00, TA's: Robert Crowell, Nicolas
Hotton, Lyu Zifan)

A~ Submission of exercises is optional (yet recommended!)

Exam:
A Written.A mock exam will be made available at the middle of the semester.
A forum will be set up towards the end of the semester.
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Practical organization

A wooclap.com | ; code probability (questions on your background).
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