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Exercise Sheet 4

Exercise 4.1 Let (Q, F,F, P) be a filtered probability space, where F = (F)
For any stopping time 7, we define

k=0,1,..,T"

Fr={AeF: An{r<k}e Fforall k=0,1,...,T}.

(a) Show that F. is a o-algebra.

(b) Suppose o, T are two F-stopping times with o(w) < 7(w) for all w € Q. Show
that F, C F,. Conclude that if 7 = kg for a fixed ko € {0,1,..., T}, then we
have F; = Fy,.

(c) If 7,0 are two F-stopping times, prove that F. N F, = F,x,. Moreover, show
that {o <7} € Frpo, and {0 =7} € Frp,-

(d) Let Y be an integrable random variable. Prove that
EY |F1yrepy = E[Y | Fi] 1z=gy P-as. for all k € {0,1,...,T},

or, equivalently,

T
EY|F] =Y 1pnE[Y | F] P-as.
k=0

Solution 4.1
(a) We check the requirements for o-algebra:
e Q€ F, because QN{r <k} ={r <k} e Fforall k € {0,1,...,T}.
o If A€ F,, then, for all £k € {0,1,...,T}, it holds that
AN{r<k}={r<k}nAU{r <k})={r<k}n(An{r <k}) € F,
so that A° € F,.
o« If A, € F., n € N, we have

<©1An>m{7§k}: Ej (AnN{T <k}) € F

n=1

for all k € {0,1,...,T}, and so U2, A, € F.
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(b) Let A€ F, and k € {0,1,...,T}, then we have

An{r <k} =An{o <k})n{r <k} e F

eFk

because A € F,, and the assumption 7 < ¢ implies that {r < k} C {0 < k}.
This shows that A € F,, and thus F, C F, by arbitrariness of A € F,.

Now, if 7 = kg for a fixed ko € {0,1,...,T}, then F, C Fy, and Fy, C F;,
which yields to the desired equality Fj, = F.

(c) Part gives that Foar € Fo N Frsince c A7 < o and 0 A7 < 7. Suppose
next that A € F, N F,. We observe that

An{onr<k}=An({o <k}U{r<k})
=(An{o <k )u(An{r<k})eF
—_———— —_———
eFy ceFk
forall k € {0,1,...,T}. This shows F,NF, C Fya, and hence F,r, = FoNF;.
To prove the remaining claims, note that, for each k € {0,1,...,T},

{o<rin{r<i}=U{e<rin{r=i}) =

1=0 %

({o<itn{r=i}) € A

k k
=0

Thus {¢ < 7} € F,. Similarly, we have

{o<tin{o<k}={onk<7TAk}n{oc<k}eF

because o A k and 7 A k are both F-stopping times, and so {oc Ak <7 Ak} €
Forr € Fi by the previous step. Hence,

{UST}E.FO—HFT:FU/\T.

The last assertion follows from the fact that {oc =7} = {oc <7} n{r < o}.

(d) Let us fix k € {0,1,...,7T}, and denote by LHS and RHS the left- and right-
hand sides of
EY | F ] L=ry = E[Y [ Fi] Lir=iy,

respectively. Now, note that RHS is Fj-measurable since {r = k} € Fy.
Moreover, {T = k} € F, by part , and thus the random variable 1y,_;; is
F-measurable. It follows that

LHS = E [Y1(oy | F;] P-as.
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For any A € F, it holds that AN {7 =k} = (An{r <k})n{r =k} € F,
where k € {0,1,...,T}. Then,
EY1otyla] = B [Yangaiy] = E[E[Y | Fil Langr=r)]
= E[EY | Fi) Li=iyla] = E[RHSL],
which shows that

RHS = E [Y1 (=) | F;| = LHS P-as.

Exercise 4.2 Let (Sp, S1) be the (discounted) trinomial model with 7" = 1. This is
a special case of the multinomial model where S} = s{, for s{ >0, S] =Y S}/(1+7),
for some r > —1 and

14+d with probability py,
Y, = {1+ m with probability ps,
14w  with probability ps
where —1 < d <m < wu, and py, p2, p3 > 0 such that p; + ps + p3 = 1. The filtration
F we consider is given by Fy := {&,Q}, F; :=o(Y).

(a) Assume that d = —0.5, m =0, u = 0.25 and r = 0, and consider an arbitrary
self-financing strategy ¢ = (Vp,#). Show that if the total gain G(f) at time
T =1 is non-negative P-a.s., then

P[G1(0) =0] = 1.
What does this property imply?

(b) Show that S is arbitrage-free by constructing an equivalent martingale measure
(EMM) for S*.
Hint: A probability measure () equivalent to P on Fi can be uniquely described
by a probability vector (q1, q2, q3) € (0, 1)3 whose coordinates sum up to 1, where
g = QY1 =1+, k =1, 2, 3, using the notation y, := d, yo := m and
Y3 = U.

Solution 4.2
(a) Let us compute the total gain G1(0) at time T' = 1:

Y]
Gi(6) = 0188} = l(s) — 53) =015 (1 1)
d—r

with probability py,

1+r
=015y x { = with probability ps,
15, with probability ps..

Updated: October 27, 2023 3 /@



Mathematical Foundations for Finance, Fall 2023 Exercise Sheet 4

Recall that u —r =0.25 > 0 and d —r = —0.5 < 0. Hence P[G;(¢) > 0] = 1 if
and only if 675§ = 0. As a result, we can conclude that

P[Gi(0) >0]=1 <= 0,=0 <<= P[Gi(0)=0=1.

Assume now that V5 = 0 and note that in this case Vi(p) = G1(0). The
above argument proves that if Vi(¢) > 0 P-a.s., then Vi(¢) = 0 P-a.s., and by
Proposition 1.1 in the lecture notes, we know that this is equivalent to saying
that S! is arbitrage-free.

(b) Let (g1, ¢2,qs) € (0,1)% be a probability vector and @ be defined by
QD/1 = 1+yk] ‘= (k, k= 172737

where y; == d, y, := m and y3 := u. Then S! is a Q-martingale if and only if
St is adapted to the considered filtration (note that the filtration generated
Y is equivalently generated by S'), integrable (the probability space is finite
here, so all random variables are integrable), and

Eq [S1] = 3 Eq [Sovi/(1+7)| = 8§

EqWM]=1+r
aX(I+d)+@ex(I+m)+gx(14+u)=1+r
GLXd+g@XxXmtqXu=r
—0.5¢1 + 0g2 + 0.25g3 =0

q3 = 2q1.

1reee

Recall that in order to make () a probability measure, we need to have ¢; + ¢o +
g3 = 1; hence choosing ¢; = 0.25, we obtain that g5 = 0.5 and ¢ = 0.25. Noting
that q¢1,q2,93 € (0,1), we can also observe that @ is a probability measure
equivalent to P and thus an EMM for S*.

More generally, we can set ¢; ;= a to get g3 =2aand ¢go =1—¢q; —q3 = 1 —3a.
Then ¢1, g2 and ¢z are all in (0, 1) if and only if « € (0, %)

Exercise 4.3 Let (SY, S') be the (discounted) binomial model with T'= 1, p € (0, 1),
and v > 0 > d > —1. Fix some K > 0, and define the functions h¢,hp : R — R
by

he(z) == (x — K)" := max{0,z — K},
hp(z) = (K —x)" := max{0, K — x}.

The European options with payoff functions he and hp are called the European call
option and the Furopean put option, respectively.
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(a) Construct a self-financing strategy ¢ = (V,¢,9°) such that
Vi(¢©) = he(SH).
Write down explicitly the values of V' and 9.
(b) Construct a self-financing strategy ¢ = (Vi",9) such that
Vl(SDP) = hP(Sll)'
Write down explicitly the values of Vi and 9.
(c) Prove the put—call parity relation
VPV = K - Sk,

Solution 4.3
(a) Consider a self-financing strategy ¢© = (V,©,9%). By definition,
Vi(p®) = Vi + 97 ASy.

Since (5%, 81) is the binomial model, we have that either S} = (1 + u)S}
or S} = (1+d)S}. Also, since 9¥{ is Fy-measurable, it is a constant (i.e.
non-random). Thus, ¢ satisfies V;(¢%) = ho(St) if and only if

Ve + 07uS) = he((1+w)S),
Ve +0$dSy = ho((1+d)Sp).
Subtracting the two equalities and rearranging gives

9C _ he((1+u)Sy) — he((1+d)Sp)
L (u — d)S§ .

It remains to find V', which we can do by substituting the value of ¥{ into
either of the two previous equalities (we choose the first one) to get

Vi = he((1+u)Sp) — v usS,
he((14u)SE) = he((1 + d)SY)
(u—d)Sg

dhc((l +u)Sp).

1
uS,

= ho((1+u)S;) -

= ——ho((L+d)S5) +

u —

Note. Since 4% =1 and - € (0,1), we can also write V' = E*[hc(S1)],
where E* denotes the expectation under the "risk-neutral” probability measure
P* given by

u —d

1ol 1 u srol _ 11 _ _
P[Sl—(1+d)50]—7u_d, PSS =(14u)S;]=1 A u_d
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(b) The same reasoning as in part (a) yields

hp((1+u)Sy) — hp((1+d)SH)
(u—d)Ss ’

_ddhp<(1 +u)Sh).

I =

VP = “dhp((1+d)sg)+

u —

Note. For the same risk-neutral probability measure P* as in part (a), we can

write
Vi = E*[hp(S1)].

(c) First we compute, for x € R,
hp(x) — ho(z) = max{0, K — z} — max{0,z — K} = K — .

Using this together with parts (a) and (b) yields

Vi = Ve = e (4 d)SE) + e ((1+ w)Sh)
- ﬁ dhc((l + d)Sg) — u__ dhc((l + U>Sé)
= (K- as) (k- ws))
K-8,

as required.

Alternatively, we could use the expectation under the risk-neutral measure to
get

Vi’ = Vi = E*[hp(S1) — he(S))] = E*[K = 8] = K — E*[Sy].
We then compute

E*[Sll] =(1+ al)SéP*[Sl1 =(1+ d)Sé] + (1+ u)SéP*[Sl1 =(1+ u)Sé]
B Lu ., —d
=(1+ d)So—u — + (1+ u)SO—u —
= Sé)
and hence

Vi =V =K -8,

as required.
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